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1. Introduction, In a finite dimensional vector space V 
a set x£, i = 1, 2, . . . , n of vectors of V is said to be a bas is , 
base , or coordinate system for V if the vectors x£ are linearly 
independent and if each vector in V is a linear combination of 
the elements x.[ with real coefficients. If a topology for V is 
defined in t e rms of a norm || . || then {xjj is a basis for V if 
and only if to each x € V corresponds a unique set of constants 
aj[ such that 

Il V ^ n M 

II x - L l
 a i x i | | = o-

In infinite dimensional normed vector spaces the above 
concepts of basis have different generalizations. The first or 
algebraic definition gives a Hamel basis which is a maximal 
linearly independent set [ l , p . 2] . We shall be interested in 
the other or topological definition. 

DEFINITION. A set of elements X£, i = 1, 2, . . . in a 
real Banach spac e B is a countable or Schauder base or basis 
if to each x in B corresponds a unique set of real constants 
{ ajj such that 

l i m n-oo II x - Z ^ a i x i II " °-

A Schauder basis will be called an unconditional basis if, for 
each permutation p of the positive in tegers , 
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If a Banach space B has a S c h a u d e r b a s i s ( X J J , the se t of 
finite l i n e a r combina t i ons of the b a s i s e l e m e n t s with r a t i o n a l 
coeff ic ients i s dense in B . Since th i s se t is coun t ab l e , B m u s t 
be s e p a r a b l e . An i m p o r t a n t unso lved p r o b l e m of a n a l y s i s , f i r s t 
f o r m u l a t e d by S c h a u d e r , i s the b a s i s p r o b l e m . Does e v e r y 
s e p a r a b l e Banach space have a Schaude r b a s i s ? By a c t u a l con 
s t r u c t i o n it has been shown that m o s t of the f a m i l i a r s e p a r a b l e 
B a n a c h s p a c e s do have Schaude r b a s e s . Tha t the t r i g o n o m e t r i c 
s y s t e m { \ , s in nx , cos n x } , n = 1, 2 , . . . , i s a Schaude r b a s i s 
for L ^ ( - TT , TX ) follows f rom known t h e o r e m s in the t h e o r y of 
F o u r i e r s e r i e s [6, p p . 74-5] . Th i s s y s t e m is a l s o a countab le 
b a s i s for L.P(- TT , re ) , p > 1 [6, 7. 3 ( i ) , p . 15 3] but not for 
L, (- re , TC ) [6 , p . 155] . The H a a r funct ions f o r m a Schaude r 
b a s i s for LP(- TT,TT ) , p ^ 1 and g e n e r a l i z a t i o n s of the H a a r 
funct ions f o r m a S c h a u d e r b a s i s for a wide c l a s s of B a n a c h 
funct ion s p a c e s [2] . The p r e s e n t s t a t e of the b a s i s p r o b l e m 
i s g iven in [ l , c h a p t e r IV] . 

If Schaude r b a s i s i s r e p l a c e d by uncondi t iona l b a s i s the 
a n s w e r to the c o r r e s p o n d i n g b a s i s p r o b l e m i s known. In [1] 
it i s shown tha t if X i s an a r b i t r a r y c o m p a c t Hausdorf f s p a c e 
t hen C(X), the B a n a c h s p a c e of cont inuous funct ions on X, can 
have a n uncondi t ional b a s i s only if C*(X), the conjugate s p a c e , 
i s s e p a r a b l e . Since C*(X) i s s e p a r a b l e only in t r i v i a l c a s e s 
t h i s shows tha t in g e n e r a l the s p a c e s C(X) do not have uncond i 
t iona l b a s e s [ l , c o r o l l a r y 1, p . 77] . If the a n s w e r to the b a s i s 
p r o b l e m i s nega t ive it i s p o s s i b l e , but un l ike ly , tha t s o m e of 
t h e s e s p a c e s a l s o fai l to have Schaude r b a s e s . We do not be l i eve 
tha t it has been shown tha t e v e r y s e p a r a b l e C(X) h a s a S c h a u d e r 
b a s i s . In the append ix we show tha t t h e r e i s no l o s s of g e n e r a l i t y 
if X i s a s s u m e d to be c o m p a c t m e t r i c . In t h i s c a s e it i s shown 
in [2] tha t t h e r e e x i s t s a s y s t e m of g e n e r a l i z e d H a a r funct ions 
for which the p a r t i a l sunns of the s e r i e s for a n a r b i t r a r y f € C(X) 
conve rge un i fo rmly to f. H o w e v e r , s ince the g e n e r a l i z e d H a a r 
funct ions a r e not in g e n e r a l in C(X) they cannot f o r m a b a s i s for 
C(X) and it d o e s not a p p e a r p o s s i b l e to ob ta in a b a s i s by s o m e 
s imp le modi f ica t ion of t h e s e func t ions . In 1927 Schaude r con
s t r u c t e d a countable b a s i s for the c a s e X = [0, l] [5, s ee § 2] . 
It a p p e a r s to be wel l known that a S c h a u d e r b a s i s can be con 
s t r u c t e d for X an n - d i m e n s i o n a l r e c t a n g l e in E u c l i d e a n n - s p a c e 
a l though we do not know of any p roo f s in the l i t e r a t u r e . 

The p r i n c i p a l p a r t of th i s expos i t i on i s the c o n s t r u c t i o n of 
two d i f fe ren t S c h a u d e r b a s e s for C(X), X a c l o s e d s q u a r e . The 
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f i r s t h a s p r o p e r t i e s m o r e n e a r l y ana logous to the one d i m e n 
s iona l c a s e . In the second method the b a s i s i s defined in t e r m s 
of C a r t e s i a n p r o d u c t s of one d i m e n s i o n a l b a s i s e l e m e n t s and 
the r e s u l t s extend r e a d i l y to n d i m e n s i o n a l r e c t a n g l e s . We a l so 
c o n s i d e r b r i e f ly the e x i s t e n c e of countable b a s e s in c e r t a i n 
s p a c e s of cont inuous functions vanish ing at infinity and in C(X) 
w h e r e X i s compac t a s a C a r t e s i a n p roduc t of compac t s u b s e t s 
of t h e l i n e . In an appendix we cons ide r the imp l i ca t i ons in the 
g e n e r a l c a s e of the s e p a r a b i l i t y of C(X). 

2- Schauder*s b a s i s in C(X), X = [O, l ] . Le t r^ = 0, 
r£ = 1, r 3 , . . . be d e n s e in X. Define x^ = x^(P) = 1 - P ; 
X£ = P , 0 £ P ^ 1. If r n fa l ls be tween the adjacent points r , r1 

of the se t r^, i = 1, 2 , . . . , n - 1 , define 

x n ( P ) = 0, O ^ P ^ r , r ' 4 P ^ 1, 

(2 .1 ) = ( P - r ) / ( r n - r ) , r ^ P £ r n , 

= ( P - r ' ) / ( r - r n ) , r n ^ P 4 r» . 

Given f(P) in C(X), se t 

(2 .2) a x = f ( r x ) , 

Z
n 

^ x ^ P ) , a n = f ( r n ) - s ^ ^ r j , n = l , 2 , . . . 

We note tha t 

(i) x n ( P ) € C(X), ll-x^M = s u p d ^ P ) ] : O ^ P ^ l ] = 1; 

(ii) x n ( P ) = 0, P = r l f r 2 , . . . , r n - 1 ; 

(iii) s n ( P ) , n = 2 , 3 , . . . , i s in C(X), co inc ides with 
f(P) for P = r£, i = 1, 2 , . . . , n and is p i ecewise l i n e a r 
b e t w e e n ad jacen t points of the set {r^J , i = 1, . . . , n. 

F r o m ( i i i ) , the un i fo rm cont inui ty of f on X and the fact 
tha t the se t {r^} i s d e n s e i n X it follows tha t | | f - sn | f -> 0 a s 
n-> co . To p r o v e un iqueness suppose tha t f(P) = 2 M X£ (P) 
= 2t>î x^(P) . If e£ is the cont inuous l i n e a r functional on C(X) 
def ined by ej[(x) = x(r£) , i = 1, 2 , . . . , 

0 = e x [ X , ( b i - a ^ x i ] = ( ^ - a ^ e ^ x ^ = b 1 - a ^ 
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P r o c e e d i n g induc t ive ly , using ( i i ) , i t follows tha t 
2L± = Ui , 1 - i ) L ) • • • « 

3. A countable b a s i s for C(S) , S a c losed s q u a r e , f i r s t 
m e t h o d . Wè cal l a function f(P) def ined on S a p y r a m i d funct ion 
if t h e r e e x i s t s a p y r a m i d with b a s e A C X, with v e r t e x above A , 
a l t i tude uni ty , and such tha t f(P) v a n i s h e s ou t s ide of A and 
def ines the l a t e r a l su r f ace of the p y r a m i d for P in A . In t h i s 
s ec t i on the b a s i s funct ions wil l be p y r a m i d func t ions . They a r e 
defined in s t a g e s c o r r e s p o n d i n g to p r o g r e s s i v e l y f iner p a r t i t i o n s 
of S, the p a r t i t i o n s be ing a l t e r n a t e l y d e t e r m i n e d by l i n e s p a r a l l e l 
to the s ides and to the d i agona l s of S. 

The b a s i s funct ions x^, i = 1, 2 , 3, 4 a r e p y r a m i d func
t ions wi th v e r t i c e s at the c o r n e r s P^ of S and with t r i a n g u l a r 
b a s e s d e t e r m i n e d by the two s i d e s ad jacen t to P^ and the c o r r e s 
ponding d i a g o n a l . We define a^ by (2 .2 ) with P^ r e p l a c i n g 
r^, i = 1, 2 , . . . . The second s tage c o n s i s t s of the s ingle 
p y r a m i d function X5 on S a s b a s e wi th v e r t e x at P 5 , the c e n t e r 
of S. It i s e a s i l y s e e n tha t S5(P) i s in C(S), co inc ides with f(P) 
at the c e n t e r and four c o r n e r s of S and d e t e r m i n e s a s u r f a c e 
wi th p l ane t r i a n g u l a r f aces above the four t r i a n g l e s into which 
the d i agona l s p a r t i t i o n S .* 

If D\ i s one of the i s o s c e l e s r i g h t t r i a n g l e s into which the 
d i agona l s of S p a r t i t i o n S and p£> i s the midpoint of the hypo
t e n u s e of D\ , x£>(P) i s the p y r a m i d funct ion with b a s e D\ and 
v e r t e x at P ^ . The r e f i n e m e n t of the p a r t i t i o n of S c o r r e s p o n d 
ing to x£ is obta ined by b i s e c t i n g D]_ by the l ine P^P^. T h e n 
s£(P) def ines a cont inuous su r f ace wi th p lane t r i a n g u l a r f aces 
above the t r i a n g l e s of t h i s p a r t i t i o n and coincid ing with f(P) for 
P = P j £ , i = l , 2 , . . . , 6 . The o t h e r t h r e e funct ions of s t age t h r e e 
a r e s i m i l a r l y r e l a t e d to the t h r e e r e m a i n i n g t r i a n g l e s into which 
the d i agona l s p a r t i t i o n S. 

The r e m a i n i n g even s t a g e s c o r r e s p o n d to s u c c e s s i v e 
p a r t i t i o n s of each of the s q u a r e s in the p r e c e d i n g even s t age 
into four equal s q u a r e s . The c o r r e s p o n d i n g b a s i s e l e m e n t s 
a r e t hen p y r a m i d funct ions on s q u a r e b a s e s wi th v e r t i c e s above 
the c e n t e r s of the b a s e s . E a c h r e m a i n i n g odd s t age c o r r e s p o n d s 
to a p a r t i t i o n i n g of S by al l the d i a g o n a l s of a l l the s q u a r e s of 
the p r e c e d i n g even s tage into a n u m b e r of s q u a r e s in S and a 
n u m b e r of r i gh t i s o s c e l e s t r i a n g l e s e a c h with hypo tenuse in a 
s ide of S. The b a s i s e l e m e n t s a r e t h e n r igh t p y r a m i d funct ions 
on s q u a r e b a s e s in the f i r s t c a s e and p y r a m i d funct ions wi th 
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t r i a n g u l a r b a s e s and v e r t i c e s above the midpoint of the hypo
t enuse in the s econd . The v e r t e x of the i - th b a s i s function i s 
denoted by Pj[. 

C l e a r l y (i) and (ii) of § 1 a r e sa t i s f ied with r^ r e p l a c e d by 
P i . In p lace of (iii) we have 

( i i i ) ! s n ( P ) <= C(S), n = 1,2, . . . and , for n > 4 , s n (P) 
co inc ides with f(P) for P' = P^, i = 1 , 2 , . . . , n and def ines a 
su r face with plane t r i a n g u l a r faces above non-ove r l app ing 
t r i a n g l e s in S with the points P [ , i = 1 , 2 , , . . , n as v e r t i c e s of 
t h e s e t r i a n g l e s . 

The d i m e n s i o n s of t h e s e t r i a n g l e s a p p r o a c h z e r o uni formly 
a s n ->oo . The proof that the functions {x n } fo rm a countable 
b a s i s for C(S) i s e s s e n t i a l l y the s a m e a s that out l ined above for 
one d i m e n s i o n . 

The a l t e r n a t e s t a g e s in the c o n s t r u c t i o n have been used 
to give ( i ) , (ii) and (iii)1 and yet m a k e s u r e that t h e r e i s no l ine L 
such t ha t , for s o m e N , x n (P ) = 0, P € L , n > N for then 
l i m n s n ( P ) would be p i e c e w i s e l i n e a r on L, and obviously not in 
g e n e r a l equal to f (P) . If we had used only the functions in the 
even s t a g e s above , the l i n e s x = i / 2 n , y = i / 2 n , i = 1 , 2 , . . . , 2 n , 
n = 1 , 2 , . . . would a l l have been of th i s t y p e . F o r the con
s t r u c t i o n we have given the se t of points p£ i s dense not only in 
S but a l s o on each of t h e s e l i n e s . 

If the s q u a r e S is not c lo sed , C(S) i s not s e p a r a b l e and 
thus does not have a countable b a s i s [ § 6 , t h e o r e m A ! . 
S i m i l a r l y no countable b a s i s e x i s t s for C(X), X the whole p l a n e . 
The funct ions x n ( P ) , n > 4 , fo rm a countable b a s i s for C 0 (S) , 
the space of cont inuous functions vanish ing on the boundary of 
the s q u a r e S and in th i s c a s e S need not be c l o s e d . We note 
tha t if h i s a h o m e o m o r p h i s m of the open s q u a r e S° onto the 
plane X, the functions x n ' ( P l ) , n = 5 , 6 , . . . defined by 
x n

! (hP) = xn(P) f o r m a countable b a s i s for C 0 (X) , the space of 
cont inuous functions on the plane vanish ing at inf ini ty. A l t e r 
na t ive ly a countable b a s i s of p y r a m i d functions i s obta ined for 
Co(X) by o r d e r i n g the unit s q u a r e s with i n t e g e r v e r t i c e s , tak ing 
a countable b a s i s of p y r a m i d functions for each s q u a r e , o r d e r 
ing t h e s e e l e m e n t s by the d iagonal method and finally combin ing 
those of the e l e m e n t s f rom the odd s t a g e s that a r e d i scon t inuous 
(as functions on X) into cont inuous func t ions . 

4 . Second m e t h o d . Le t X = [a , b] , Y = [ c , d] , suppose 
that {riJ , {.r^1}, r i = r i ! = 0, r£ = r^ = 1, are dense in X and Y 
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respectively and let <f>i(x), ^£!(y)be Schauder one dimensional 
bases for C(X) and C(Y) corresponding to these dense sets. 
Define 

• ij(*.y) = *i(x)*j«(y) 

and order the functions (J>jj as follows 

(4.1) 4>n, 4>21, 4>lz, $Z2, . . . , ^ n . i , n « i , +n l ' *n2 ' • • • ' 

•n ,n - l ' *ln» *2n» • ••» *nn' •• • • 

If the subscript ij precedes the subscript mn in this ordering 
we write (i,j) < (m,n). Given f(P) inC(X*Y), F = (x,y), 
we define 

(4.Z) a1 1 = £ ( r 1 . r 1 . , , . m a ( P ) = Z { i > j U ( m i a ) a i J V P > ' 

« m n = f ( ' » . r n l ) - I { i i j U ( f f i > a ) a i j * i j ( r i a . r a » ) . 

We note that (ii) of §3 implies 

(4. 3) ^mn^i ' rj') = 1 i f l = m a n d J = n> 

= 0 if (i,j) < (m, n). 

We shall show that 

(4.4) II* - Z a y 4ij||=0.. 

We note that 

smn(p) = amn *mn(P) + Z(i , j ) <c (m,n) aij 4>ij(P)> 

smn\ ^m , rn ' = amn + *l rm' r n ) " amn ~ *(rm» rn ' » 

using (4. 2) and (4. 3). With (4. 3) this implies that 

(4.5) s m n ( r i , r j l ) = ftri.rj1) if (i,j) ^ (m,n ) . 

We first show that 

(4-6) l l snn-fH - 0 , H s ^ ^ - f | | - 0 
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as n -* oo . Now s ^ P ) e C(X*Y), and coincides with f(P) at 
(r£, rj| ), i , j £ n. These points as vert ices partition X*Y into 
(n-l)2 rectangles and the density of {rjj in X, { r ^ J i n Y implies 
that the dimensions of these rectangles approach zero uniformly 
as ii -4 oo . In the closures of these rectangles the X- and 
Y-sections of s r n n a re l inear . If P is in the closure of the 
rectangles with vert ices P^, i = 1, 2, 3, 4, 

min k [snn(Pk) = *(pk> 1 * s nn( p ) * m a x k [ snn(Pk) = f(Pk>] 

| | S n n - f || * max k | f (Pk) - f (P) | , 

and the first part of (4.6) follows from the uniform continuity of 
f(P). The second part follows by the same argument. 

We next show that if 

(4.7) | | s n - l . n - l " f II * e . 

then 

(4.8) ll"sni " s n - l > n - l II « £ 6 , i = l , 2 , . . . , n - l . 

Define 

di(P) = S n i (P) - s n _ i , n _ i ( P ) = Z j U a n j • n (x)* j « (y). 

Thus |d^ (x,y) | assumes i ts maximum values for x = r n and, 
since d£ ( r n , y ) is continuous and piecewise l inear between the 
points y = r j 1 , j = 1,2, . . . , i , it is sufficient to prove that 

(4.9) | d i ( r n , r j
l ) | < i , j = 1,2, i . 

Since dL ( r n , r j ! ) = di_i ( r n , r j ! ) if j < i and | dL ( r ^ r ^ 1 ) | = 
U( r n . *i ! ) - s n _ i , n _ i ( r n f r ^ ) | <£ b y ( 3 . 7 ) , simple induction 
proves (4 .9) . 

To complete the proof of (4.4) we show that 

(4.10) || s i n - s n j n _ i | | < t , i = 1,2, . . . ,n , 

if n is sufficiently l a rge . Define 

*l(x.y) = h ' (y)f{x,ri«). 

179 

https://doi.org/10.4153/CMB-1960-022-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1960-022-4


*n(x>y) = •n (Y) [ f ( x > r n ) - Z i l } f i ( x > r n )1 . n > 1. 

Since 4>n
! (r£ ') = 0 if n > i , 

Z n 
i= l f i ( x ' r j ! ) = f ( X j r j ! ) ; j = 1.2, . . . , n ; n = 1., 2 , . . . , 

and s ince for e a c h x , 2 i = l *i(x» r j * ) * s l i n e a r b e t w e e n 
ad jacen t po in ts of the s e t y = r i ! , i = l , 2 , . . . , n the fact tha t 
{ rj[! } i s d e n s e in Y and f(x, y) i s un i fo rmly cont inuous i m p l i e s 
tha t 

\\*-Lïh\\ =o. 
and | | f n | j ^ i if n i s suff ic ient ly l a r g e . We note t h a t , for 
e a c h n , f n ( x » r n l ) € C(X) and 

fn(x,rn
!) = Z * a i n <MX)-

Now, if n i s suff icient ly l a r g e tha t 11 fn 11 <• £ , 

h i n ( P ) - 8 n , n - l ( P ) | = | Z j l l a j n4-j(x) * n ' ( y ) | é | Z j ^ l a j n * j ( x ) | . 

The l a s t e x p r e s s i o n on the r igh t i s the abso lu t e value of a 
S c h a u d e r p a r t i a l sum for f n (x , r n

! ) in G(X) and i s t h e r e f o r e 
bounded by 

SUP { | *n ( x > r n ) h x « X} ^ | | f n | | < £ . 

The u n i q u e n e s s of the coeff ic ients i s t h e n e s t a b l i s h e d a s 
be fo re us ing (4 .3) and the cont inuous l i n e a r func t iona l s e y 
def ined by ey(f) = f ( r £ , r j ! ) . 

5 . C(X) with X c o m p a c t . In t h i s s ec t i on we d e s c r i b e 
b r ie f ly a s i m p l e countab le b a s i s for C(X) when X i s a compac t 
( that i s a c lo sed and bounded) subse t of the l i n e . L e t 
a = g. l . b . X, /3 = 1. u . b . X. Then the c o m p l e m e n t of X r e l a 
t ive to [ a , p] i s open and t h e r e f o r e can be e x p r e s s e d a s 
(J i (rf-i*Pi)» n 4 co, wi th the open i n t e r v a l s (<*£, f5^) d i s j o i n t . 

Define 

XQ(P) = ( P - * ) / ( £ - * ) , o c - p ^ p ; 

XX(P) = - (P - p ) / ( p - a ) . 

P r o c e e d i n g by induc t ion , the po in t s <*£, p i , i = l , 2 , . . . , n - l 
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partition [ce , (2> ] into intervals. If («n,j3n) falls in the interval 

( (31
 f oc1 ), define 

xZn(P) =(P-P ! J/^n-P1); P * P * * n ; 

= 0 elsewhere; n = 1, 2, • . . ; 

x2n+l(p) - - (P - * ' ) («cn-p' /; Ê - * P « * n ; 

= 0 elsewhere; n = 1, 2, . . . . 

With the coefficients chosen as in (2.2) with [oc , (3, oc-lt p-\ 

replacing {rjj , S2n(P) will coincide with f(P) e C(X) at 

ec, P» od l f P p • • . i<*n- l» P n - 1 > <*n a n d s2nf l(p) = f(p) a t these 
points plus / 3 n . If X is nowhere dense in [oc, 0] the functions 
x^, i = 1 ,2 , , . . will form a countable basis for C(X). If X is 
not nowhere dense in [oc , (3 ], then for some value or values of 
n one or more of the closed intervals complementary to 
U Ç (<*i» (3 i) on [oc , |3] will be contained in X. Completing the 
one dimensional Schauder basis for each such closed interval, 
there is an obvious ordering whereby the original elements plus 
all the additional elements for all the closed intervals, is a 
countable basis for C(X) with (i), (ii) and the equivalent of (iii) 
all holding. If X = Xi * Xz . . . * Xn, where each X^ is a com
pact subset of the line, arguments similar to those given in § 4 
can be used to show that the set of all Cartesian products of 
basis elements of the above type for each C(X )̂ is , with a suitable 
ordering, a countable basis for C(X). 

6. Appendix, The separability of C(X). If X is an 
arbitrary topological space, C(X) will denote the space of 
bounded continuous functions on X. If X is locally compact 
CQ(X) denotes the space of continuous functions vanishing at 
infinity ( i .e . such that for each 6 > 0, {x : f(x) ^ ej is 
compact). Topological concepts will be defined as in [3] . 
Most of the following results are well known. 

If C(X) has a countable basis it must be separable as we 
have seen above. Suppose that (fn(x)}, n= 1 ,2 , . . . is dense 
in C(X)„ Define a pseudo-metric p on X by 

p<*l.x2) = £ * 2 - n |fn(*l) " fn<x2>l / 2 llfnll * L 

Then p is a metric if and only if C(X) separates points of X. 
Let T denote the original topology, M the metric or pseudo-
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metric topology. It is easy to show directly that T always 
contains M. There exist regular Hausdorff spaces for which 
C(X) consists of the constant functions [3, p . 117] . Since M 
is then the indiscrete topology it is clear that M and T need not 
be the same. However, since M c T , C(X, M) cC(X,T) . Since 
every f e C(X) is continuous for the M-topology C(X,M) = C(X, T). 
It is clear that a Schauder basis for one of these spaces is a 
Schauder basis for the other. If X is a pseudo-metric space 
the subspace XQ obtained by using one representative element 
from the closure of each one point set i s , with the relative 
topology, a metr ic space and the existence of a countable basis 
in C(X0) implies the existence of a countable basis in C(X). 
Thus as far as the basis problem is concerned there is no loss 
of generality in assuming that X is a metr ic space. We note 
that when the continuous functions on X determine the topology 
of X, that is when X is completely regular , the separability of 
C(X) implies that T = M and T is metr izable , 

THEOREM A. If X is a metr ic space and C(X) is 
separable then X is compact. 

We note that if X is metr ic compactness is equivalent 
to:- For each sequence in X there is a subsequence converging 
to a point of X [3, p. 138] , 

Suppose that X is metr ic but not compact. A met r ic 
space is normal [3, theorem 10, p . 120] and therefore 
completely regular [3, p. 117] . If X is not compact there 
exists an infinite sequence {XJJ of different points of X with no 
convergent subsequence. By induction construct a sequence 
{ Sj[j of disjoint closed spheres with centers x^ and decreasing 

radi i . Then (J °? Sj[ is closed. For each i the complete 

regularity of X and the existence of e(x) = 1 in C(X) implies the 
existence of a function f̂  £ C(X) with | | f j j | = 1 and with 
fi(xi) = 1, fi(x) = 0, x é ^ Si» Let oc = O . a ] ^ • • • denote the 
dyadic expansion of an a rb i t ra ry number between 0 and 1 and 

l e t f c C ( x ) = ^ 1 a£fi(x). Thenf^ e C(X). Since 

11 f oc J ~ ̂  oc ^ 11 = 1 ̂  * ! ^ * 2' ^ ( ^ cannot be separable giving 
a contradiction. 

COROLLARY. If X is a subset of n-dimensional 
Euclidean space with the relative topology and C(X) is separable 
then X is closed and bounded. 
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THEOREM B. If X is a compact metr ic space C(X) is 
separable [3, S(d), p . 245] . 

A proof closely related to that of the Stone-Weierstrass 
theorem can be given. It is based on the following lemma. 

LEMMA. Let A be a set of real-valued continuous 
functions on a compact space X which is closed under the 
lattice operations f ^ g = max [f(t), g(t)] , f A g = min [f(t), g(t)] . 
Then the uniform closure of A contains every function in C(X) 
which can be approximated at every pair of points by a function 
of A [4, p . 8] . 

To prove the theorem it is thus sufficient to construct a 
countable set A closed under the lattice operations and such that 
every function in C(X) can be approximated at every pair of 
points by a function of A. A compact metr ic space is normal 
and separable . Let {^\ , i = 1 , 2 , . . . be dense in X. For 
i ^ j let S^, Sj denote the closed spheres with centers X£ and XJ 
and radi i p (x^, x ; ) / 3 . By Urysohn !s lemma [3 , p . 115] there 
exists fjj(x) 6 C(X), vanishing in Sf and unity in Sj. Let AQ 

denote the countable set of functions r i + r^fjifx) where i , j 
runs through the set of pa i rs of different positive integers and 
r^, r£ run through the ra t ionals . Let A denote the closure of 
Ao under the lattice operat ions. Then A is countable. 

Let f(x) be an a rb i t ra ry element of C(X), p, q a rb i t ra ry 
points of X. Given £ •> 0,r sufficiently small , |f(p) - f(x) | c E / 2 
if p(p, x) < r; |f(q) - f(x) | < e/2 if p(q,x) < r . 
If r < p(p,q)/6 and X£ € { x : p(x, p) < r ] , XJ * {x : p ( x , q ) < r } , 
then p 6 Si and q 6 Sj and 

(6.1) fij(p) = fij(xi), fij(q) = fij(xj). 

Let h(x) = x\ + r£fij(x) where r^ and r^ a re chosen so that 
|f(xk) - h(xk) | < t/Z, k = 1,2. Then h 6 A0 <z A and 
|f(p) " h(p)| < S , |f(q) - h(q)| < s . 

In the above argument the metr ic has been used to obtain 
(6. 1). It is of interest to note that there exist separable 
compact Hausdorff spaces X for which C(X) is not separable 
[ 3 , p . 164] . Such an X is completely regular and would be 
metrizable if C(X) were separable . 

If X is a metr ic locally compact space that is not compact, 
C(X) is not separable . However, if X is separable , as is the 
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case when X is the anion of a countable collection of compact 
se t s , and if X* = X \j { oo ] is the one point compactification of 
X [3 , p . 15O] , the argument given above can be modified to 
show that the subset of C(X*) consisting of the functions 
vanishing at infinity is separable and this implies that C0(X) 
is separable , 
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