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Abstract

Based on the definition of divisibility of Markovian quantum dynamics, we discuss
the Markovianity of tensor products, multiplications and some convex combinations of
Markovian quantum dynamics. We prove that the tensor product of two Markovian
dynamics is also a Markovian dynamics and propose a new witness of non-
Markovianity.
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1. Introduction

With the development of quantum information theory, Markovianity has attracted the
attention of many researchers (see the article by Rivas et al. [19] and the references
therein). This is not only due to the mysterious characteristic of Markovianity, but also
due to the potential applications of non-Markovianity. Although in classical stochastic
processes the theory of Markovianity and non-Markovianity is fully developed, the
counterpart in quantum evolution still remains subtle and elusive. Various non-
Markovian criteria have been introduced and several measures have been proposed,
based on diverse considerations, in recent years. Owing to the ability of non-
Markovian dynamics in regaining lost information and recovering coherence, non-
Markovianity can be used in certain protocols and can be exploited for quantum key
distribution and quantum metrology [5, 21].

Mathematically, a quantum Markovian process can be described by a master
equation in the Lindblad form or equivalently by completely positive divisible
maps [17]. Besides the above master equation or divisibility approach [18], there
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are many other ways to describe non-Markovianity, such as the breakdown of the
semigroup property [22], the increasing of distinguishability between two evolving
states [3], the nonmonotonic behaviours of mutual information items [13], the negative
decay rate [10] or the inequality of the memoryless dynamical maps [11] (for more
details, see the articles [1, 2, 4, 7, 12, 15, 16, 20]).

In analogy with the entanglement witness, Chruscinski and Kossakowski [6]
proposed a non-Markovianity witness and introduced the corresponding measure
of non-Markovianity. This witness is defined under the settings that the quantum
dynamics is invertible and satisfies a certain derivable condition. Based on the idea of
using mutual information to quantify non-Markovianity proposed by Luo et al. [13],
we introduce a new witness of non-Markovianity in a more general context.

The structure of this work is as follows. In Section 2, we review the divisibility
definition of quantum non-Markovianity, discuss its basic properties and give several
examples. A quantum dynamics which looks like a piecewise function is also
constructed and investigated at the end of this section. In Section 3, we study some
operations of Markovian quantum dynamics, such as tensor product, multiplication
and convex combination. In Section 4, we expatiate on the new witness of quantum
non-Markovianity and give a specific example. Finally, we conclude the paper with a
discussion in Section 5.

2. Divisibility definition and examples

Let B(H) be the C*-algebra of all bounded linear operators on a Hilbert space .
For an operator A € B(H), we use A" and tr(A), respectively, to denote the adjoint
operator and the trace of A. An operator A is called a density operator if it is positive
(that is, A = B' B for some B € B(H)) and of trace one. Let D(%) be the set of density
operators in B(H). A completely positive trace preserving (CPTP) linear mapping on
B(‘H) is said to be a quantum channel of the quantum system described by H. A
family A = {A,};>0 of quantum channels of H is called a quantum dynamics of H.
Quantum dynamics is usually classified into Markovian or non-Markovian according
to the absence or presence of memory effects, respectively.

Derintion 2.1 [13]. Let A = {A,};»0 be a quantum dynamics of H. If, for all £ > 5 > 0,
there exists a quantum channel V; ; of H such that

At = V[,SAS’

then we say that A is Markovian, or divisible, and the quantum channels V;; are
called propagators of A. The quantum dynamics A is said to be non-Markovian, or
indivisible, if it is not Markovian.

Here are some observations from this definition.

Remark 2.2. Let A = {A};>0 be a family of surjective CPTP maps. If A is Markovian,
then the propagators V, ; of A satisty V,;, =V, V,sforallt > u > s > 0.
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Indeed, for all > u > s > 0, we have V, (A, = A, =V, , Ay = V;,,Vi.sAs. Since each
mapping A, : B(H) — B(H) is surjective, Vs = V;,V,.;.

REMARK 2.3. If {V; s}is 20 18 @ family of CPTP mappings such that V,; =V, ,V,,  for all
t>u>s52>0,then A = {V,p}0 is Markovian with A; = V; ;A  forall £ > s > 0.

Remark 2.4. If A = {As}»0 is a family of CPTP mappings satisfying the semigroup
property Ay = AyAg(Ve, s > 0), then A is Markovian.

In fact, when 0 < s < ¢, we have A; = Aj_; Ay = Vi sAg, where V, = A, is a CPTP
mapping, so A is Markovian.

Next, we give several examples of Markovian and non-Markovian quantum
dynamics. In the following, we use p(f) to denote the derivative of p(¢) with respect to
t and M, to denote the set of all complex matrices of size n X n.

Exampie 2.5. (i) For every p € B(H) and any ¢ > 0, let A,(p) = U(H)pU(1)" with
unitary U(?); then A = {A;};»0 is Markovian with the propagators V,(X) =
UDU(s)'XU(s)U()'.

(ii) Let the Hamiltonian H € B(H) be Hermitian, that is, H' = H. Denote the initial
state by p. Then the dynamics A = {A};>0 With p(t) = A,(p) satisfying the von
Neumann equation p(t) = —i[H, p(t)] with p(0) = p is Markovian, since A;(p) =
e ™M peitf where e is unitary. Generally, when f : [0, c0) — R is continuous
and H' = H, the equation p(f) = —i[ f(t)H, p(t)] describes a Markovian dynamics
A = {A;}>0, Where

Adp) = & INIGYL el b f@deH

(iii) Let A (p) = (e7™ ® e"2)p(e" ® ¢M2) with Hermitian H; and H,. Then
A = {A;}s0 is Markovian, since e~ @ e~"2 is unitary.

(iv) Let the dynamics A = {A;} be given by A,(p) = p(?), where p(#) is the solution
with p(0) = p to the linear equation p(¢) = L;(o(t)). Rivas and Huelga [17] proved
that A is Markovian if and only if the generators £, can be written in the form

N
. 1 —‘-
L£,X) = ~ilH®. X1+ ) n(r)[vk(t)xv; - sV ovio.x)| @
k=1
where H(#) and Vi(¢) are time-dependent operators, H(f) is self-adjoint and
yi(t) = 0forallk=1,2,...,N and time ¢ > 0.
ExawmpLE 2.6 [6]. Consider the equation
p(0) = 3y0lopt)o; = p()],

which is a special case of equation (2.1), where H(¢) = 0,N = 1,y,(t) = y(t)/2 and
Vi) =0, = [(1) 9 ] The corresponding evolution of the state reads

-
P11 Pne

1) = _ s

PO [10216 e P22 ]

where the initial state p = [£} 522 ] and ['(7) = fol y(r)dr. Let A(p) =p(t) and A =
{A;}>0- Then it can be proved that:
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(1) for every t > 0, A, is a CP mapping if and only if I'(#) > 0. Thus, when I'(¢) is
nonnegative for all 7 > 0, A is a quantum dynamics;

(2) when the function 7y is continuous on [0, c0), A is Markovian if and only if
y() = 0¥t > 0).

Motivated by the concept of piecewise functions, we have the following proposition.

ProposiTioN 2.7. Let {®,} be a sequence of quantum channels on B(H) and {t,} be a
sequence of nonnegative real numbers such that

O=to<ti<ty<-<ty<-, [0,400)=| Jlt1,1)
n=1

andlet A, = @, forallt € [t,_1,t,), n=1,2,...,and A = {A;};>0. Then A is Markovian
if and only if for each n € N*, there exists a quantum channel R, such that @, =
R, D,.

Proor. Suppose that A is Markovian. Then, for each (¢, s) with 0 < s < ¢, there exists
a quantum channel V,; on B(H) such that A, =V, A,. Especially, @, = A, =
Vi A, =Ry, where R, =V, ,  forallneN*.

Conversely, assume that for each n € N*, there exists a quantum channel R, such
that @,; = R,®,. For each (¢, s) with 0 < s < ¢, define V, ; = 1 (the identity mapping)
if s,t €[ty 1,t,); Vt,s =R, _1Ryo- Ry ift, 1 <s<tpp<---<t; £t<t, Then
Vs is a quantum channel on B(H) such that A; = V; ;A,. Thus, A is Markovian. ]

3. Operations of Markovian quantum dynamics

We discuss the closure of the operations of Markovian quantum dynamics in this
section. Let us consider the tensor product of two quantum dynamics at first.

ProrositioN 3.1. Let H and K be two Hilbert spaces. Suppose that A = {A;}>0
and ®© = {®,},5¢9 are Markovian dynamics of H and K, respectively. Put A @ ® =
{A; ® D;}y»0. Then A ® ® is a Markovian dynamics of H @ K.

Proor. Let V;; and &, be the propagators of A and @, respectively. Then, by using
the fact thatforallt > u> s> 0, A, @ D, =V, (A; ® E, ;D = (Vs @ E ) (A ® D), we
establish that A ® @ is a Markovian dynamics. O

For pointwise multiplication and convex combination of two quantum dynamics,
we obtain the following basic results.

ProrosiTiON 3.2. Suppose that A = {A\;};>0 and ® = {®D,},>( are Markovian dynamics of
H with the propagators V, ; and &, 5, respectively. Then:

(1) for any quantum channel ¥ of H, the quantum dynamics AY = {A;¥}0
is Markovian and, when WV,; =V, YVt > s > 0), YA = {VYA}»0 is also
Markovian;
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(2) when A&, = &5\ (forall t > s > 0), the quantum dynamics A * © = {A,;D,}50
is Markovian;

(3) when V, 3 =&, (for all t > s 2 0) for all 0 < p < 1, the convex combination
(1= p)A+ p®={(1-pA; + pD;}ss0 is Markovian.

Remark 3.3. The condition that V,; = &, (for all # > s > 0) does not imply that
A = ®. For example, choose two different quantum channels A and I' of H and
a family {V, }>s>0 of quantum channels with the property that V,; =V, ,V,  for all
t>u>s5>0. Then {V,9A}o and {V; o'} are Markovian dynamics of H with the
same propagators V; ;, but A # @.

Furthermore, the following example shows that the set of all Markovian quantum
dynamics is not convex.

ExampLe 3.4. Let p € D(C?) be an initial state and o; (i = 1,2, 3) be Pauli matrices,

that is,
01 0-1 10

Consider the master equation

3
PO = Y vidlaipdoi —p@®), 120, (3.2)
i=1

where y;(¢) are suitable real functions. Note that equation (3.2) is a special case of
equation (2.1), where H(f) = 0,N =3 and V;(#) = 0; (i = 1,2,3). Denote by A = {A;}>0
the quantum dynamics described by equation (3.2) with Ay = 1, the identity channel.
Chrusciniski and Wudarski [8] proved that A is Markovian if and only if y; > O for all
i=1,2,3.

Following Chrusciniski and Wudarski [9], we take y(f) = y2(t) = 1/2, y3(t) =
—(1/2) tanh ¢; then the dynamics A is non-Markovian. By computation,

1+ 672[ 1- €72t 1 6 )
Alp) = ———p+ ——(1po1 + 02p02) = SIA(P) + AT (P)],
where
1+ 1 —e 1+ 1 —e?
1 2
A(p) = P+~ —TIpo, AP(p) = 5P T PO,

The master equations corresponding to A;l) and Aﬁz) are
p(t) = o1p)oy = p(), (3.3)
p(1) = oap(t)oy — p(1), (3.4)

respectively. Since equations (3.3) and (3.4) are two special cases of equation (2.1)
with nonnegative y;, we have that AV = {AED},ZO and A® = {Aﬁ”},zo are Markovian.
But, as a convex combination of them, A is non-Markovian.
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Now we can conclude that a convex combination of two Markovian quantum
dynamics may be non-Markovian and so the set of all Markovian quantum dynamics
of H is not convex. However, a convex combination of two Markovian quantum
dynamics may be Markovian.

ExamprLE 3.5. Suppose that y(r) and a(f) are nonnegative continuous functions on
[0, 00). For every X = [x;;] € M, define

X111 X1ne€
x21e—F(t)

-T(f)
A(X) = [ ] and ®,(X) = [

—A(t
X111 Xn2e ®
X2 ’

—A(t
X21€ © X22

where I(1) = [ y(t)dt and A() = [} a(r)dr. Denote A = {A}>0 and ® = {®;} 0.
Note that from Example 2.6(2), A and ® are Markovian.

For0<p<1,let ® = pA; + (1 - p)®; and O = {®,},»9. For each pair (s, ) with
t> s >0, we define

X11 X12
X21 X22

xu xinf(t,s)

Ens(X) = [lef(f, 5) X

} foralle[ ]EMZ,

where

pe + (1= ppe

ft,s) = e T+ (1= p)e i’
Then O, = &, ;0;, where &, ; is a quantum channel, since 0 < f(z, s) < 1. So, the convex
combination ® of A and ® is also Markovian.

The following example shows that the set of all non-Markovian quantum dynamics
is not convex.

ExampLE 3.6. For any initial state p € D(C?), define the quantum dynamics A = {A}»0
as follows:

1
Adlp) = pDp + {1 = p(1)}5. (3.5)

where 0 < p(f) <1 and I is the 2 X 2 identity matrix. The master equation
corresponding to equation (3.5) is
S0
o(t) = ———{oip()o; —p(H)}, t=0,
p(t) Zl o TP = p(0)
where o; are Pauli matrices (see equation (3.1)). From Example 2.5(4), we know that
the quantum dynamics A is Markovian if and only if for any ¢ > 0, p(z) < 0 [8].

Consider
e !0 0<r<25,
5 o 1/8 2_ o 1/4 s | . ﬁ
p(l)(t)z ( 25 4:;)(2—?/8 216291-/: , 25<i,—_1/25+ 20 o118
—(t—z— 20 ) +1600+e“/8, 2.5+2—0_<t$2.5+1—0,
¢~ (120~ /10)) >254 o
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and
e, 0<t<5,
-5.\2 -10
(1—5—6—) +e‘5—e—, 5<t<5+e7,
Q) 2 4
po) = 3 2,10
—(t—ze_S—S) + e +ed, S+ed<t<5+2e7,
o172 t>5+2e.

Then, for all > 0, p™V(¢) € (0, 1] and p®(¢) € (0, 1]. Let

A= pOwp+ (1= p 05, APG) = PP 0p+ (1= pP 05,

Note that when ¢ € (5/2 + ¢71/3/40, 5/2 + 3¢7'/8/40), pV(f) > 0 and, when 1 € (5 +
€572, 5+3e7/2), pP(t) > 0. Thus, both AD = {AV},.9 and A® = {AP} 5, are non-
Markovian.

Let @, = (1/2)[AY + A®] and denote @ = {®,}50; then

1 1 1
D,(p) = §[p<”(z> + pP)](p) + S - PP+ {1 - p@)(r)}]E.

Observe that for all > 0, p{V(f) + p@(¢) < 0, so the convex combination ® of the two
non-Markovian quantum dynamics A" and A® is Markovian.

4. Witness of non-Markovian quantum dynamics

In this section, we introduce a witness of non-Markovian quantum dynamics by
exploiting the correlation flow between a system and an arbitrary ancillary. Recall
that quantum mutual information of a bipartite state o of the system AB described by
HH is

I(0)=S(@) +S(@”) = S(0),

where 0 = trgo, 0 = tra o are the reduced states of - and S (X) = —trX log, X denotes
the von Neumann entropy of a density operator X [14].
Let A = {A,};>0 be a Markovian quantum dynamics of H. Then, for each (¢, s) with
0 < s < t, there exists a quantum channel V; ; on B(H) such that A, = V; ;A;. From the
monotonicity of the quantum mutual information under local operations, we have for
each bipartite state o of the system ABand 0 < s <7 < +o0o,
Fo(s,0)=I((A: ® Ay)o)
=1((VisAs ® As)o)
= I((Vis ® D(A, ® A)0)
<I((As ® Ay)o)
=F,(s,s).

This observation leads to the following result.
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ProposiTioN 4.1. For a quantum dynamics A = {A;}r>0 of H, if there exists a bipartite
state o of the system AB such that F,(s,t) > F;(s, s) for some parameters s and t with
0 < s<t<+oo, then A is non-Markovian.

We call such a state o in Proposition 4.1 a witness of non-Markovianity of A.

ExampLE 4.2. Consider the quantum dynamics A = {A}»o with p(t) = A,(p) satisfying

d 1
2P0 = 7yDlopo: = p(n)}

It has been shown in Example 2.6 that when ¥(¢) is continuous on [0, +c0), A is
Markovian if and only if y(¢) > 0 for all # > 0.
Assume that y(¢) is continuous on [0, +00) and y(#y) < O for some 7 € [0, +00). We
prove that the state
o = 5(100) + [11)(C00] + (11])

is a witness of non-Markovianity of A. From the continuity of y, we see that
there exists a positive number § such that y(¢) < O for any t € [y, tp + 6] and so
['(to + 0) < I'(tp). By computation,

1 0 0 e—F(to+6)—F(Io)
1 0 00 0
Tty+6,00 = (Atu+5 ® AIO)O— = E 0 00 0 ’
¢~ Tto+8)-T(to) 00 1
1 00e2®
1 0 00 O
Oyt = (Ato ® Ato)o_ = E 0O 00 O

e W00 1

and
Tty = O—ﬁ)ﬂito = % [(1) (1)] s Tl = 0—?0,’0 = % [(1) (1)] '
Therefore,
Fo(to, 1o + 6) = Fo(to, 10) = I(Agyss ® Ay )0) = I((Agy ® Ay)) = S (010.40) = S (Tgr6ry)-
Let
p= % _ %e—r(zo)—r(zow) and ¢ = % _ %e—mm)

Then 0 < p < g < 0.5 and
§(Ty+s1) = —plogy p = (1 = p)log,(1 = p),
S(Th1) = —qlogy g — (1 = g)logy(1 - g).
Since f(x) = —xlog, x — (1 — x) log,(1 — x) is strictly increasing on [0, 0.5],
S(T1+50) = f(P) < f(@) = S (07100

and so F,(ty, to + 0) — Fo(ty, tp) > 0. Thus, in this case, o is a witness of non-
Markovianity of A.

https://doi.org/10.1017/51446181117000207 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181117000207

444 L. Chen et al. [9]

5. Summary

Although the set of all Markovian quantum dynamics is not convex, there exist
nontrivial examples (such as Proposition 3.2(3) and Example 3.6) which show that the
convex combination of two Markovian quantum dynamics may be still Markovian.
Therefore, finding the convex subset which consists of certain Markovian quantum
dynamics is interesting and challenging. Besides the witness we have proposed, which
is based on a necessary condition of Markovianity, other witnesses can be introduced
according to different understandings of non-Markovianity, so as to enrich the criteria
for non-Markovianity in quantum dynamics.

Acknowledgements

This research was partially supported by the National Natural Science Foundation
of China (Nos. 11371012, 11401359 and 11471200), the Fundamental Research Funds
for the Central Universities (No. GK201604001) and the Innovation Fund Project for
the Graduate Program of Shaanxi Normal University (No. 2016CBY005).

References

[11 Md. M. Alj, P. Y. Lo, M. W.-Y. Tu and W. M. Zhang, “Non-Markovianity measure using two-time
correlation functions”, Phys. Rev. A 92 (2015) 062306; doi:10.1103/PhysRevA.92.062306.

[2] H. P. Breuer, “Foundations and measures of quantum non-Markovianity”, J. Phys. B 45 (2012)
154001; doi:10.1088/0953-4075/45/15/154001.

[3] H. P. Breuer, E. M. Laine and J. Piilo, “Measure for the degree of non-Markovian behavior of
quantum processes in open systems”’, Phys. Rev. Lett. 103 (2009) 210401;
doi:10.1103/PhysRevLett.103.210401.

[4] B. Bylicka, D. Chrusciniski and S. Maniscalco, “Non-Markovianity and reservoir memory of
quantum channels: a quantum information theory perspective”, Sci. Rep. 4 (2014) 5720;
doi:10.1038/srep05720.

[51 A. W. Chin, S. F Huelga and M. B. Plenio, “Quantum metrology in non-Markovian
environments”, Phys. Rev. Lett. 109 (2012) 233601; doi:10.1103/PhysRevLett.109.233601.

[6] D. Chruscinski and A. Kossakowski, “Witnessing non-Markovianity of quantum evolution”, Eur.
Phys. J. D 68 (2014) 7; doi:10.1140/epjd/e2013-40171-9.

[7]1 D. Chruscifiski and S. Maniscalco, “Degree of non-Markovianity of quantum evolution”, Phys.
Rev. Lett. 112 (2014) 120404; doi:10.1103/PhysRevLett.112.120404.

[8] D. Chruscinski and F. A. Wudarski, “Non-Markovian random unitary qubit dynamics”, Phys. Lett.
A 377 (2013) 1425-1429; doi:10.1016/j.physleta.2013.04.020.

[9] D. Chrudcinski and F. A. Wudarski, “Non-Markovianity degree for random unitary evolution”,
Phys. Rev. A 91 (2015) 012104; doi:10.1103/PhysRevA.91.012104.

[10] M. J. W. Hall, J. D. Cresser, L. Li and E. Andersson, “Canonical form of master equations and
characterization of non-Markovianity”, Phys. Rev. A 89 (2014) 042120;
doi:10.1103/PhysRevA.89.042120.

[11] S.C. Hou, S. L. Liang and X. X. Yi, “Non-Markovianity and memory effects in quantum open
systems”, Phys. Rev. A 91 (2015) 012109; doi:10.1103/PhysRevA.91.012109.

[12] X. M. Lu, X. Wang and C. P. Sun, “Quantum Fisher information flow and non-Markovian
processes of open systems”, Phys. Rev. A 82 (2010) 042103; doi:10.1103/PhysRevA.82.042103.

[13] S. Luo, S. Fu and H. Song, “Quantifying non-Markovianity via correlations”, Phys. Rev. A 86
(2012) 044101; doi:10.1103/PhysRevA.86.044101.

https://doi.org/10.1017/51446181117000207 Published online by Cambridge University Press


https://doi.org/10.1103/PhysRevA.92.062306
https://doi.org/10.1088/0953-4075/45/15/154001
https://doi.org/10.1103/PhysRevLett.103.210401
https://doi.org/10.1038/srep05720
https://doi.org/10.1103/PhysRevLett.109.233601
https://doi.org/10.1140/epjd/e2013-40171-9
https://doi.org/10.1103/PhysRevLett.112.120404
https://doi.org/10.1016/j.physleta.2013.04.020
https://doi.org/10.1103/PhysRevA.91.012104
https://doi.org/10.1103/PhysRevA.89.042120
https://doi.org/10.1103/PhysRevA.91.012109
https://doi.org/10.1103/PhysRevA.82.042103
https://doi.org/10.1103/PhysRevA.86.044101
https://doi.org/10.1017/S1446181117000207

[10]

[14]

[15]

[16]

[17]
[18]

[19]

[20]

(21]

(22]

A note on Markovian quantum dynamics 445

M. A. Nielsen and I. L. Chuang, Quantum computation and quantum information, 10th anniversary
edn (Cambridge University Press, New York, 2010); doi:10.1017/CB09780511976667.

M. Raginsky, “A fidelity measure for quantum channels”, Phys. Lett. A 290 (2001) 11-18;
doi:10.1016/S0375-9601(01)00640-5.

A. K. Rajagopal, A. R. Usha Devi and R. W. Rendell, “Kraus representation of quantum evolution
and fidelity as manifestations of Markovian and non-Markovian forms”, Phys. Rev. A 82 (2010)
042107; doi:10.1103/PhysRevA.82.042107.

A. Rivas and S. F. Huelga, Open quantum systems: an introduction (Springer, Heidelberg, 2012);
doi:10.1007/978-3-642-23354-8.

A. Rivas, S. F. Huelga and M. B. Plenio, “Entanglement and non-Markovianity of quantum
evolutions”, Phys. Rev. Lett. 105 (2010) 050403; doi:10.1103/PhysRevLett.105.050403.

A. Rivas, S. F. Huelga and M. B. Plenio, “Quantum non-Markovianity: characterization,
quantification and detection”, Rep. Progr. Phys. 77 (2014) 094001;
doi:10.1088/0034-4885/77/9/094001.

A. Shabani, J. Roden and K. B. Whaley, “Continuous measurement of a non-Markovian open
quantum system”, Phys. Rev. Lett. 112 (2014) 113601; doi:10.1103/PhysRevLett.112.113601.

R. Vasile, S. Olivares, M. G. A. Paris and S. Maniscalco, “Continuous-variable quantum key
distribution in non-Markovian channels”, Phys. Rev. A 83 (2011) 042321,
doi:10.1103/PhysRevA.83.042321.

M. M. Wolf, J. Eisert, T. S. Cubitt and J. I. Cirac, “Assessing non-Markovian quantum dynamics”,
Phys. Rev. Lett. 101 (2008) 150402; doi:10.1103/PhysRevLett.101.150402.

https://doi.org/10.1017/51446181117000207 Published online by Cambridge University Press


https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1016/S0375-9601(01)00640-5
https://doi.org/10.1103/PhysRevA.82.042107
https://doi.org/10.1007/978-3-642-23354-8
https://doi.org/10.1103/PhysRevLett.105.050403
https://doi.org/10.1088/0034-4885/77/9/094001
https://doi.org/10.1103/PhysRevLett.112.113601
https://doi.org/10.1103/PhysRevA.83.042321
https://doi.org/10.1103/PhysRevLett.101.150402
https://doi.org/10.1017/S1446181117000207

	Introduction
	Divisibility definition and examples
	Operations of Markovian quantum dynamics
	Witness of non-Markovian quantum dynamics
	Summary
	References

