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Abstract

We give an intrinsic construction of a coupled nonlinear system consisting of two first-
order partial differential equations in two dependent and two independent variables which
is determined by a hyperbolic structure on the complex special linear group regarded as a
real Lie group G. Despite the fact that the system is not Darboux semi-integrable at first
order, the construction of a family of solutions depending-upon two arbitrary functions,
each of one variable, is reduced to a system of ordinary differential equations on the 1 -jets.
The ordinary differential equations in question are of Lie type and associated with G.

1. Introduction

In recent years much attention has focused on studying the solutions of typical partial
differential equations (PDEs) of applied mathematics and mathematical physics by
reducing them to ordinary differential equations (ODEs) (see for example [8] and
references therein). Typically, these reductions to ODEs are only able to describe
a "finite-dimensional submanifold" of the "infinite-dimensional manifold" of all the
solutions of the PDE. That is, one obtains a family of solutions parametrised by finitely
many arbitrary constants rather than a family of solutions parametrised by arbitrary
functions. The best known method for carrying out such reductions is by making use
of the equation's Lie point symmetry group.3

By contrast, if a hyperbolic system consisting of two first-order PDEs in two
dependent and two independent variables (say) is Darboux semi-integrable, then it
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'However, there is currently a vigorous research program whose aim is to find new reductions beyond
those provided by classical Lie methods. Apart from [8], see, for example, the non-exhaustive list
[ 1,6,7], and references therein.
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can be shown ([5,9]) that the general solution of the system can be constructed from
an ODE system and this ODE system may itself be canonically constructed without
having to solve PDE systems. Thus if a hyperbolic first-order system is Darboux semi-
integrable, then the construction of its general solution, that is, a family of smooth
solutions parametrised by two arbitrary smooth functions each of one variable, is
entirely reduced to ODEs.

Roughly speaking, a first-order system is Darboux semi-integrable (at first order) if
one of its characteristic systems has at least two independent characteristic invariants 4

(first-order differential functions which are constant along the system's characteristic
flows). An interesting question is the converse: if the construction of the general
solution of an (intrinsically) nonlinear hyperbolic system is reducible to ODEs then
is the system Darboux semi-integrable? In this paper we establish the existence of a
nonlinear, nondegenerate5 first-order hyperbolic system, the construction of whose
general solution is reduced to an ODE, and yet the system has no regular first-order
invariants on either characteristic system. That is, a nonlinear first-order system
which is not Darboux semi-integrable at first order but whose general solution can
nevertheless be constructed by solving an ODE on the 1-jets.6 Another interesting
feature of our example arises from the following consideration: it can, in fact, be
shown that the constructed system is Darboux semi-integrable at higher order, namely,
at order 3. Our construction thus foreshadows the system's integrability at lowest
possible order. This begins to address one of the basic open problems in geometric
integrability, namely, to find a low order test for Darboux semi-integrability.

We emphasise that, by construction, the ODE system that solves our first-order
hyperbolic PDE system is of Lie type, being an ODE on the Lie group G, (see [3]).
Moreover, the results of this paper have much more general application. Indeed, it
follows from our general construction that (almost) every 6-dimensional Lie group
gives rise to an integrable PDE system in the class <?'.7 Finally, we remark that a
number of completely integrable systems, such as the KdV and the Camassa-Holm
equations, are now known to be expressible as (geodesic) flows on certain infinite-
dimensional Lie groups [2]. It is in this sense that we regard the system constructed
in this paper as 'integrable', being, essentially a flow on a finite Lie group.

4In the literature on hyperbolic first-order systems of the type considered in this paper, characteristic
invariants are also called Riemann invariants.
5By 'nondegenerate' we mean that there is no local coordinate system in which the system either
completely or partially decouples; see Section 4, especially Proposition 4.1.
6Of course, it is not precluded that the system is Darboux semi-integrable at some higher order. Nor is it
precluded that, though, as we shall see, the system cannot be linearised by a contact transformation, it
may yet have a Backlund or Bianchi transform which is ODE solvable. This raises very interesting
questions which will not be explored in this paper.
7The qualification 'almost' and the restriction to dimension 6 will be apparent from Section 2. However,
there is a generalisation which eliminates the dimensional restriction.
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2. Hyperbolic structures and hyperbolic systems

Our approach to the problem described in the Introduction is via the intrinsic
geometry of the class, &x, of first-order systems in two dependent and two independent
variables

F(x,y,u, v, ux, uy,vx, vy) = 0, G(x, y, u, v, ux, uy, vx, vy) = 0, (2.1)

where the matrix

( ?"* Z"> "̂' ?v> ) (2.2)
GUx GUf GVx GVy)

has rank 2 on the locus F = G = 0. This locus defines a 6-dimensional subman-
ifold E6 of the jet bundle ./'(OS2, OS2). The local geometry of (2.1) subject to the
above open condition on matrix (2.2) was studied in detail in [11] and shown to be
equivalent to the study of certain rank 4 distributions on six-dimensional manifolds.
For the convenience of the reader, we recall the pertinent notation. Let Y be a vec-
tor field distribution. The subdistribution of characteristic or Cauchy vector fields,
Charge Y, satisfies [Char Y, Y] c Y. The distribution Y' = V + [Y, Y] is the
first derived distribution of Y. The higher derived distributions are defined iteratively
in an obvious way leading to the derived flag ofY:Y^Y'C.Y"C.---. The real
characteristic variety [4,9,11] of Y is denoted by ^(Y).

Let M6 be an arbitrary six-dimensional manifold and let I2 be a rank 2 Pfaff
system on M6. The pair (M6, h) (or, (M6, l£)) is said to be a first-order partial
differential equations manifold, if, in a neighbourhood of each point of M6 there is
a local diffeomorphism <p : M6 —*• E6 such that <j>*i*Q} = I2, where the functions
F, G, defined by E6 satisfy the condition that matrix (2.2) has rank 2. If such
diffeomorphisms exist for (M6, /2), we say that it is associated with (E6, f*J2')- In
other words, a pair (M6,12) is a first-order PDE manifold if M6 can be immersed in Jl

so that h is a restriction of the contact structure on J' to an equation in &x. We refer to
the distribution (i'Ql)x as the Vessiot distribution of the associated PDE, [9-11]. For
simplicity, we will usually abbreviate first-order PDE manifold to equation manifold.

We now wish to give an intrinsic, geometric characterisation of hyperbolicity for
systems in equation class <?', of locally constant type.

DEFINITION 2.1. A rank 4 distribution of vector fields, H, on a 6-manifold M that
admits a decomposition by rank 2 subdistributions H\, H2 satisfying the structure
equations

[ # „ # , ] s Z,, [H2,H2] = Z2 mod//,
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is said to be a (rank 4) hyperbolic structure on M and will be denoted by the symbol
Hi © H2. Here the vector fields Z,, Z2 are such that H U[ZUZ2] spans TM at each
point of M.

The following is proved in [11].

THEOREM 2.1. Let f be a rank 4 distribution on a 6-manifold M such that

(1) V contains a rank 2 Frobenius integrable subdistribution and
(2) The characteristic variety off is a union ofprojective lines: if OO^RIP'URIP1.

Then the pair ^t = (M, V) is the equation manifold of a hyperbolic system h € Sx

and f is a hyperbolic structure H on M.

We note that though the structure equations of a hyperbolic structure H imply that
it has no regular scalar invariants8 it may be the case that H\ or H2 do have such
invariants.

DEFINITION 2.2. If Hx has p (functionally) independent invariants and H2 has q, we
shall denote this by the symbol H{pq) and refer to it as a (p, q)-hyperbolic structure
on M.

In accordance with our earlier remarks, we give the following definition.

DEFINITION 2.3. A hyperbolic first-order PDE manifold J£ is associated with a
Darboux semi-integrable (on the 1-jets) system if p > 2 or q > 2; it is associated
with a Darboux integrable (on the 1-jets) system if p > 2 and q > 2?

3. Hyperbolic structures on the projective group

In this section we employ Theorem 2.1 to construct some systems of first-order
hyperbolic PDEs in two dependent and two independent variables which have the
geometric properties we require. We do this by constructing hyperbolic structures
on the special linear group SL(2, C) regarded as a real Lie group. From the linear
fractional transformations C -> C parametrised by

8 A regular scalar invariant of a distribution "V on M is a regular, real-valued function on M that is
annihilated by each element of V.
9We remark that the list of all systems in the class £' that are Darboux integrable on the 1-jets has been
given in [11].
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we obtain the group law

I.N (axbx+a2b-i aib2 + a2 a3bi + b3

'b) = \ ab + i ' ̂ bTTT' ^ T T
Writing aj = a, + iaj+3, bj = Pj + ipj+3,j = 1,2, 3; i2 = - 1 , where otj, Pj € t ,
we obtain the group law for a Lie group G isomorphic to the restricted Lorentz
transformations, 50(3, 1, K)*. Using this group law to compute left- and right-
translations leads to the Lie algebras, S£ and !% of, respectively, infinitesimal left-
translations (right-invariant vector fields) and infinitesimal right-translations (left-
invariant vector fields) on G:

+ w2dW2 + w4dWt + w5dWs,

L2 = w3dWl + dW2 + w6dWi,

L3 = (w4w5 - wxw2)dWt + (to* - wl)dW2 + (iui - w2w3 + w5w6)dw,

+ (w2Wt — WiWS)dWi — 2w2w5dWs + (w4 — w3w5 — w2w6)dW6,

L4 = — w4dWl — w5dW2 + WidWA + w2dWs,

L5 — —w6dWl + w3dWt + dWi,

L6 = (ioiii>5 + w2w4)dWl + 2w2w5dW2 - (w4 - w3w5 - w2w6)dW}

+ (w4ws — WiW2)dWi + (w] - w\)dWi + (u>i — w2w3 + u)5w6)dW

and

Rt = WidWl + w3dw, + w4dWi + w6dW6,

R2 = (w4w6 - wxw3)dWl + (w{ - w2w3 + w5w6)dW2 + (u>l - wl)dW]

— (w3w4 + lOiit^u,, + (to, - w2w6 — w3ws)dW5 — 2w3w6dW6,

R3 = w2dm + dW} + wsdW4,

R4 = -w4dWl - w6dWJ + w{dWt + w3dW6,

R5 = (w3w4 + WiW6)dWl — (w4 — w2w6 — w3w5)dW2

+ (w4w6 - u>iW3)dWl + (u;, - w2w3 + wsw6)dWs + (w2
6 - w])^,

R6 = -w5dWl + w2dWt + dW6,

where w is a local coordinate system around idc in G. Note that Lie algebras j£f
and £% may be interchanged by the permutation wt i->- w\, w2 t-> w3, w3 i-> w2,
w4 H-> w4, w5 (->• w6, w6 i->- u)$. We record the structure of j£? for later use:

[Lu L2) = -L2, [Li, L3] = L3, [Li, L4] = 0, [Lx, L5] = -L5, [Li,L6] = L6,

[L2,L3] = -2Li,[L2,L4] = L5, [L2,L5]=0, [L2, L6] =-2L4,

[L3, L4] = -L6, [L3, L5] = 2L4, [L3, L6] = 0,

[L4,L5] = L2, [L4,L6] = -L3,
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The structure of Sf, follows from that of i f since [Lh Lj] = - [ /? , , Rj] for all i,j.
Using the simply transitive Lie algebras & and J?, we may construct a variety of
hyperbolic structures on G. Indeed, we claim that

// (00 ) = {L2, U) © {R2, R6]

is a (O,0)-hyperbolic structure on G and that

H(03) = {L2, L6] © {R3, R6]

is a (0,3)-hyperbolic structure on G. For instance, in the case of //(00) = {L2, L6} ©
{/?2, Re) = Hi © #2, we have, using the structure of ££ and ^ , #,' = {L2, L6, L4],
H^ = {R2,R6,R4). By a MAPLE calculation we verify that dim H = 4 and dim H' =
6. Since [if, ^ ] = 0, we deduce that ff(0'0) is a hyperbolic structure on G. To see
that each summand Ht has no regular scalar invariants it is easily checked that

dim H" = 5, dim H(k) = 6, it > 3; / = 1,2.

Similar calculations show that // (03 ) is a (0,3)-hyperbolic structure on G. An easy
calculation shows that the characteristic variety of a hyperbolic structure is the union
of two projective lines. By Theorem 2.1, //(00) and H(03) are (locally diffeomorphic
to) the Vessiot distributions of first-order hyperbolic systems in two dependent and
two independent variables. The system associated with //(03) is Darboux semi-
integrable having 3 invariants on one of the characteristic systems. As mentioned in
the introduction, it can be shown that the local Cauchy problem for this system is
solvable by ODEs. This proves that the equation class Sx contains a Darboux semi-
integrable system with no regular invariants on one characteristic system and 3 on the
other. Other hyperbolic structures on G may be constructed by consideration of the
subalgebra classification of so(3, 1, K). Each of these is associated with a hyperbolic
first-order system in Sx.

4. An integrable PDE system on the projective group

For now, however, our interest is in the "least integrable" (from a geometric point
of view) of these structures, namely, Hm). In reality, the pair (G, //(00)) determines
a contact orbit of first-order systems in <?'. Each of these systems is "maximally
non-integrable" having no regular scalar invariants on either characteristic system.
Despite this, it is not difficult to see that for any fixed* system in the contact orbit, a
family of solutions, parametrised by two arbitrary functions, each of one variable, may
be constructed by ODEs. These ODEs are of Lie type and are associated with the Lie
group G. We now proceed to the construction of these systems and their solutions.
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By Vessiot's existence theorem [12], it is easy to show that every two dimensional
regular integral submanifold10 5 C G of H has tangent space TpS,p e 5 so that
TPS is spanned by XP,YP € TPS such that Xp € Hnp,Yp € H2{p. Let/(s) and g(t)
be real-valued functions defined and smooth on open intervals of the real line / and
/ respectively, each containing 0. An inspection of the Lie algebras JSf, & shows
that for each s € I and t e J, the commuting vector fields L(s) = L2 + f (s)L6 and
R(t) = R6 + g(t)R2 are nonzero elements of Ht and H2, respectively. Note that L{s)
and R{t) are curves in the the Lie algebras of infinitesimal left- and right-translations
on G. As is well known [3, Lecture 3, Proposition 3], [10, Theorem 4], the initial
value problem

A{(3,) = L(s), A'(0) = x e G (4.1)

for a map Af : I —> G, has a unique solution Af (s) = ^s)x, where s i-> xfaM is a
curve of left-translations in G uniquely determined by the smooth function / and the
condition A.{(0) = idG. The initial value problem (4.1) is said to be a system of Lie type
associated with the Lie group G.

DEFINITION 4.1. Let F : g —> 5£(M) be a Lie algebra homomorphism from Lie
algebra g to the vector fields S£(M) on manifold M. Let A : D& —> g be a curve in g.
Then the ODE y.(d,) = T(A(0)(y(0). t 6 K, for a curve y : OS -+ M is said to be a
system of Lie type.

Systems of Lie type were introduced by Lie and Vessiot late in the 19th century and
have more recently been studied under the title of ODE systems that admit nonlinear
superposition principles [13]. For the case under discussion, the manifold M of
Definition 4.1 is the Lie group G and the corresponding Lie algebra is so(3, 1).

Similar to the case of the curve of left-translations, the unique solution of the initial
value problem for a map A8 : J -+ G,

Af (3() = R(t), A'(0) = y € G, (4.2)

is A*(r) = pf(/)v, where t H> p£(() is a curve of right-translations on G uniquely
determined by the smooth function g and the condition pf(0) = idc. It follows that

: / x J -+ G

defined by

^ \ = pl(l)oX{{s)x (4.3)

l0An immersed submanifold S C G is a regular integral submanifold of vector field distribution Y on G
if for all p € S, Tp S C % and Tp S is an ordinary integral element [4,14].
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is a 2-dimensional regular integral submanifold of H that passes through x e G and
is determined by the two smooth functions / , g. Thus we obtain a family of integral
submanifolds of H parametrised by the smooth functions f,g.

But how is this family of integral submanifolds of distribution H related to solutions
of a hyperbolic system in <?'? In fact, the connection is via Theorem 2.1 which
guarantees that H is the Vessiot distribution of some hyperbolic system h in <?'. To
see this a little more explicitly, note that by a procedure described in [11], the system
h may be expressed locally in standard jet bundle coordinates by seeking the four
independent invariants of the rank 2 Frobenius distribution {L6, R2}. Let a1 , . . . , a4

denote its 4 independent invariants and let a, f$ complete these to a local coordinate
system on G. Introducing these as new coordinates on G transforms distribution H
to {A, B, da, dp], where A = A'(a, a, /?)3a., B = B'(a, a, fi)da>, for some A', B'.
Since dim H = 4, it follows that we can diagonalise, and, recycling coefficients and
possibly renumbering coordinates present the transformation of H in the form

[A = aa. + A3aa3 + A43flS B = da2 + B3afl3 + s4aa4, da, dfi},

for some A3,... , B4. From the structure equations of H, it follows easily that
Charf/ = 0. An argument in [11, Theorem 2.1], then shows that at least one of the 6
Jacobian determinants

d(A\A4) 3(A\B3) d(B\BA)

is not zero. For instance, if the first of these is not zero, then we may make the change
of variable a h> d = A3 J w ji = A* transforming H to the form

{da< + ada3 + /33a4, da2 + B33fl3 + B43fl4, da, dp).

We change notation slightly: a1 = xl,a2 = x2,a3 = u, a4 = v, a = uu ft = Vi\
B3 = (p, B4 = ij/ and denote the local diffeomorphism (wk) i->- (x1,x2, u, v, uit vO
by *!>. In the new coordinates, H is transformed to K, where

K = {dx, + « , 3 U + u , a B , dxt +<pdu + j/fdv, d u l , d V l ) . (4.4)

We see that K = * , / / is the Vessiot distribution of the first-order system

M,2 =<P(XUX2, U, V, UXl,VXl),
(4.5)

VX1 =\/f(xl,X2,U,V,Ux,,VXl).

Being the diffeomorphic image of a hyperbolic structure, K admits a splitting K =
Kx © K2. Now, it is not hard to see that any local diffeomorphism that identifies
hyperbolic structures must preserve the corresponding hyperbolic summands and
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hence *.// , = Kt, i = 1,2. Let Kx be spanned by. vector fields XltX3 and K2

by X2, X4. Thus there are functions hx... ,h4 such that *.(L2 + f L6) = htXt +
hX3,y.(R6 + gR2) = h2X2 + h4X4. We have *.{3a, dfi] = {3.,, dVl}. A direct
calculation, [11, Proposition 3.4] shows that we may take X3, X4 e {3U|,3U|} and
(rf*1 A dx2)(Xi, X2) # 0. We show that hxh2 jL 0. Suppose that h{ = 0. Then
4\L2 = ^3^3 — / *.^6 from which one deduces that distribution {L2, L6] has 4
independent invariants, a contradiction. It follows that the integral submanifold *(5)
of the Vessiot distribution K has tangent planes which are spanned at each point by
the distribution [Xx + yX3, X2 + ixX4] for some functions y, /x. It further follows [9,
Proposition 2.2] that *(S) is the 1-graph of a solution of the PDE system (4.5). Thus
each 2-dimensional regular integral submanifold of H, AV s ) constructed by solving
ODEs of Lie type associated with G is mapped by a local diffeomorphism to a regular
integral submanifold of the Vessiot distribution (4.4) which is the 1-graph of a solution
of the first-order system (4.5), as we wanted to show. All the constructions in question
involve only ODE calculations. An entirely similar argument, mutatis mutandis, gives
the desired result for any of the other Jacobian determinants.

Thus we have shown that the general solution of the PDE system determined by
the hyperbolic structure //(00) on the Lie group G can be constructed by solving only
ODEs and this despite the fact that the PDE system is not Darboux semi-integrable (and
hence not Darboux integrable) on the 1-jets. Indeed, the PDE system is "maximally
non-integrable" on the 1-jets having no regular characteristic invariants at first order.
Furthermore, the ODEs in question are systems of Lie type associated with the Lie
group G. In a sense, such ODE systems are "nicest possible" being in the class
of ODEs (like the elementary Ricatti equation) that admit nonlinear superposition
principles.

We conclude this section by remarking on the non-degeneracy of the intrinsically
constructed first-order hyperbolic system, h. To see that the system is not linearisable
by a contact transformation note that it is not hard to show that a hyperbolic system
in Sx can be linearised by a contact transformation only if it possesses at least
one Riemann invariant on each characteristic system. Another possible source of
degeneracy arises from the fact that there may be a coordinate system in which the
system either partially or fully decouples. That is, a coordinate system in which the
first-order system has the general form

F(x, y, u, ux, uy) = 0, G{x, y, u, ux, uy, v, vx, vy) = 0. (4.6)

In this regard we make the following observation.

PROPOSITION 4.1. A hyperbolic system in Sx can be transformed to one of the form
(4.6) only if at least one of its characteristic systems has 3 independent Riemann
invariants of first order. If both of the characteristic systems have 3 independent
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Riemann invariants of first order then the system decouples completely and is in fact
contact equivalent to the system uy = vx = 0.

The proof of the first part, which will be omitted, follows from a case by case
analysis of the hyperbolic structure associated with system (4.6). A proof of the
second part may be found in [11]. It follows that for our system h, no such coordinate
system exists. We conclude that h has no local linear representative and is non-
degenerate.

5. Some questions

We end with some interesting problems. Suppose one is presented with a hyperbolic
first-order system in standard jet coordinates, such as (4.5). How can one tell when
there are local coordinates on its first-order PDE manifold that reduce it to an ODE of
Lie type? That is, how can we tell when a first-order hyperbolic system is an ODE on
a Lie group? In this paper, we have not directly addressed this important issue. If this
could be carried out by ODE methods alone, it would decisively answer the question
posed in the Introduction on Darboux semi-integrability and ODE solvability of a
hyperbolic first-order system. Another problem is to explore the possible linearisation
of the system h by Bianchi-type transformations via the well-known linearisation
of ODE systems of Lie type. Finally, construct the system explicitly in standard
coordinates and give a clean proof that every, say local C1, solution can be constructed
by ODEs of Lie type. Progress with these and related questions will be reported
elsewhere.
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