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Abstract

Let R be an integral domain and A a cellular algebra over R with a cellular basis {Cé,r |1e A and
S, T € M(2)}. Suppose that A is equipped with a family of Jucys—Murphy elements which satisfy the
separation condition in the sense of Mathas [‘Seminormal forms and Gram determinants for cellular
algebras’, J. reine angew. Math. 619 (2008), 141-173, with an appendix by M. Soriano]. Let K be the
field of fractions of R and Ax = A (X) r K- We give a necessary and sufficient condition under which
the centre of Ag consists of the symmetric polynomials in Jucys—Murphy elements. We also give an
application of our result to Ariki—Koike algebras.
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1. Introduction

Jucys—Murphy elements were first constructed for the group algebras of symmetric
groups. The combinatorics of these elements allow one to compute simple
representations explicitly and often easily in the semisimple case. Then Dipper, James
and Murphy [3-7] did a lot of work on representations of Hecke algebras and produced
analogues of the Jucys—Murphy elements for Hecke algebras of types A and B. The
constructions for other algebras can be found, for example, in [12, 17]. In [4], Dipper
and James proved that the centre of a semisimple Hecke algebra of type A consists
of symmetric polynomials in Jucys—Murphy elements. A similar result for a Hecke
algebra of type A over the ring of Laurent polynomials Z[g, g~'] was proved by Francis
and Graham [8] in 2006. In [2], Brundan proved that the centre of each degenerate
cyclotomic Hecke algebra consists of symmetric polynomials in the Jucys—Murphy
elements. An analogous conjecture for Ariki—-Koike Hecke algebras is open in the
nonsemisimple case.

Cellular algebras were introduced by Graham and Lehrer [11] in 1996, motivated by
previous work of Kazhdan and Lusztig [14]. The theory of cellular algebras provides
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a systematic framework for studying the representation theory of nonsemisimple
algebras which are deformations of semisimple ones. Many classes of algebras
from mathematics and physics are found to be cellular, including Hecke algebras of
finite type, Ariki—-Koike Hecke algebras, g-Schur algebras, Brauer algebras, partition
algebras, Birman—Wenzl algebras and so on; see [9, 11, 19, 20] for details.

The fact that most of the algebras which have Jucys—Murphy elements are cellular
leads one to define Jucys—Murphy elements for general cellular algebras. In [16],
Mathas did some work in this direction. Goodman gave another abstraction of Jucys—
Murphy elements in [10]. One of Mathas’ results is that if a cellular algebra has a
family of Jucys—Murphy elements, then the symmetric polynomials in Jucys—Murphy
elements are central under certain conditions. Using the definition of Mathas, in this
note we investigate the relations between the centres and the Jucys—Murphy elements
of cellular algebras. Note that we also studied centres of symmetric cellular algebras
in [15].

Let R be an integral domain and A a cellular R-algebra with a cellular basis
{Cé,r |S, T € M(1), 1€ A}. Let K be the field of fractions of R and Ax = A ®R K.
Suppose that A is equipped with a family of Jucys—Murphy elements L, . . ., L,, which
satisfy the separation condition [16]. We will give a necessary and sufficient condition
under which the centre of Ag consists of the symmetric polynomials in Jucys—Murphy
elements. This condition is also a necessary condition for the centre of A consisting
of the symmetric polynomials in Jucys—Murphy elements. Moreover, by this result,
we prove that the centres of Ariki—-Koike Hecke algebras consist of the symmetric
polynomials in Jucys—Murphy elements in the semisimple case. The proof is different
from Ariki’s in [1] and Ram’s in [18].

We start with a quick review of the results under the separation condition in [16].
Then we prove the main result in Section 3. Finally, we give an application of our
result by Ariki—Koike algebras in Section 4.

2. Cellular algebras and Jucys—Murphy elements

In this section, we first recall the definition of cellular algebras and then give a quick
review of the results under the so-called separation condition in Mathas’ paper [16].

DeriniTion 2.1 [11, Definition 1.1]. Let R be a commutative ring with identity. An
associative unital R-algebra is called a cellular algebra with cell datum (A, M, C, i) if
the following conditions are satisfied.

(C1) The finite set A is a poset. Associated with each A € A, there is a finite set
M(A). The algebra A has an R-basis {Cgl’T |S, T e M(1), A€ A}.

(C2) The map i is an R-linear anti-automorphism of A with i* = id which sends C§ ,
to C.s.

(C3)IfAe Aand S, T € M(Q), then for any element a € A, we have

aCs = Z ra(S”, $)Cy, 7 (mod A(<Q)),
S'eM()
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where r,(S’, S) € R is independent of T and where A(< A1) is the R-submodule of A
generated by {C‘S‘,,’T,, | S, T"” € M(u), u < A}. Applying i to the equation in (C3),

Chgi@y= Y. ra(S',8)Ct g, (mod A(< D).
S'eM()

Let R be an integral domain. Given a cellular algebra A, we will also assume that
M(Q) is a poset with an order <;. Let M(A) = | ];co M(1). We consider M(A) as a
poset with an order < as follows.

ST, ifS,TeM;

S<Te& ]
A<u, ifSeM), TeMu).

Let K be the field of fractions of R and Ax = A (X), K. We will consider A as a
subalgebra of Ag.

Dermvition 2.2 [16, Definition 2.4]. Let R be an integral domain and A a cellular
algebra. A family Ly, ..., L, of elements of A is called a family of Jucys—Murphy
elements if:
(1) L,'Lj = LjL,', for1 < i, ] <m;
(2) iLj)=Ljforj=1,...,m
(3) ForallaeA,S,TeMA)and L;,i=1,...,m,
ClrLi=cr(Ciy+ Y r,(V, T)CL, (mod A(< A),
V<T

where cr(i) €R, 7, (T, V) €R. We call cr(i) the content of 7T at i. Denote

{er()| T e M(A)} by €() fori=1,2,...,m.
Exampre 2.3. Let K be a field. Let A be the group algebra of the symmetric group S .
SetL; = Zfi;ll @i, jyfori=2,...,n. Then L;,i=2,...,n,is afamily of Jucys—Murphy
elements of A.

DermniTion 2.4 [16, Definition 2.8]. Let A be a cellular algebra with a family of Jucys—
Murphy elements {Li, ..., L,}. We say that the Jucys—Murphy elements satisfy the
separation condition if for any S, 7 € M(A),S <T,S # T, there exists some { with
1 <i < m such that cg (i) # cr(i).

RemMark 2.5. The separation condition forces Ak to be semisimple (see [16]).

From now on, we always assume that A is a cellular algebra equipped with a family
of Jucys—Murphy elements which satisfy the separation condition. We now recall some
results of [16].

DeriniTION 2.6 [16, Definition 3.1]. Let A be a cellular algebra with a family of Jucys—
Murphy elements {Ly, ..., L,}. For A€ A, S, T € M(1), define

Fr=[] [] @w-oleri-o

i ce€@),cter(i)

and f.S/‘I,T = FS Cg’TFT-
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Note that the coefficient of C;T in the expansion of fsA,T is 1 for any 1€ A and
S, T € M(Q), see [16, 3.3(a)]. Then Mathas proved the following theorems.

TuEOREM 2.7 [16, Theorem 3.7]. Let A be a cellular algebra with a family of Jucys—

Murphy elements {Ly, ..., Ly,}. Let L, ue A, S, T € M(1) and U, V € M(u). Then:
o, A=u,T=U
1 A n Yrlfsys ) ,
M fS’TfU’V {0, otherwise,

where yr € K and yr # 0 forall T € M(A);
2) {f;,T | S, T € M(), A € A} is a cellular basis of Ag.

TaeOREM 2.8 [16, Theorem 3.16]. Let A be a cellular algebra with a family of Jucys—
Murphy elements {L,, . .., L,}.

(1) LetAe Aand T € M(A). Then Fry is a primitive idempotent in Agx. Moreover,
{Fr | T € M(A)} is a complete set of pairwise orthogonal primitive idempotents
in AK.

(2) Fa=Xremw Fr is a central idempotent in Ak for any A€ A. Moreover,
{F| A€ A}isacomplete set of central idempotents which are primitive in Z(Ag).

(3)  Inparticular, 1 = 3 ,cp Fa= Yremny Fr and Li = Yrepay cr(DFT.

3. Jucys—Murphy elements and centres of cellular algebras

In [16], Mathas gave a relation between the centre and Jucys—Murphy elements of
a cellular algebra.

Prorosition 3.1 [16, Proposition 4.13]. Let A be a cellular algebra with Jucys—
Murphy elements {Li, ..., L,}. Suppose that for A1 € A, there exist scalars c(i), for
1 <i<m, such that

e 1<i<m}={cr()|1<i<m}

for any T € M(A). Then every symmetric polynomial in Ly, ..., L, belongs to the
centre of Ak.

In fact, the converse proposition also holds.

ProrosiTioN 3.2. Let A be a cellular algebra with a family of Jucys—Murphy elements
{Ly,...,Ly}. Suppose that every symmetric polynomial in Ly, . .., L, belongs to the
centre of Ag. Then for any A € A, there exist scalars c (i), 1 <i < m, such that

fca@1<i<m)={cr()|1<i<m}

forany T € M(Q).

Proor. Suppose that there exist some A € A and S, T € M(A) such that

{fecs@1<i<m)#{cr()|1<i<m}
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Then there exists a symmetric polynomial p such that

ples(D), ., es(m) # pler(D), ... er(m)),
Note that Li = ZXEM(A) CX(i)FX. Then
pLis. L= Y plevDs. .. cum)Fy.
UeM(A)

By Theorem 2.8(1), multiplying by F7 on both sides, we get

pLy, ..., Ly)Fr =plcr(1),...,cr(m))Fr.

The equality p(Li, ..., Ly)Fs = p(cs(1), ..., cs(m))Fs is obtained similarly.
On the other hand, since p(Ly, ..., L,) € Z(Ak), then by Theorem 2.8(3)

pLa, .o L) = ) raFy,
AeA

where r; € K. Multiplying by F7 on both sides of this equation
p(Li, ..., Ly)Fr =rFr.
The equation p(Ly, ..., L,)Fs = r,Fs can be obtained similarly. Then

pler(), ... er(m) =ry=ples(D), ..., cs(m)),
which is a contradiction. O
Now we are in a position to give the main result of this paper.
TueoreM 3.3. Let R be an integral domain and A a cellular R-algebra with a cellular

basis {C§’T | S, T e M(1),A€ A}. Let K be the field of fractions of R and Ag =

A ®R K. Suppose that A is equipped with a family of Jucys—Murphy elements

Ly, ..., L, which satisfy the separation condition and all symmetric polynomials in

Ly, ..., L, belong to the centre of Ag. Then the following are equivalent.

(1) The centre of Ag consists of all symmetric polynomials in the Jucys—Murphy
elements.

(2) Forany A, ue A with 1 #p,

fca@1<i<m}#{c,(D)|1<i<m}

To prove this theorem, we need the following two lemmas.

Lemma 3.4, Let Xy, Xp, . . ., Xy, be indeterminates over a field K and let {xy, . .., X}
and {yi1,...,yu} be two families of elements in K. Suppose that there exists
some k € K, such that p(xy, ..., Xy) =kp(1, ..., Ym) for any symmetric polynomial
pX1, Xo, ..., X)) €K[X1, Xo, ..., X)) Then {xy, ..., xu}={1>---» Ym}
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Proor. Clearly, if p is a symmetric polynomial, then p”> is also a symmetric
polynomial. Then

(P, s X)) = hpO1s o y)) = kPO, < s Ym))

Hence (k> — k) (p(y1, - .., ym))* = 0. Then k?> — k = 0 since p is arbitrary. So we have
k=0ork=1. If k=0, then p(xy,...,x,) =0 for any p. This is impossible. Then
k=1. Thatis, p(xi, ..., x,) = p1, ..., Y, for arbitrary p. ]

Let {ki1,...,kim}s -5 {knts ..., kyn} be n families of elements in K and p a
symmetric polynomial. We will denote p(k;y, . . ., kin) by p(i).

LemMma 3.5. Suppose that {kyy, ..., ki) - - -5 {knts - - - 5 k) are n families of elements
in a field K and X\, Xa, ..., X, indeterminates. Let p|(X1,Xs,...,Xn),...,p),
X1, Xo, ..., X)) € K[X1, Xa, . .., X;n] be n symmetric polynomials such that

pi ... pi
N E A
paD) .o pL(n)
Then there exist n symmetric polynomials py, . . ., p, such that
) pi@2) ... pi)
0 P2 ... pan) 4 0.
0 0 ... pa(n)

Proor. The proof of the lemma follows from the facts that elementary row operations
do not change the determinant up to multiplication by +1 and linear combinations of
symmetric polynomials are still symmetric polynomials. |

Proor oF THEOREM. Since p(Ly, Ly, ..., Ly) = D ea P(ca(l), ..., ca(m))F, (see the
proof of [16, Proposition 4.13]), then (1) = (2) is obvious.

We now prove (2) = (1). Suppose that there are n elements in A. Without loss of
generality, extend the partial order on A to a total one and denote the elements in A by

1,2,...,n.
If there exist symmetric polynomials py, ps, . . ., p, such that
pi() pi2) ... pi(n)
pa(1) p2(2) ... pa(n) £0,
pn(D) pu(2) ... pu(n)

where p;(j) = pi(cj(1), ¢j(2), ..., cj(m)), then by

PLis Loy L) = Y plea(D), ., cam)F,
AeA

https://doi.org/10.1017/S0004972711002851 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002851

[7] Jucys—Murphy elements and centres 267

any F is a linear combination of symmetric polynomials in Jucys—Murphy elements.
Note that the algebra Ak is semisimple and then {F, | 4 € A} is a basis of the centre
of Ag; thus the set of symmetric polynomials in Jucys—Murphy elements coincides
with Z(Ag).

Hence the key is to prove the existence of those n eligible polynomials. Clearly,
there exists a symmetric polynomial p; such that p;(1) # 0,

For any 1 <i<n, assume that there exist symmetric polynomials p/, pj, ..., p;

such that
P ... pi@)
N E X
P .. piG)
Then by Lemma 3.5, there exist symmetric polynomials py, . .., p; such that
) p@2 ... p@
0 paA2) ... p20) 40,
0 0 ... p@®
Suppose that for any symmetric polynomial p,
i) pi2) ... pi) pii+ 1)
0 p(2 ... p(D p2i+ D)
d:==| ... ... |=0.
0 0 ... p@® pG+1)
py p2 ... p@ pli+1D)

Then p(i + 1) =k p(1) + kop(2) + - - - + k;p(i), where k; € K is independent of p for
j=1,...,i. Note that p;p is also a symmetric polynomial, and we have

pip(i + 1) =kipip(1) + kop;p(2) + - - - + k;p; p(i).

Assume that p;(i + 1) #0. Then p;(i+ Dp(i+ 1) =k;p;(@D)p@), or p(i+ 1)=kp(i),
where k € K is independent of the choice of p. This implies that p(i + 1) = p(i) by
Lemma 3.4, which is a contradiction. Then p;(i + 1) = 0. That is, k;p;(i)p(i) = 0. Since
pi(i) # 0 and p is arbitrary, then k; = 0. Repeating this process similarly, we have k; = 0
for j=1,...,iand then p(i + 1) = 0. But this is impossible for p is arbitrary. Then
there exists a symmetric polynomial p such that d # 0. This implies that the eligible n
polynomials exist and the proof is complete. O

CoRroOLLARY 3.6. Let R be an integral domain and A a cellular algebra. Suppose that A
is equipped with a family of Jucys—Murphy elements which separate A. If the centre of
A consists of symmetric polynomials in Jucys—Murphy elements, then

{a@ 1 <i<m}#{c, ()1 <i<m),

for arbitrary A, u € A with 1 # p.
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4. An application to Ariki-Koike Hecke algebras

In this section, we prove that the centre of a semisimple Ariki—Koike Hecke algebra
(g # 1) consists of the symmetric polynomials in Jucys—Murphy elements. This is a
new proof, different from Ariki’s in [1] and Ram’s [18].

Firstly, we recall some notions of combinatorics. Recall that a partition of n is a
nonincreasing sequence of nonnegative integers A = (1y, ..., 4,) such that }}'_, A; = n.
The diagram of a partition A is the subset [1] = {(i, j) | 1 < j < 4;,i > 1}. The elements
of A are called nodes. Define the residue of the node (i, j) € [1] to be j—i. For
any partition A = (4y, Ay, ...), the conjugate of A is defined to be a partition A’ =
(14}, 4, ...), where /l;. is equal to the number of nodes in column j of [A] for
j=1,2,....For partitions, the following lemma is clear.

Lemma 4.1. Let A and u be two partitions of n. Then A = p if and only if all residues of
nodes in [A] and [u] are the same.

Given two partitions A and u of n, write A &> p if

J J
DAz w, foralliz1.
i=1 i=1

This is the so-called dominance order.

A A-tableau is a bijection t: [1] — {1,2,...,n}. We say that t is a standard A-
tableau if the entries in t increase from left to right in each row and from top to
bottom in each column. Denote by t* (respectively, t;) the standard A-tableau, in
which the numbers 1, 2, ..., n appear in order along successive rows (respectively,
columns). The row stabilizer of t1, denoted by S ,, is the standard Young subgroup of
S, corresponding to A. Let Std(2) be the set of all standard A-tableaux.

For a fixed positive integer m, an m-multipartition of n is an m-tuple of partitions
which sum to n. Let

/l = ((/1117 /llza AR /lll'|)9 (/121’ /1229 AR /lziz)7 AR (/1m17 /1m27 AR /1mim))

be an m-multipartition of n; we denote Aj; + A +---+ A, by nj; for 1 < j<m.
A standard A-tableau is an m-tuple of standard tableaux. We can define t* similarly.

Let R be an integral domain, g, uy, uy, . . ., 4, € R and g invertible. Fix two positive
integers n and m. Then an Ariki—Koike algebra .77, ,, is the associative R-algebra with
generators Ty, T4, . .., T,,_1 and relations

(To —u1)(To —u2) - - - (To — up,) =0,
ToThToT, =T\ ToT1To,
(Ti—q)(T; + 1)=0, forl<i<n-—1,
TTi\T; = Tos TiTiny, forl<i<n—2,
TiT;=T;T;, forO<i<j—1<n-2.
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Denote by A the set of m-multipartitions of n. For A € A, let M (1) be the set of standard
A-tableau. Then 7, ,, has a cellular basis of the form {mit |1€A, s, teM(A)}. See [0]
for details.

Let L; = qHTi_l - TWToTy---Ti—y. Then Ly, Ly, ..., L, is a family of Jucys—
Murphy elements of 77, ,,. If i is in row r and column c of the jth tableau of t, then
miLi=ujq mi. I (1], - - - [n)y [Ticicjom [aien(q®ui —u;) # 0 and g # 1, then the
Jucys—Murphy elements separate M(A). These statements were proved in [13].

Denote 7, ®g K by 7, . k. The following result was proved in [1, 18]. We give
a new proof here.

Tueorem 4.2 [1, 18]. The centre of 7, k is equal to the set of symmetric polynomials
in the Jucys—Murphy elements if [1], - - - [nlg [Ti<icj<m H|d|<,,(qdu,~ —uj)#0andq+ 1.

Proor. That the algebra .77, x satisfies the conditions of the Proposition 3.1 was
pointed out in [16]. By Theorem 3.3, we only need to show that for any A, u€ A
with A # u, {ca(D)|1 <i<n}#{c,(i)|1<i<n}. Note that we can obtain these two
sets using t* and t#, respectively.

Case 1. There exists 1 < j <m such that nj; # nj,. Then by the separation condition,
the number of elements of the form u;g* isn;; in {c,(i) | 1 <i < M} and is nj, in {c,(i) |
1 <i< M}, where x € Z. This implies that {c;()) | ] i< M} # {c,(i)|1 <i<n}.

Case 2. nj, =nj, for all 1 < j<m. Then there must exist 1 < s <m, such that the
partition of n, in A is not equal to that in u since A # u. Denote the partitions by A
and p;. Then the residues of A and p, are not the same. Now by Lemma 4.1 and the
separation condition, the set of all the elements of the form u;q* in {c,(i) |1 <i < M}
is different from that in {c,(}) | 1 <i < n}. O

Remark 4.3. 1If g # 1, then [1], - - - [n], [Ti<icj<m H|d‘<n(qdu,- —u;j) #0 if and only if
Flymx 18 semisimple. See [1] for details.
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