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ABSTRACT, The pro bl e m of 1I11pro\' in g th e spa ti a l reso lutio n of icc-s hee t 
e len lti ons d e ri n'd (i 'om sa te llite -a ltim eter o bsc J'\ 'a ti ons is imTs ti g-<ll ed th eo re ti ca ll y 
in t\l'O dim ens io ns, An equ a ti o n fix th e ec ho is d escribed th a t a ll o \\'s th e ele\'{l ti o n to be 
d e termined b ~ ' lin ea r o pera ti o ns o n th e ec ho, , \n a pp rox im a te so luti o n or th e equ a ti o n 
is ex plo red to illustra te th c be h a \ 'io ur of' th e so luti o n , The m odifi ca ti o ns necessa ry to 
co nsid er a reg ul a rh' sa mpled so luti o n are d escribed a nd th e effects o f' ec ho flu ct u a ti o ns 
o n th e reco nstru c ted surface a re co nsid ercd, l'\um erica l exa mples a re d escribed, I t is 
shO\l'n th a t. in ge nera l t['l' m3, th e resolutio n m ay be limited b y sa mpling or b y echo 
f1u Cl ua ti o ns but th a t in th e case of current prac ti ca l meaS UITmcnts it is th e sa mpling 
th a t de tcrmin es th e reso lutio n, This reso luti o n is sma ll er tha n h as bee n co nsid e red 
poss ible hith e rt o, Limitat io ns o f th e m eth od a re di sc ussed toget h e r \\ 'ith cx tensio ns to a 
\I'ider cl ass of p ro b le ms inc luding three-dim e nsio na l reconst ruct io ns, 
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Filt e rcd so luti o n to Equ a ti o n (2 ) 

Time 
.<1, T cmpo ra l sa mplin g int c l'\ 'a l 

.<1.1 Spa ti a l sa mpling inte l'\ 'a l 
() ,\ nglc sulnend cd a t th e a lti me ter by illuminated a rea 

(J Sce sent e nce f() lI o\l'ing Equ a ti o n ( Il l 

r.p Sce pa r agra ph prccedin g Equ a ti o n ( IS ) 

<p Sec pa ragra ph succeeding Equa ti o n ( IS) 

"I R adius of' a rea illumin a ted by the a ltim c te r 

11 Sce Equ a ti o n 19 ) 
/1 Sig na l to no ise ra ti o 

w T empo ra l radi a n fiTqu e ncy 

2. INTRODU CTION 

The m eas u re l1l e n t of' th e e lel 'a ti o n of' icc sh ee ls b y 

sa tellite a ltil1l c try has ex pl oit ed a th co re ti ca l under

s ta ndin g ( Bro\\' n , 1977 ) a nd ex perim e nt a l d es ig n 

( :\ lcG oo ha n , 1975 ) d a ting fro m th e 1970s to d e te r m in e 

th e sh a pe of th e sea surEtce, l cc-shee t el n'a ti o n s . 

ho \\ '(' \ 'C r . h<1\'C sca les o f' flu c tu a ti o n a bse nt fi 'om th e sea 
su rl ~l ce , I n co n scq u e nc(' , t h e prese nt m c th o d s of' 

d educti o n o f' po i n t e ln 'a t io ns fi-o m a ltimetcr cc h ocs 
Bn' nntT a nd () th t'l'~, 1983: .\l a rtin a nd o ther, 1983 ) 

introducc ('I'm rs th a t d e pe nd in a compli ca ted rils hi o n o n 

the ~ h a pe o f' the sudilcc a nd the ins trum ent pa ra m e te rs, 

a nd \\' hi ch ha \'(' n ('\ '(T bec n d esc r ib ed in a 11\' g-c n e ra l 

\\' a ~ ' , It \I' ;IS OhSC I'\T d a long ti me ago hy La ug hto n 

( 1983 ) th a t th cs(' limita ti o ns mi g ht be owrcol1l c b y 

c ha ng ing th e \\ay th e e lC\'a tio n is d cdu ccd fi-o m th c 
ec hoes, In a rece n t p a pe r (\ \ ' ing ham, 1995: he rea f"t e r 

refe rred to as 1\ , I s hclII-ed th a t il \\'as possible \\' ith a 

c han g-e in th e m e th od used to reduce th e cc hues to 

d e te rmine the ,I/)alia/ (fl'erage of't hc c lenllio n o f' a regio n or 

a n ice shcet f'1"0 111 sa te ll it e altim e tr y , I n thi s pa per , I turn 
to a considera ti on o r th e elc \'a ti o n itsel f', 

Th e qu es ti o n thi s pa per is co nce rned \\'ith is: \\'h a t 

limit s th e spa ti a l rcso lu t io n of' icc-s h cct su r f~t('C eln'a ti o ns 

th a t m a\ ' be deri n'd rro m sa tellit c a l tim e ter obscr\'<lti o ns? 

In co mmon \\'ith man ~ ' geop hys ica l p rob lems, o ne m ay 

suppose thi s is ge n era ll y dcpend ent o n the spati a l a nd 
tcmpo ra l sampling a nd on th e m agnitude or ra nd o m 

flu c tu a ti ons, In th e treatm ent here, a h\'o-dim ensio n a l, 

rcg ul a rly sam pled \T rsio n or th c p ro blem is s tudi ed 

th eo re ti ca l" , B\' res tri ct in g- th e in\Ts ti ga tion to thi s casc , 

a n a ly ti c a pprox im a ti o ns a re poss ibl e th a t a llow a simple 

di sc uss ion or th e ro le o r sam pling a nd ec ho f1u('(u a ti o ns in 
limiting th e rcso lu ti o n , Some num erica l ca lculatio ns a lso 

pe rmit differing s urf~l ce gco mctri es to b e il1\ 'Cs ti gated a nd 

SO I11 C id ea ca n be f() rl11 ecl or th e likel y limit s or c urre nt 

pract ica l a ltimc te r sys te ms, 

Th e papc r introd uces in sect io n 3 a n a pp rox im a tc 

express io n fo r th c ec ho th a t a ll o w s a linea r equ a ti o n 
betwcc n th c s urf~lce el e\'{ili o l1 a nd th e ec ho to b e 
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estab lished. The character of the so luti on to thi s 
eq ua tion is di sc ussed in section 4, \I' here it is illustra ted 
thal , in the contin uous case, t he solution is limi ted by 
random 0 uc tua tions. In conseq uence, in sec tion 5, a 
filtered sol u tion is discussed thal one an ti cipates wi ll 
reduce the effect of Oucruations at the expense of 
reso lu tion. Thc way in whi c h sampling a ffects th e 
resolution is introduced in sectio n 6. In sec tion 7, some 
sim ple express ions a re gi\'en for the \'ariatio n of the 
filtered so luti o n in the presence of echo Ouc tuation s and 
the balance be tween sampling -limi ted a nd Ouctuation
li mited reso lution is described. Some numerical exa m
ples arc given in sec tion 8 and it is illustrated th at with 
practical sys tems the resolu t io n is sampling - limited at 
around 500 m. This is a considerable improvem ent on 
th e situation hitherto. In sec tion 9 the in a bility of the 
si m pie trea tmen t gi \'en here to acco un t proper! y [or the 
accuracv of the reconst ru c ted ele\'a tions is di scussed. 
Furth er limi tations and ex tensions of both the mod el and 
reconstruction melhod are described in sec ti on 10. A 
bri ef disc uss ion of how our method compares with 
prev ious method s a nd how hes t these methods may be 
tesled \\'ith measu rements is g iven in sec tion 11. F ina ll y, 
in sec tion 12, 1 draw so me conclusions . 

In thi s paper, detailed deriva tion of ma ny results is not 
g i\'en. This is partly for th e sake of bre\'ity but also 
beca use th ese d eri\'a lions follow stand ard routes in the 
th eory of sig na ls and use on ly sta ndard integrals. Good 
tex ts on bac kg round signa l th eory can be found in Proakis 
a nd ~lano l a ki s ( 1988 ) and P apoulis (1965 ) , and a good 
book of integ ral s is Grads h te yn a nd Rh zhi k ( 1980 ) . 

3. A MODEL FOR THE ECHO FROM A 
ONE-DIMENSIONAL SURF ACE 

The genera l arrangement is shown in Figu re J . A list of 
symbols is g iven in sec tion J . An a ltim ete r li es in th e 
p la ne y = 0 a t a height h above the x ax is. It transmi ts a 
pulse q(t) that trave ls out towa rds the surface at \'e locity 
c. Th e pulse is spatiall y modulated by th e an tenna in 
such a way th a t th e incident power crossing the x axis at 
the point x = 8 when the a ltim e ter is at th e point x = v 
varies as cxp [-(v - 8)2 i'll . Th e para m e te r "( dete r
mines the spa tial extent of the region illuminated by the 
a ltimeter, which subtends a t the altimete r a n angle of 
ord er 

(1) 

The locus of points at whi ch the power is a maximum as 
the echo travels oU(\\'a rds is term ed the boresight of the 
an tenna. \Vi th thi s particular d esc riptioll , the bores ight is 
Il orm al to the x axis, The in tersect ion of th e boresight 
with the x ax is is termed the nadir point. Th e surface is 
ass umed to vary on ly with x a nd the function f(x) is 
term ed th e surface eleva tion. Power echoed from the 
surface is re turned lo the a ltimeter, forming an echo p. 
\\'e ass ume th e surface is homogeneous in its scattering 
behaviour a nd that, within th e range of angles illum
in ated by th e al ti meter, the sca ttering coeffici ent is 
constanl. \ Ve ignore, for si m plici ty, ene rgy' sea ttered 

4 14 

h 

H 

.. x 

F ig. /, The geometlY of a IJulse-limiled allimeter 
meaSllrement over a tOjJOgrajJhic slllface . The allillleler al 
a point H and altitude h transmits a IJulse thal radiates as 
a Ihill shell modula/ed by a beamfullction that has a radius 
'Y 011 Ihe x axis. As /he shell in/eracls with Ihe sUIJace, 
echoes are sea/tered and some qf the energy returns la/he 
sa/ellite. The thickness qf the shell is the range resolution 
o/Ihe allime/eT. The thickness is small compared with the 
ranges of Ihe sll1Jace illllll1illa/ed b)1 /he beam and, as a 
resull. Ihe echo durat ion is usually col1siderabo' longer titan 
the range resolution. 

from benea th the surface a ltho ug h this extension IS 

touched on la ter. 
In (1 ), I ha\ 'e discussed in considerabl e detail th e 

a ppli ca tion of the Fresnel and related approximations to 

a genera l expression for p in the three-dimensional case . 
App lying these sam e arguments to the simple r case 
considered here, onc may obtain th e non-dim ension
a li zed ex pression 

1 f l f oc [Ch] p(.'E, t ) - M- I = ~ dT d8 exp - 2' 
ITvch - oc -oc 'Y 

( 
(X-8)2) -~ ( 2f (8) ) . t-T- q T+--

ch c 
(2) 

for the echo p at an a ltimete r location x and time t. In 
Equation (2), the time origin is taken to be the instant an 
ech o reaches the a ltimeter from the nadir point. For cases 
of practical interes t, Equation (2) .is good to 0(10-2

) in 
th e in tegrand, 

The param eter f..i in Equa tion (2 ) is termed th e signal
to-noise ra tio (SNR ) . The norm a lization of th e echo in 
Equation (2) is arranged to gi\'e it a maximum va lue of 
unity when f = 0 (see Equation (22 )) , a nd there fore th e 
terminology SNR is consistent with that of a ltime ter 
e ng ll1 ee rs. Because of thi s norm a li za tion , th e b ac k
sca tterin g codIi c ie nt does not appear exp li citl y in 
Equation (2) . Th e para meter f..i accounts only for 
additive noise and not for the ech o Ouctuations (term ed 
sp eckle) wh ich a re d ealt with in sec ti on 7. 

https://doi.org/10.3189/S0022143000016282 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000016282


4. THE SOLUTION OF EQUATION (2); ITS 
CHARACTER AND IMPLICATIONS 

Th e eb 'a ti on f enters non-lin earl y in Eq ua ti o n (2). 
H o weve r. th e e leva ti on may b e d e termin ed in a linea r 

fashi on in th e fo ll owing lI'ay. The pulse fun ction q m ay be 

d efin ed in such a fashi on th a t 

1: dtq(t) = 1 and 1: dttq (t) = O. (3) 

Th e lefth a nel re la ti o n of Equa ti o n (3) is required [or th e 

ec ho to be of o rd e r unit\' , \\'ith Equation (3). o n e h as 

f (x) = - - elttq T + - '- . Cl "" ( 2f (E) ) 
2 _"" c 

(4) 

Equation (2) is a lin ear integra l equ a ti on for th e fiJl1cri on 

q(T + 2f/c) . I [ thi s equa ti on can be so h-eel , it can be 

soh-ed by a lin ea r operation o n th e kn own fun c ti on 

P - 11- 1 With th e fun cti on d e te rmin ed this \\,ay, th e 

surface ele\'at ion m ay be (o und Ll sing Equa tion (4 ) . 
H owe\-e r. Equ a ti o n (2) is an illlegra l equa ti o n o f th e 

firs t kind. In co nsequence , th e problem is ill-posed ; it is 

not suffi cien t, [or exampl e, [or p - 11- 1 to be sq ua rc

integra ble fo r a so lution to Equ a ti o n (2) to exi s t. This 

rem a ins tru e wh en o ne cha nges th e pro blem in so m e w a\', 
suc h as th e cxten sio ns \I'e di sc uss la ter; by, (o r exa mp le, 

ex tending th e a n a lys is to three dim c nsions, pa rti c ul a ri z
ing it to di sc re te o bsc l"\'a ti ons o f th e cc ho, or res tri c tin g 

the ra nge of tim e integra ti on in Equ a ti o n (21, I n sh o rt , it 

is fund a mcntal to th e problem. This ill-posed na ture of 
tilt' problem has th e immedi a te consequence th a t, in a ny 

prac ti ca l situ a ti o n , th e error in th e so luti on fo r f is 

d e te rmin ed b y Ou c tu a ti ons in th e obse l'\'<Iti ons, 

Th e ill-posed n a ture of th e parti c u lar sta tement o f th e 

pro b lem consid e red here is ex p osed by de\'elo pin g a 
[orm a l so luti on to Equati on (2 ) . Th e kern el of Equ a t io n 

(2 ) is tempora ll y a nd spat ia ll y shift-il1\'a ri a nt a nd a 

fo rm a l solutio n o f Equ a ti on (2 ) m ay bc cb 'eloped \T ry 
simply using F o uri e r meth ods. Proceedin g thi s way , o nc 
h as fo r th e Fouri e r tra nsform of th e ke rn el in Equ a ti o n (2 ) 

(5) 

Ivf uch can be learned concernin g the problem from th e 
c h a rac ter of th e [un c ti on on th e ri g hth a nd side (RHS) of 

Equation (5 ), whi c h we now ckno te b y ](, On c has 

K (w, 1.;)/ ]((0, 0) rv ex]) [-hA/] 
K (w. 0)/ ]((0.0) rv ~ 

lW 

ch 
w«,2 

ch 
w»,2 

chk - w 
]((w.k)/ K (w, O)rvexp -(w, ) (l +i

ch
) [ .) 1 
ch 

w»2" , 

(6) 

(7) 

(8) 

J l"illgltall7 .' Limit il/g resolllt iOIl oJ ice-sheet elevations 

For sm a ll w, one secs from Eq ua ti o n (6) th a t 1< is 

ind e p e nd ent o f wand is simpl y th e F o uri er transfo rm o [ 

th e illumina tion fi.ll1 c ti o n. For la rge w. o ne secs [ra m 
Equ a ti o n (7) that 1< d ecreases as w- 1 . From Equa tion 

(8), [o r fi xed w. one sees th a t K is a G a uss ian fun c ti o n 

m odula ted \I'ith a qu a dra ti c phase , Th e \I'idth of thi s 

G a ussia n fUll c ti on d e p e nds on th e a ng le e in Equ a tion 

( I ) . If o ne rega rd s a n ex ponenti a l a nd a ny produ c t 
conta ining one as n eglig ibl e if th e rea l pa rt o f its 

a rg ume nt is less than 4 . th cn a n e rro r of O ( 10 2) is 

introduced whi ch is co nsistent with th e a pp roxima ti on o [ 

Equati o n (2), With this approxim a ti o n, J( ma y b e 

rega l'd ed as negli g ibl e o utside th e rcgio n d efin ed by 

~I~ I < e. 2 w 
(9) 

1< is res tri cted to a limited regio n o [ th e {wo k} plan e 

lying b e l\I'een th e lin es g i\ 'en by Equ a ti o n (9 ), Energy in 

th e fun c ti on q(t + 2f(x:)/c) that tra n sfo rms to regions 

o ut sid e thi s line \I'ill b e strongly a tt e nua ted in th e ech o 
fi eld p, I r one exc lucl cs thi s energy from <l so lution , on e 

m ay suppose th e erro r du e to Ou ctu a ti o n s \I'ill be sm a ll e r ; 

howeye r , th e solution [o r q(t + 2f(x)/c) \\'ill nO\I conta in 
an e rro r as a res ult o[ th e exclusion, i, e , th e so lution will 

a pprox im a te a/iltfled \ 'C rsion of q(t + 2f(x)/c), \I'hi ch \\'e 

shall d en o te qr. 
I t is worth pointing out th a t th e limiting of th e 

fun c ti o n K has a simple ph ysica l expl a n a ti on. A pl a ne 
W<l\ 'C, tr<l \'e lling lI'ith veloc ity c, wh ose w ave li"ont m a kes 

a n a ng le e lI'ith th e .X ax is ma ps to a p oint in th e {wo k} 
pla n e lying on one of th e tw o lines g i\ 'cn b y Equa ti on (9 ) . 
Th e limiting 01' ]( a ri ses from th c limited a ng u la r 

illumin a ti o n or th e a ltime ter; one supposes, th en, th a t 

th e (albe it non-l inear ) effec t 0 11 th e ech o es of\ 'a ri a ti ons o f 

ele\ 'a ti o n m a king a ng les la rger th a n e \\'ith th e.r axi s will 
be stro n g ly a ttellua ted. \\ 'e sha ll illustra te la ter lh a t thi s is 

ind eed th e case . 

5. A FILTERED SOLUTION FOR q(t + 2f(x)Jc) 

Th e pro blem is th erefo re o ne orfilte r d cs ig n . \\'ere one to 

trea tit as a problem of opti ma l d cs ig n , th en it is a 

compli ca ted onc, partl y beca use Equ a ti o n (2) is no n
lin ea r in th e unkn own , a nd pa rtly beca use Cl principal 

Ou c tu a ti o n conta min a tin g a ltimeter ec h oes is non-lin ea r 
in th e kn own , as we d isc uss la tcr. Howe\'C r , m y purpose 
he re is to ex plore th e pro blem. and I \\'i sh to kee p th e 

lrea tm t'1ll simple a nd a na lYli c as fa r as poss ibl e, Th ere
fo re, I sh a ll introduce a kn own filter w hi c h se n TS a t lea st 
fo r the purposc of'illu s tra ti on . .\fore ge ne ra l a pproac h es 
will be di sc ussed la ter. 

R a th e r th a n opera te o n P - I, - t \\'ith th e ill\Trse o f 1(, 
sh a ll u se instead a filte r K r defin ed to sat isf) ' 

(10) 

](10 diffe rs from th e il1\ 'C rse J( - i by th e functi on on the 

RH S o f Equa tion (9 ) , This fun ct io n is th e filter th a t, 
ac tin g o n q(t + 2f(x)/c) res ults in th e [unc tion qr, With 

our a pproxim a ti on con ce rnin g ex po n e nti a ls, it ma kes 
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neglig ible the spectrum of qr in th ose regions of th e {w, k} 
plane lying o utside th e region d efin ed by Equation (9) 
and 

Iwl < 2u. (11) 

The paramete r u is a flTe paramete r that determines the 
temporal band \\·idth ofqr. I ts va lue \IT sha ll dise uss in the 
nex t sec tion. 

In broad terms, it is appare nt fl·om our di sc ussion of 
th e beha\·iour of J': that I(F a tt en uates e ne rgy of th e 
spectrum of" q(t + 2f(x)/c) that is poorl y represented in 
the echoes . 

6. THE CONSEQUENCES OF SAMPLING 

\\' e no\\' consid er th e conseq uen ces on th e reconstru ction 
of reg ul a rl y sampling th e cc ho in time a nd space. An 
ach-a n tage of res trict i ng th e trea tm en t to two dimensions 
is that this ma\· be a reason a ble approx im ation to th e 
practica l situation. Sampling has t\l'O consequenccs: it 
introd uccs th e possibility o f non-unique ness into th e 
reconstruction a nd it d etcrm in es th e impo rta n ce of echo 
nu ctuations on the ca lcula ti o n of qr. I n thi s section, we 
dea l with th e first of these; in th e nex t sec tion we d eal with 
th e n uctu a ti o ns. 

As is \\"C II kno\l'n from sam pling theory , a ['ull ction 
may be reconstru cted exac tl y from its reg ularly sa mpled 
form, provid ed it sa tisfies Shannon 's sam p ling theorem. 
I n th e prcsent case, one m ay sta te this as fo Il0\\·5 : if th e 
echo is sampled with tem po ra l and spatial sampling 
intel"\'als L1t a nd Ll.,. respcc ti\·e ly, it may be determin ed 
uniquely pro \·ided its spectrum fall s entirel y in th e box 
centred on th e origin in th e {w , k} plane defined by th c 
equa ti ons 

a nd 

7r 
w= ±

L1/ 
(12) 

(13) 

For most prac ti ca l purposes, th e temporal beha\·iour of 
th e function q ean be regarded as sa ti sfying this th eo rem . 
Since Equ a ti on (2) d esc ribes a tempora ll y shift-innlri a nt 
opera tion on q, this is truc o f th e ec ho too. 

The echo spec trum is th e product of th e sp ec trum of 
the function q(t + 2f(x)/c) \\ith th e function I<, a nd 
thcrt'fore the echo spectrum is a lso limited by th e 
beha\· io ur of I<, in addit ion to that of" q. W e ha\"C 
cletermined that I< is limitedLO th e regio n falling between 
the lin es d esc ribed in inequ a lity (9). One ma y th erefore 
a lso ass um e that th e spec trum or th e echo is negligibl e 
o utside th e region defined by Equation (12) and 

~ IkL11 1 < e. 
2 7r 

(14) 

Thus, \\·ere one to choose th e spa ti a l sampling inten ·a l to 

sa ti sfy L1,r < cLlt!(2e), th e echo may be r ega rd ed as 
sa tisfying Shannon·s theorcm in both dimensio ns. 

Prac ti ca l a ltimete r sys te m s sa ti sfy thi s requirement. I n 

4 16 

a dditi on, howe\·c r , a n a ltimc te r sums each group or N 
consecutiw spa ti a l sa mp les and desamples th e result. (I n 
fa c t, th e a ltim c te r summa ti on introd uces time shift 
between each sp a tial sa mpl e in th e sum. \ Ve ass um e 
hcre th e efrects o f th ese shirts are negli g ibl e. ) The 
desampled spat ia l sa mpling inten ·a l NLl.,. is typi ca lh· 
large r th an cL1,/( 2e ) and th e situ a ti on ari ses that is 
illustrated in Fig ure 2. Genera ll y, it \\·illnot be possible lO 
determine th e echo spectrum uniquely. H o\\"e\"er, as 
Fi g ure 2 illustrates, th ere rem a ins in this case a region or 
th e {w, k} pl ane defined by incqualities (9) and 

C7r 

Iwl < 2N L1.re (15 ) 

in which th e ec ho spect rum ma y be uniquel y d e termined . 
This region is sho\\" n hatched in Fig ure 2. A numcri cal 
example may h elp to illustra te this. For th e para m eters 
g i\·en in sec ti on 7. taken as d escri bing th e ERS-l 
a ltimeter in its ice mode of ope ra ti on, th e param eter 

cL1 t!(2e) '" 100 , w hile Ll.r equals 5, a nd one could ta ke 
Shannon " criteria as sa ti sfi ed. On th e oth ers hand , NLl.r 

equ a ls 2.10 a nd , in general, the desampled echo field will 
be a liased. 

This beha\·io ur may be d esc ribed using the res ults of 
sampling th eory. One has that the fun ction 

n/~r r-~--------'----.-----r--------~-. 

CD 

O ~---------r--~~--+---------~ 

-ru~rL-L-________ ~ __ ~ ____ -L ____ ~ __ ~~ 

-n/~x k rrJ~x 

Fig. 2. Tlte effect oj sam/Jlillg 011 the s/mtrum of the 
altuneter echo. 111 jmlctice . the eclto S/lectrulll may be 
regarded as negligible outside oJ tlte bo\ in the {w, k} 
/Jlalle boullded ~J! the. \ j qllist ji-eqllfl/cies ill time alld 
space. Th is is becallse the s/Jectn/ll/ is 1legligible 0llt5ide the 
regioll described b)' illeqllaLif)! (9) and is limiled b)' Ih e 
transmitted /JIIL5e to lie with ill tlte tflll/JomL . \ j quist 
ji"equfl/q 7r / L1 /. The s/H/tiaL desamjJlillg oj the allimeter 
echo will Lead gellemlu, to aLiasing abollt the 5/Jatial 
ji"equel/q ( 7r/ N LlJ.). For nampLe, the energ.1' ill the 
trial/guLar region A will be ma/l/xd to energl' in the 
triangLe A', rectallgLe B to B' and triallgle C to C' and so 
OIL However. a limited regiol/ qf lhe jJ/alle, sholC'1l hatched 
ill the Jigllre, remains I/IwJJected b)! aliasillg. lj tlte echo 
JjJectrum is Limited to thi5 regiol/, with a fi lter that 
aUel/llates temporal .frequencies ollt5ide the regioll 
Iwl :::; c7r/(2N L1.,.fJ). ShaIlI/OIl'S resall/jJlillg theorem 
111(~)' be aPfJlied lo the .filtered sjJectrulll . < \ ·ote that tlte 
.figure is //ot lo scaLe. 
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(16) 

h as a spectrum n eg li g ibl y diffe re nt to that o r p in th e 

regio n centred o n th e o rigin a nd bo und ed by in equ a liti es 

(9 1 a nd ( IS " 

\\'e halT no ted th a t the spect rum orqr is limited b y th e 

p arameter a to th e region described by inequalities 19, 
a nd 11 ), I r onC' c hooses the parameter a to sa ti sry 

(17) 

th e n o n substituting Equation ( 17) into Equati o n ( 11 \ 
a nd comparing th e res ult \lith Equation 115), o n e sees 

th a t the spectrum o r qr is lim ited to th e sa m e reg io n 

bounded by in equa lit ies (9 ) a nd 113 on \I'hieh the 

sp ec tra orp and jj ma y be rega rd ed eq ll a l. I t then fo ll o\\'s 

th a t th e resu lt o r filt erin g p \I 'ith K F is negli gibh- diOerent 

rro m th at or filte rin g p \\'ith I\F, \\'ith the prov iso or 

Equation (17 , th c n, o nc may rep lace p \I"ith P in 

deterlllining th e fi ltered so luti o n qr, 
One cloes not ha\T to ack no \\'ledge' c;.; pli c iti y th e 

d esamplin g in det e rmining p \'ia Equ a ti on ( 16) , This is 

b eca use, \I 'ith th e res tricti on or Equ a ti on ( 17) , 1\10 
spati a ll y filt ers th e ec hoes, In d o in g so , it acco unts (with 

minor dirTerences fi 'o m th e prac ti ca l situa ti o n ) fo r th e 

summation o r th e echoes and mak es th e splT trum or qr 
n egli g ib le outs id e th e region 11.-1 ::; rr/ (JV-.J,,.), \\ ' ith th e 

la tt e r accompl ished . it is [h en th eo re tic a ll y imm a teri a l 

\\"he thcr one uses p (t, ,1,1' ) or p(t, N .... 1.,. ) to rccons tru c t ij, 
\\'e use p(t, ,1,,.) b(Ta USe it is th e n unn ClTssa n ' in th e n e;.; t 

sen io n to trea t th e fluctuati on redu ct ion res ultin g ri'om 

th e summ a ti o n or the ec hocs se p aratc ly f'ro ll1 th e 

lTduct ion resu ltin g f'!'Om filtering the cc hoes with I,'F , 

7. THE CONSEQUENCES OF NOISE 

,-\11 altimetlT ec ho is a rand om flu c tuati o n , The e;.;press io l1 

g in' n in Equati on :2 is th e c;.;peCla ti on o r thi s 

nu c tua tion, Th e interpo lat ed rUll c ti o n F) is a lso th c 

expec ta ti on or a process tp dcri\'C'd f'rom replac ing th e 

mean ec ho p \\ 'ith th e random fluctu a ti on in Equation 

( 16 \; th a t is 

E{ tp } = p, (18) 

I I' one d etermines a runction (/) by o pera ting o n tp - It I 

\\' ith th e filt er I\'r, it LOO \I ' ill nU C'l ua te r a nd oml y, Sincc 1\1' 
is lin ea r, o nc has fro m th e res ult of' th e IJre\'io us sec ti o ll 

th at th e r;.; peCl<1 ti o n o r cp is the filt e red so luti on qr , Th e 

mag nitude o r th e fluctuati ons o f' cp ca n be cha racte ri zed 

by th e number '7 d e fin ed b\ 

(19) 

f I'illg//{{m : Limiting resolution 0/ ice-sheet ele1'atiol/j 

A small ",due or T) te ll s onc th a t th e opera ti on or J{r on 

tp - J.t- 1 \\ 'ill teac h us litt le conce rnin g qr; it \\'i ll b e 

subm e rged in fluctu a tions, 

To d ete rmin e th e numbe r 1"/ , onc need s th e co rrel a tion 

run c ti o n or th e sa mplecl ec ho , In prac t ice, th e sampling 

inte n 'a ls or a n a ltime tCl' a re chose n b y design (\\ 'a lsh, 

1982 ) to make 

E{ tp(l';,lj)tp(,l:n, till)} 

= (M,Ti, l j)) (P(,I'I/, f l/ l))( l + 0;1I 0jlll) (20) 

a good a pprox ima ti o n to the co rrelati o n runction \\ 'h e n 

tp - {I I is e;.;ponc nt ia lly d ist ributed , a ncl th e a ltim c ter 

ec hoes 1'1'0111 ice shce ts h <1\'(' sta ti stics th a t arc elosely 

expo n e nt ia l. Th e diflicult\ , o r d e termi ng 7) (or any o the r 

measure o r the flu ct ua ti ons or 9) is e;.;posed by Equa ti o n 

20 ) : th e llu Cl ua ti o n s o r cp, \I 'hi c h d e pe nd o n th e 

corrcla ti o n run ct io n in Eq ua ti on (20 ) , are non·linea r l y 

dependent on p sin ce, rro m Equa ti o n ( 16) . p=p at th e 

sa mpl e ins ta nts}, \I 'hi c h is, in llIrn , non- lin eark depen

dcnt o n th e ri C'l,;[tion f. This ma kes a ge ne ra l th eo ret ical 

e;.;p lora ti o n or the be h a \ ' io ur o rT) clifficult. 

Th e o nl y \\'a\' or making some analyt ic progress \I 'hil s t 

retaining a rough id ea o rth e beha\'i o ur o['the flu ct ua ti o n s 

is to rep lace ij in Equatio n (20 1 \I'ith a con sta nt. Since pis 
a rran ged b\' d efiniti o n to be or ord e r unit y, \\'e se t thi s 

co nsta nt eqllal to 1 + /, - t , With this re p l,lct' lll ent, th e 

co rre lation f'un c ti o n in Equ a ti on (20 ) is s ta ti ona n ' a nd 

one h as fi'om wel l-know n res ults in sa mpling a nd random 

\'a riable th eory th at 

L1,L1Al - It 

17r2 

(2 1 ) 

\I'here th e first a pproxim a ti o n ['ollo\\'s b eca use \I 'e ha\' e 

ass um ed th a t K F is neg li g ibl e o utsid e the limi ts ofth e firs t 

integ ra l o n th e RHS, a nd th e second uses th e definition 

Equ a ti o n ( 10) of'f{F and ig no res te rm s in th e sta ted sm a ll 

pa ra m e te r. This is a good appro;.;imation fc))' pract ica l 

sys te m s, 

T o g in' a n e;.; press io ll fc»)' '/7 o ne n eed s to determine 

the filt e)'{:d so luti o n qr, This again is clini c u lt to d o in 

a 11\" ge neral \I"ay beca use the e\e\'ation e nters Equatio n 

(2) n o n- lin ea rl y, Sin ce \VC' h a lT a pprox im a ted rou g h l y 

th e d e n o minator o n the R H S or Equ a ti o n ( 19 ), \IT \\ ' il l 

d ea l with th e nume ra to r in th e sa m e sp irit a nd cons id e r 

the \ 'a lu e o r 77 \I 'hen th e clc\ 'iltion .f is id e n ti ca ll y ze ro, 

H o\\' o n e m ay und e rs ta nd th e rcs ult \\T th e n o btain for 

'1/ in a 1110re ge nera l context \\'ill be discussed b y examp le 

la re r. I n thi s simple case, Equ a tio n s (2 ) and ( 16) 
simp liry to 

4 17 
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] oulIla{ of C'/aci%g)' 

11 [ ch(t - T)] 
p(x, t )=- p(t)= p,- l+ _x dTexp - "(2 q(T) 

rv p,- I + { [0 Cht] 
exp -,2 

1 =- 0 

t < O 

t ;::: O. 
(22) 

Th e a pproxim a ti on of th e second line ass um es th e 
duratio n of pulse fun ctio n q sh ort in co mpari so n with 
that o f the ec ho. This is c ha rac teri sti c b y d e finiti on of" 
pulse-limited a ltimetry. With Equa tion (22 ) a nd th e 
d efiniti on Equ a tion (10) o f K F , one obta ins 

(23) 

When 1 =- 0, th e surface is pl a ne and coin c ides with th e 
x axi s. Equ a ti on (23 ) desc ribes a fun cti on independ ent of 
x, symm etri c a bout th e x ax is. Its ma ximum co incid es 
with t = O. Substituting from Equa tions (2 1) a nd (23 ) 
into Equatio n ( 19) th en yields 

2 7ich 

.,., = SJ2:;;:L'lt L'l r( l - p,- l )2(J2, 
t = O (24) 

If Equ a ti o n ( 17) is sa ti sfi ed with equ a lit y, (J ma y be 
elimin a ted from Equa tion (24), and th e r esult gi\·en in 
terms o f a ltimeter-opera ting pa rameters a lo n e . 

Equ a tion (24) is subjec t to an impo rta nt prO\· iso, 
o th er th a n the limita ti ons of th e ass umptio ns leading to its 
d eri\·a ti o n. In prac ti ce, sp a tia l and tem por a l samplin g 
inter va ls a r e chosen bv d es ig n to be th e sm a lles t possibl e 
th a t a ll o w th e approx im a ti on Equa ti o n (20) of th e 
co rre la li o n fun c ti on. Onc is no t free to m a ke ,11 a nd L'l.r 
as sma ll as one needs to m a ke.,., as large a s one wishes, 
\\·hich is the implica ti on o f Equa ti on (24) . In fac t, for a 
g iven a ltim ete r d esign and o rbit a ltitude, th e onl y free 
pa ra me te r a va il able to inc rease th e \·alu e o f.,., is (J. 

:'l a king th e pa rameter (J sma ll er, h o \Ve \·e r , does no t 
onl y cha nge 1]. As we noted in sec tion 6, (J a lso d etermin es 
th e spa ti a l ba nd width. G enera ll y spea king, th e spati a l 
resolution is limited to the reciprocal of thi s band width. 
If Equ a tion (17 ) is sati sfi ed with equ ality, so th a t (J takes 
its ma ximum value, th e rec iprocal spa ti a l b a nd width is 
2N L'l, .. If (J is made sma ll e r , to redu ce th e effec t of echo 
flu c tu a ti o ns on qr, th en o n e m ay antic ipa te th e spati a l 
resoluti on will increase in proporti on. 

I t is th e cha racter of th e contin uo us pro bl em that th e 
reso l u tion is fu ndamellla ll y li mi ted by th e ech o fl uctua tions. 
When th e ec ho fi eld is sa m pled. thi s view needs to be 
modifi ed , because th e spa ti a l-sampling inte rva l a lso limits 
th e reso lution. In th e prac ti ca l situa ti on, onc o r o th er orth cse 
processes m ay domina te. If Equati on (17 ) can be sa tisfi ed 
with a use rull y large \·a lue o [ '/] , one may rega rd the spati a l 
resolution as sampling-limited . On th e o th e r hand , if" one 
needs a sm all er \·alue of (J (Q obta in an ad eq ua te \·aluc of '1] , 

one may rega rd th e spa tial resolution as flu c tu a ti on-limited . 

4 18 

8. NUMERICAL RESULTS 

The di sc ussion o f sec ti on 7 g ives some insig ht into th e 
effec t of ec ho nu c tuati ons on the recons truc ti o n. H o\\·
e \·er, th e pro ble m d ea lt \\·ith th e re is trivia l to the ex tent 
th a t \\ ere it th e case th a t f =- 0 th e re would be no ea usc to 

improve th e spa ti a l resolution. This is th e case in prac ti cal 
a ltimetry of th e ocean surface a nd some limited a reas or 
ice shee ts. \\'h en to pograph y is prese nt , one need s to haw 
a more ge ne ra l idea of th e effec t of sampling a ncl 
Ou c tu a ti o ns, a nd in this sec ti o n we loo k a t some 
num eri ca l exa mpl es . 

Sa tellit e a ltim eters orbit th e E a rth a t a ltitud es h of 
a round 1000 km . Th ey illumin a te a n a rea wi th a radius I 
o f 10 km or so. Th e tempora l sa mpling inten ·a l ,11 o f th e 
ra d a r may \·ar )' but \\·e will la ke 10 ns. Th e spa ti a l 

sampling inte r\" a l L'l.,. I'a ri es but 5 m is typi cal. Tt has 
become custom a r y to ha\ 'e d es ig ns with N equ a l to 50. 
This sel ec ti o n o r pa ra meters m ay be ta ken as d esc r ibing, 
ro r exampl e, th e ERS-I altim e ter in its ice m od e of 
o pera tion . r n th e fo ll o\\·ing exam ples, we use these 
numerica l pa r a m e ters. 

Figure 3 sh o ws th e reconstru c ti on qr o r a sq ua re lI" a \·e 
surface. T o o bta in this fi gure a nd th e nex t, E q ua ti o n (2) 
was used to ca leul a te th e ec ho , Eq ULl ti on ( 10) to d efin e 
J(F, Equa ti o n ( 16 ) tod eterminepa nd Equa ti o n ( 17) was 
sa tisfied with equ a lity. Th e sudace has a wa \·e le ng th of" 
10 km a nd a n a mplitud e of 20 m. In thi s fi g ure a nd 
succeedin g o nes, th e time coordin a te has been con \"(' rted 
to an equivale nt cle\"<1t ion . Th e overl ap be tv\'ee n th e 
upper and lower surfaces occ urs o\·er a kilo m e tre or so . 
The spa ti a l reso lution 2N d .,. is 500 m fo r thi s exa mpl e. 
F or thi s illustra ti on , th e rec iprocal spa ti a l ba nd width 
und eres tim a tes so mewh at the ho rizonta l reso lutio n . This 
is not surpri sing since , as Fig ure 2 illustra tes, m os t o r th e 
energy in th e spec trum of qr is limited to a sp ec lral ba nd 
w idth ra th e r less th an 7i/ N ,1.,.. 
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-10.0 

> 

-20.0 -20.0 
0.1 

-30.0 -30.0 
-5.0 -2.5 0.0 2.5 5.0 

Horizontal Distance (km) 

Fig. 3. The jUllclion qr recollstructed ji"01ll a square-wave 
sllljace wilh all am/Jlitude oj 20 m and a wavelenglh of 
10 km . The instrument /)(trmneters used/or this illustra tiol/ 
are giveIl ill the le.\l . The amplitude of qr is l701"l1wlized 10 

a 11/{l\imll177 l'a/lle of Ill/i t)' and the s({{/e is Linear. T he 
figu re illustrates Ihat the edges oj the reconstructed square 
wave are more gradual than the 500 1/1 sjJatial band width 
suggests. 
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"'ith t h e \'a lu es \\'e h a \ 'C ass u Jlled , th e ra nge 0[' 

illumina tio n a ng les is 0 .57 ° . As \IT rem a rk ed a t th e end 

0[' sec tion +. o ne ma\' a nti c ipate th a t s urf~l ces \I'ith 

g rad ients la rge r th a n thi s a ng le \\' ill be poo rl y imaged. 

[n Fig ure "~ \I'e sho\I' the res ult of migra tin g a sin usoida l 

su rface \I' ith a n a m plitude o f' 20 m a nd a wave le ng th o f' 

10 km. Th e max imum g ra di e llt o f'th e surface is 0 .72 °, Th e 

pa rts of th e s urface \\' ith hi g hes t g radi ents a re no t imaged 

in Figure 4. Th e contours in th e region o[' hi g her gradi ents 

break u p du e to inte rferen ce fro m th e reconstr uct ion of 

the 10\I'e r-g ra di e nt rcgions. 

iii 
u 

5.0 
+-------"'-------'--------'-----t-30.0 

-2.5 0,0 2.5 

20.0 
0.2 

10.0 

0.0 

't -10,0 - 10.0 
Q) 

> 

- 20.0 -20.0 
0.8 

-30,O+-----,----.------,-----!-- 30,O 
-5,0 -2.5 0.0 2.5 5,0 

Horizontal Distance (km) 

FI~[!" .fe . The jilllClioll qr recomirucll'd from a .I/llf-ll '{I1'e 
,lul./aa It 'ilh all alll/J/ilude (!/ 20 III alld a ll'm'c/ellglh 0/ 
10 kill, The illJlmll7enl /Jarall7elen Im'dfor Ihi.1 illll.\lralioll 
lire gil'fII ill Ihe Ifl/ , T he ({III/J/illlde ~/ qr i.1 1I(ll/lIa/i;:ed 10 
a /II(lIilllU/II mlue o[ ulli(J' alld Ihe .\Call' /.\ lillear , The 
Jl.f{ure illll,l/rales hall' Ihe 1'11'1111'111.1 (!/ 1111' .II/(lace l('illt 
gradiflll.1 I{{/~g{'/' Ihal/ hall lite rallge oJ il/ulllil/aled {llIgles 
(Ire /)oor~)' i/ll{lged ~)' lite allilllelfr alld are /0,1/ il/ lite ~niocls 
ji-Olll lite /)(/1'1.1' ~/ lite .IIIIIacl' 1('ilh 100l 'er gradil'lll.1. 

The fa ilure to image hi g her g rad i('n ts is not a res ult o f' 

th e procedure. Pulse-limited a l time ters a rc f'uncl a m en ta ll y 

insc nsiti \'C to slopcs o ut sid c th e ir ra nge o f' illumina ti on 

a ng les. 11' (/I~)' m e th od is used to ge nera te continuous 

surf;lces f'ro l11 a ltimeter ec hoes, th c locatio n o f' th f' surface 

\\' hen its g radi e nt is la rgf'r th a n th e ra nge o f' illumination 

angles is a n ass um p ti on of th e Jll ethod . 

Fig ures 3 a nd + lITre com puted by ta kin g th e spa ti a l 

reso luti o n to b l' sa mpling-limitl'd . Js thi s in f ~lct th e case 

fo r th ese exa mples? T a king c as 3 x l OB III S I a nd th e 

S;\lR as 00 ( tlt a t is, ass uming th e spec kl e Ilu ct ua ti o ns a re 

th e d o min a nt so urce of r a nd o mness ), th e simpl e ca lcul 

a ti o ns o f' scc ti o n 7 gi\T a \ 'a lLll' of 1) o f' 33 [i-o m Equ a ti ons 

( 2 ~ ) a nd ( 17 ) , Fig ure 5 sho \\' s th e res u lt o f' a n exact 

ca lcul a ti o n o f' th(' f'un ct io ll 1} fo r th e squ a re-lI'a \T surface 

w hose reco ns truct ion is sho \\'n in Fig ure 3 , Th e pea k 

\,<t lu e ofT] in Fig ure 5 is "~2 \I 'hcreas o ur a pprox ima ti on is 

33 . Th e conto urs of'17 a re sim il a r to th e co nt o urs of th e 

signa l in Fig urc 3. cxcept th a t in Fig ure 3 th e nega ti \T 

cyc les o r the sig na l a rc hidd e n . The noise is a pprox im a tely 

s ta ti o na ry b u t in d e ta il o nc no ti ces th a t th e hig h e r parts o r 

th e su r face h a\'(' hi g her \ ',du es o f 1). Th e sig n a l te rm in 

Fig ure 3 d oes no t sho\, ' thi s d epend ence a nd so it is 

associa ted w ith th e flu ct ua ti o ns. [t is nOl ha rd to ex pl a in, 

J " illg!7all7 : Lilllilillg reso/ulioll oJ ice-sheel elem/iom 
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Fig. 5. Tltejilllclioll II Jor lite recollstruclioll oJ Ihe square 
u'ace sl/Oll'lI ill Figure 3. T he /Jaramelcrs liSI'd Jo r Ihis 
if/uslralioll are Ihe sall1e as ill Figllre 3. T he lIegalil'e ()'c/es 

oJ Ihe lIligralioll are SUp/Hfssed ill Figure 3 bul a/JjJear 
/JOsilil'e ill lite jllI1c1ioll 17- J " illt Ihis difJerence. colIZ/J{trisoll 
oJ Ihis figure l('illl Figllre 3 illllslrales Ihal Ihe liaise is 
a/J/JI'olimale(l' slaliollal} . although a sma/I de/!elldence 0 11 

l'erlim/ e!el'alioll is a/)/Hlre/II . 

Th e ec hoes [i'o m lo \\'e r cl ement s o f'th e surf;lce ha \ 'e hi g her 

le \ '(' ls of flu ct ua ti o n tha n o ur simple es tim a te ass umes , 

b eca use th C\ ' h a\'(' additio na l co ntributio ns fro m e c hoes 

fro m hi gher elem e nt s of th e su rface , Th e COll\ 'e rse is tru e 

[c)t' th c ec hocs fro m th e hi ghe r e le m ents or th e surface , 

Thus. lIT m a>' a nti cipa te th a t hi g her elem e nts o f the 

surface halT ra th e r hig her ",du es Or 'll th a n o ur s imple 

ex press io ns d esc ribe a nd 10ll'e r pa rts o r th e surfa ce ra th er 

10I1'('l' ",du es o f' 17 . Thi s is \I'ha t \IT see in Fig ure 5 . T n th e 

case of' th e sq u a re- lI'a\T surface , tlt e resoluti o n is 

sa III pling-I i m i ted . 

H OII'('\'C r , th e a pp rox im a ti o n s o f' scr ti on 7 d csc ribe a 

s itu a ti on II' he re the s udan' has lo \\' g radi ents in reg io ns o f' 

g rca ler ex te nt lh a n th e ho ri zo nt a l [' cso luti o n . Th e 

f'un c tion 17 decreases ra pidl y as th e slope increases due 

to th e sig na l loss th a t is illll stra tf' ci in Fi g- ure + a nd h e re 

th e a pprox ima ti o n s o f sec ti o n 7 a rc less usd i.tl. Fig ure 6 

shows th e res ult o f' a n exac t ca lcula ti o n 0 [' th e fi.lncti o n 1) 

fo r th e reco nstru ct io n or th e sinusoida l surface . The 

cont o urs o f' '1 co in c ide a pp rox im a tely Il'ilh th e s ig na l 

conto urs o f' Fig ure + a nd th l' hi g h lOll' asy mm e try o f 

Fig ure 5 is a lso a ppa rent. HOII'C \ 'C r , th r max imum \ 'a lue 

o r '} in Fi g ure 6 is aro und half th a t o f' Fig ure 5 . Th e 

hi g her-slo pe reg io ns o f'th r s llrf~lce di sappea r in to th e n o ise 

a t sli ght", sm a ll e r s lo pes lh a n th ey di sa ppea r in Fig ure 4. 

Fo r thi s exa mple , th e a bilit y to im age s lo p es is 

flu c tu a ti on-limited, Onc sees th e n th a t th e impo rta nce 

o f' sa mplin g- a nd flu c tu a tions in d e te rmin in g th e reso luti o n 

is no t q uit e s tra ig htfo rw a rd in th e prac ti ca l situ a tion ; it 

\I ' ill d epend o n th e c ha rac ter o f' the SUrii ICC. 

9. A SOLUTION FOR THE HEIGHT; A LIMIT
ATION OF THE PRESENT TREATMENT 

One is principall y inte res tcd in th e e!c\'a tion f. Thus fa r , 

\\'e ha\'(' onl y con sid e red a n a pprox im a te so luti o n fo r th e 

fun c ti on q(T + 2J le). \\ 'h a t is th e relati onship b e twee n 
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th e ele\'a ti on f a nd the a pprox im a te so lution f f res ulting 
fro m th e a pprox im a ti on qr? I g noring th e efTec t of 
nu ctua ti ons, thi s rela tion can be o bta ined by r eplacing 
q with qf in Equa tion (4): 

C jx. j x. f ·X. / f(;(:) = - -2 citt dT ds 
87f . -x - x. -x. 

( 
2f(x - S) )f'X 

I +i .r/ X 

d" +i l'8 . q t - T + ( we ~ ,,;e 
C -x . - x 

·J(p(w, k)J( (w, It) 

= ~ j x. dS/(''E-s)exp[- (~) 2l. 
2 v27f~ -x 2v2~ 

(25) 

This equ a ti o n shows th a t th e m ean filtered solution f f is 
th e res ult of sm oothing th e ele\ 'a ti on / with a fi l ter whose 
spa ti a l extent is larger by a fac to r 212, th a n the region 
illuminated by the a ltimeter (cC th e description of th e 
a ntenn a modula tio n in the pa ragra ph preceding Equ at
io n ( 1)) . This would mean , fo r example, tha t in the case 
of th e illustra ti o ns of the p re\ 'io us sec ti on, th e sp a ti a l 
reso luti on of th e ele\'a tion d eri\ 'Cd frol11 th e fun c ti ons 
shOlI'll in Fig ures 3 a nd 4 \\'as 28 km , Yet, Fig ures 5 a nd 6 
c lea rl y sholl' th e functi on qr can be reso ll-ed to a kilom etre 
o r so . W hy is th e spa ti a l reso luti o n implied b y Equ a ti on 
(25 ) so mu ch la rge r tha n th a t d educed from the sp a ti a l 
ba nd \I'idth? 

I 
ID 

" c: 
et) 

1ii 
(5 

<ii 
" 't 
ID 
> 
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-30.0 -30.0 
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Horizontal Distance (km) 

Fig, 6. T he junction 7J Jar the recollstmction of the Slllf 

wave shown In Figure 4. The /larameters used fo r th is 
illustration are lit e same as in Figure 4, The negatil1f [)le/es 
oJ the migration are sU/J/Jressed in Figure 4 but a/l/lear 
jJositil'e in the junction r,. CO Ill/Hlriso ll oJ this jigure with 
Figure 4 shows that the l'isibiliry of the /Joor(y imaged 
gradients oj the sllljace is jurther restrirted ~) ' the 
,f/uctuations, 

The anS\·I'e r to this qu es ti o n li es in th e ra nge of' 
integra ti o n of th e tdt opera tor in Equa ti ons (4 ) a nd (25 ), 
\ Ve ha \'e ass um ed this infini te a nd wc ha \'e don e thi s to 
a llow the use of simple Fourie r techn iques, Fig ures 3 and 
4 shO\l' th e fun cti o n qr O\'er a finite inten 'a l, but in fact it 
is no t zero outsid e thi s in terva l a nd , \I'hen this en e rgy is 
included in ro th e integra l o \'e r t in Eq ua tion (25) , the 

420 

res ult is ro red uce th e reso lution. (This a rgume nt ca n be 
ma d e qu a ntita ti\'e b \' considering th e in verse tra nsfo rm of 
the RHS of Eq ua tio n ( 10) bu t wc sha ll no t p ursue thi s 
here ,) 

It is perfec tl y clea r th a t one m ay d etermin e th e 
s ur!~lce ele\'a ti on in Fig ures 3 a nd 4 with a reso luti o n 
bette r th a n imp li ed b y Equ a ti on (25 ) . The reaso n thi s is 
th e case is th a t o ne is prepared to m a ke a n a p rio ri 
ass umption concerning th e a pprox ima te loca ti on o r th e 
surface .. \ l a th em a ti call y, thi s ass umpti on ca n b e 
incl ud ed \]1' res tri c ting the time inten 'a l in Equ a ti o n 
(2 ) o n \I'hich q(T + 2f/c) is defin ed , tha t is, res tri c ting 
th e d o m a in of th e o p e ra tor ]\-, This d o ne, the p ro bl em 
can no longer be diago na li zed using Fo uri er me tho d s 
a nd o ne needs ro IT \ 'CrL to a more ge ne ra l linear me th od , 
Thi s is th e a pproac h ta ken in Wing ha m (in press; ( I ) 
here) (o r de termining th e ave rage heig ht. Th e a na ly ti c 
simp licit y a nd insig ht a fTo rd ed by th e simple a pproac h 
ta ke n h ere is th en los t. H O\\'el'C r, thi s ex tension seem s to 
be necessa ry to d e te r m ine the acc uracy of a reconstruc
ti o n o f f but thi s \I' ill no t be pursued h ere. 

10. OTHER LIMIT A TIONS AND EXTENSIONS 

\ Ve nO\I' comment o n o th er limita tio ns a nd poss ible 
ex te nsio ns of th e m e thod . Some o f' th ese ha \'C bee n 
di sc ussed a t leng th in (1) a nd lI'e simply mentio n th em 
he re. The forwa rd m od el is subj ec t to a number o f 
ass umpti ons concerning th e geom e try a nd sca tte ring 
beh a \'i o ur. An exte nsio n or K ro in clud e sim ple \'o lul11 e
sca lle ring \\'ould fo ll o \\' fi"om a stra ig h tfon l'a rd ca rry 
o \ 'C r fro m ( I). Th e th eory in (1) d oes no t consider in a n y 
d e ta il the rela ti on b e t\I'Cen lhe e lec tro m agneti c surface 
a nd th e ph ysica l o n e a nd thi s \\'ea kn ess carries O\ 'e r he re . 
This w ill ce rta inly lea d to diffi culti es in regio ns o f 
season a l mclting , On e co uld a lso carry O\'e r from (1) the 
ex te nsio n to the case ,"vh ere the a ntenna bores ig ht is no t 
no rm a l to the d a tum pl a ne. Both these ex tensions co uld 
be d ea lt with by th e Fo uri er meth od s used here b ut o ne 
\I'ou ld need , pa rti c ul a rl y in th e case o f a non-no rma l 
bo res ig ht, to reconside r th e choice o f K F because J( will 
be s ig nifi ca ntl y diffe re n t , a nd o n e sho uld ex p ect 
sig nificantl y diITere nt beha\' io ur of 7] , 

Onc may a lso ex te nd slig htly th e ra nge of surlaces 
consid e red here b y introd ucing a pla ne d a tum til a t 
includ es a linite slop e across th e sa tellite track (tha t is, in 
th e y direc ti on o f o ur coo rdin a te sys tem ) , In fac t, th e 
a n a lys is is ver y simil a r ro th a t o f a non-n o rm a l 
bor es ig ht . 

H o \\'e\'er , one prop e rl y needs to d ea l \I'ith the three
dim e nsiona l reconstru c ti o n of tll'o-dim ensional surfaces . 
In three dimensio ns, ho\\'eH'r. one has to accept tha t, in 
a n y case of p rac ti ca l interest, the sp atia l sampling is 
irregul a r. \ \'hil e it is a t leas t poss ible tha t in some 
circ umsta nces th e m e th od desc ribed here may b e 
p rac ti ca ll y useful , thi s \\'ould no t be th e case lI'e re o ne 
to ex tend the prese nt ca lcul at ions to a rectang ula r g ri d 
of sa mples, a ltho ug h thi s is eas il y d o ne. The presence o f' 
irregul a r sampling a lte rs th e case theore ti cally a nd 
p rac ti ca ll y. Th eore ti ca ll y, it int rodu ces a unique ness 
p ro bl e m that we h a \ 'e a \'o id ed he re b y res tri c ting th e 
spect rum of th e ec hoes to sa ti sfy S ha nnon's theo rem , It 
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a lso remains poss ibl e ro re ta in in a [o rm a l way th e 

dis tincti o n b e t\lTe n sampling -limited and n o ise-limited 

reso luti o n , a ltho ugh no lo n ge r with Fo uri e r tec hniqu es, 

but it is a rg ua ble \I '!I c th e r sueh meas ures ca n be 

prac ti call y intc rpretcd simpl y; a t th e leas t , th e reso lu

ti o n w ill b eco m e pos iti o n-d e pend ent. I n practi ce , 

irregul a r sa mpling a lters th e case co nsid e rab ly a nd o ne 

need s m o re ge ne ra l linea r m e th od s, suc h as Ieast-sq ua res 
o r minimum-no rm m e th od s, These consid e rab ly in

crease the co mpu ta ti ons n eed ed , beca use th e pro blems 

ca nn o t be a pri o ri di ago n a li zed, I t rem a ins to find a 

th eo retica ll y acce p ta ble but practica ll y se nsible three

dimensio na l implementa ti o n, H o \\'e\'C r , T a nti c ipa te th a t 
th e two-dim,e nsio na l a nal ys is h ere \\'i1l g reatl~ ' a id a n 

und ers ta nd ing o f a th rce-d i m e nsio na l recon stru c ti o n 

(i 'o m irreg ul a r samples, 

\\'e ha lT n o t consid ered he re th e co nsequ e nces of th e 

trunca ti o n o f' th e cc hoes b y th e a ltim e te r-reco rdill g 
sys tem, Once o ne has res tri c ted th e dom a in of J{ a long 

th e lin es di sc ussed in sec t io n 9, it is a simple m at ter to 
inc lud e a res tri c ti on of th e ra nge of' K , \\' hi c h has th e 

e fl ect o f' trun ea Lin g th e ec hoes , I n fac t, as ShO\\Td in (f ), 
thi s modifi ca ti o n is esse nti a l fo r a p roper co nsid e ra Li on of 

th e uniqu e ness o f an y reco ns Lruc ti o n, a lth o ug h thi s is no t 

pursued f'urth e r here, 

11. RELATIONSHIP TO OTHER METHODS; 
EXPERIMENTAL VERIFICATION 

T ec hniqu es th at halT b ee n a p p li ed prel' io ush- to 
alLim e ter ('c h oes f'rolll ice sh cc ts arc ,I e/}(/rablc, Lhat is, 

th ey proceed 1)1' f'un c ti o n a ls Lh a t a rc res p ec ti\T h ' 

ind e pend ent o f' ,1' and independ ent of t , Le rm ed th e 

" re trac ke r" ( ~ l a n i n a nd o Lhns, 1983 J a nd " slo pe

indu ced erro r co rreni on" (Bre lln er a nd o th e rs, 1983 , 
th e res u lt f l'(.r) o f' \\ 'hi c h is s u p posed to d esc ribe th e 
surf'ace f (,L') , Th ere is no t ge n e ra l agTl'C me nL conce rn ing 

th e d eta il ed implem cnt a ti o n o f' th ese procedures see e,g , 

Rl'm ~ ' a nd o th e rs, 1989; l3 a mher, 1994), H o we\'e r , as 

\I'a s po inted o ut in so m e d e tai l in ll, the re is no 

Lh eo re ti ca l b as is f() r using a se p a ra ble procedure a nd one 

must the re fo re ge nera lh' suppose th a t th e so luti o n f .. (, I' ) 
ge ne ra ted h y suc h a procedure is no t in f;ICL eCJu a l to th e 
f (, 1' ), This o bse l'l'<l ti o n is pro b a bl y or g rea tes t p ract ica l 

impo rt a nce in d eLerminin g e h a ll ges in th e sur fitce \\' iLh 

re pea ted o hsen 'a ti ons, since ge nerall y th e fun c ti o n f ['( ,1') 
h as cl epe nde n c ies o n in strum c nt pa ra me te rs a nd a lt i
tud e , H o \\ 'C \ 'C r , th ese d epe nd c ncies will a lso b e prese nt 

in a cl e ri \'Cd Lo pogra p l1\' , 

R e m ), alld o th e rs ( 1989 ) h a \ 'C co n s id ered th e 

interpo la ti o n pro blem, th a t is, c rea ting a t\,"o-dim en

sio n a l SUd~lCC f'ra m Cl finit e se t o f' e rro n eous po int 

o bser\'a ti o ns of th e J'un c ti o n f .. (.e), In th e ir tlT LlLm ent , 

R em), a nd o th e rs did Il o t di s tin g ui sh b e t\\'Cc n th e 
fun ct io ns .lA ,!') a nd f (,1') , Th eir d escr ipt io n of th e 

procedurc as a n iJl\ 'C rsio n is the refo re erro n eo us, \\ 'ere 

continuo us o bse n 'a tio ns 0 [' th e ['un c ti on fA, /, ) a \ 'a ila ble , 

th e ir trea tme nt \\'o uld lea\'C o n ly a n es tim a ti o n pro blem 

to be so h 'Cd ; \\ 'ith th e d istin ctio n be twee n f(, !' ) a nd f .. (,1') 
ac kn owled ged , thc iJl\'ersio n pro blem still re m a ins, I 

\\'o uld a lso spec ul a Le, o n th e b as is o f th e res u lts here, Lh a t 

th e lim it ing reso luti o n \\'i ll n o t be ach ie\'ed with a 

II 'illglwm : Lillliting resoiutioll cif ice-slieet eiel'{/tiolls 

se p a ra ble procedure Equ a ti o n (25 ), fo r example, ca n 
b e ta ken as d esc ribing a separa ble p rocedure a nd \IT 

h a \ 'e no ted th e p oor resolut io n th a t res u lts, T o b e c lea r, 

h O\\'e \'Cr. l d o n o t \\' ish to s ugges t th a t the three

dim e nsio na l inte r po la ti on pro b le m is no t a n essenti a l 

com ponent o f' th e pro blem o r th a L th e sa mp ling d e nsi ty 

is n o t a t prese nL a limiti ng-e rro r so urce in th e use o f 
exis ting a ltim e te r o bse n 'a ti o ns, 

Turning to co nsid ering th e ex p e rim ental confirm a 

tio n o [' o ur results, It is easy e n o ug h to ta ke a sec ti o n of 

a ltim e ter ec hoes a nd mi g ra te th e m \\'it h th e m e th od s 

d escribed he re, ind eed , thi s h as a lread y bee n re p o rted 
o n (\\ 'ing ha m a nd o th e rs, 1993 ) , H o \\'(' \ 'er , thi s exe rcise 

mus t necessa r il y produ ce a surface co nsiste nt \I' ith th e 

ec h oes a nd it d oes no t fo li o \\' th a t th e reco ns tru c ted 
s urface co incides with th e ice s url~\ ce, At th e kil o m e tre

le n g th sca les a t w hi c h soh'ing th e im 'e rsio n pro blem 
m ay be p rac tica ll y import a nt ( i,e, a t w hi ch f(~r ) a nd 

f ,(:r) m ay dine r sig ni fica ntl y ) , th e to pog ra ph y o f ice 

s h ee ts is th ree-d i m e nsiona l. On e gcne ra ll y need s to 

soh 'e th e p ro blem fu lly to m a ke a compa ri so n \\' ith 

g ro und o bse r\'a ti o ns a nd th ese n ced to be acc ura te 

h ig h-de nsi t y o b se r l'<lli ons in t w o -d i m ensio ns o f' th e 
s urf~ICC c1 e\ ',lli o n co in cid ent \\'ith th e a ltime ter o b se n 'a

ti o n s , Th e equipm e nt to m a ke s uc h geod e ti ca ll y 

a cc ura te sUl'\" eys is 1\0 \\ ' beco ming a\'a ila ble in rh e 

U nit ed Sta tes a nd Euro pe \\,iLh th e use o f GPS- ti ecl 

a i riJ o l'l1 e-l ase r a It i m e ters, Th e da ta prO\'id ed b y th ese 

ins trum ents sho u ld permit a n o ppo rtunit y to \'C l' if'\' th e 
res u lts p rescnted h e re , 

12. CONCLUSIONS 

This pape r pro \ 'id es a th co rC't iea l d cscrip Lion o f a m e th od 

imprm 'ing the sp a t ial reso lut io n o f' ice-shee t c1 el'<lLi o ns 
d e ri l'('c1 fi 'om sa Lel lite-a ltime te r ec h ocs from ice sh eets, 

wit h it \ 'ic\\' to d e te rm inin g th e f'und a mcnta llil11its o n thi s 
reso luLion, I t sho\\'s th a l. in t\\"C) dim c nsio ns a t leas t , th ere 

is sufli cient info rmat io n co nt ent in s uecess i\T cc hoes that 

th e ir spa ti a l reso luti o n ma)" he impro\'Cd \\' ith ou L a 

ca tast rophi c d egrad a ti on du e to cc ho flu ctu a tio ns , Th e 

m e thod shOl\'s th a t th e spa ti a l reso lut io n ma)' th eOl'e t
ica ll ), be limited e iLh c r by th e cch o sa mplin g , In prese nt 

pra cti (,a l circ um sta nces , it is th e sp a t ia l sa mp li ng th at 

li m iLs th e reso luLi o n, alLh o ugh thi s cO llclusio n m a ~' no t 

ea rn' O\'er to a three-dimensio na l treatment. Th e s pati a l 

reso luti ons indi ca ted b \' th e num e r ica l ca lcu la ti o ns he re 

a rc of' the ord e r o f 500 111 , \\ 'hi c h is \c ry co nsid e ra b ly 
sm a ller th a n th o ug ht poss iblr hith e rt o, Since mu c h o f th e 

loca l to pograph y o f' ice shee ts is a L h o r izonta l sca les 0 (' 1 

20 km , thi s is a use f'ul ad \'a nce , A pr,lc tica l demons trati o n 

o f th e meth od h as bee n g i\'C n (\\ ' ing ha m a nd o th ers, 

1993 ) a nd thi s p a p e r justili c:, th e s ta te m cnts mad e th ere 
concnning the m e th od , 

I m pon a l1l iss u es rema in LO be d ealt \\ 'ith , P r in c ipa l 

a m o ng these a re th e de termin a ti o n 0(' th c acc uracy o f' th e 

re tri c\'('d l' ln 'a ti o n s, \\' hi ch in lll ~ ' \ 'il' \\' requires a n 

im'es ti ga ti o ll 0 [' so lut io ns tli a t li mit th e ve rti ca l ra n ge o f' 
th e e le \'a Li ons, A Lh ree-dilll ens io n a I i m pl em l'nta ti o n Lh a t 

is pra cti ca ll y se nsib le is a lso need ed a nd is pro b a b lv 

n ecessa ry before m a king usefi.d co mpa ri so ns of th e res u lts 
w ith g round o bse n 'a ti o ns, 
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