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Abstract

Based on the definition of divisibility of Markovian quantum dynamics, we discuss
the Markovianity of tensor products, multiplications and some convex combinations of
Markovian quantum dynamics. We prove that the tensor product of two Markovian
dynamics is also a Markovian dynamics and propose a new witness of non-
Markovianity.
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1. Introduction

With the development of quantum information theory, Markovianity has attracted the
attention of many researchers (see the article by Rivas et al. [19] and the references
therein). This is not only due to the mysterious characteristic of Markovianity, but also
due to the potential applications of non-Markovianity. Although in classical stochastic
processes the theory of Markovianity and non-Markovianity is fully developed, the
counterpart in quantum evolution still remains subtle and elusive. Various non-
Markovian criteria have been introduced and several measures have been proposed,
based on diverse considerations, in recent years. Owing to the ability of non-
Markovian dynamics in regaining lost information and recovering coherence, non-
Markovianity can be used in certain protocols and can be exploited for quantum key
distribution and quantum metrology [5, 21].

Mathematically, a quantum Markovian process can be described by a master
equation in the Lindblad form or equivalently by completely positive divisible
maps [17]. Besides the above master equation or divisibility approach [18], there
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are many other ways to describe non-Markovianity, such as the breakdown of the
semigroup property [22], the increasing of distinguishability between two evolving
states [3], the nonmonotonic behaviours of mutual information items [13], the negative
decay rate [10] or the inequality of the memoryless dynamical maps [11] (for more
details, see the articles [1, 2, 4, 7, 12, 15, 16, 20]).

In analogy with the entanglement witness, Chruściński and Kossakowski [6]
proposed a non-Markovianity witness and introduced the corresponding measure
of non-Markovianity. This witness is defined under the settings that the quantum
dynamics is invertible and satisfies a certain derivable condition. Based on the idea of
using mutual information to quantify non-Markovianity proposed by Luo et al. [13],
we introduce a new witness of non-Markovianity in a more general context.

The structure of this work is as follows. In Section 2, we review the divisibility
definition of quantum non-Markovianity, discuss its basic properties and give several
examples. A quantum dynamics which looks like a piecewise function is also
constructed and investigated at the end of this section. In Section 3, we study some
operations of Markovian quantum dynamics, such as tensor product, multiplication
and convex combination. In Section 4, we expatiate on the new witness of quantum
non-Markovianity and give a specific example. Finally, we conclude the paper with a
discussion in Section 5.

2. Divisibility definition and examples

Let B(H) be the C∗-algebra of all bounded linear operators on a Hilbert space H .
For an operator A ∈ B(H), we use A† and tr(A), respectively, to denote the adjoint
operator and the trace of A. An operator A is called a density operator if it is positive
(that is, A = B†B for some B ∈ B(H)) and of trace one. Let D(H) be the set of density
operators in B(H). A completely positive trace preserving (CPTP) linear mapping on
B(H) is said to be a quantum channel of the quantum system described by H . A
family Λ = {Λt}t≥0 of quantum channels of H is called a quantum dynamics of H .
Quantum dynamics is usually classified into Markovian or non-Markovian according
to the absence or presence of memory effects, respectively.

Definition 2.1 [13]. Let Λ = {Λt}t≥0 be a quantum dynamics ofH . If, for all t > s ≥ 0,
there exists a quantum channel Vt,s ofH such that

Λt = Vt,sΛs,

then we say that Λ is Markovian, or divisible, and the quantum channels Vt,s are
called propagators of Λ. The quantum dynamics Λ is said to be non-Markovian, or
indivisible, if it is not Markovian.

Here are some observations from this definition.

Remark 2.2. Let Λ = {Λt}t≥0 be a family of surjective CPTP maps. If Λ is Markovian,
then the propagators Vt,s of Λ satisfy Vt,s = Vt,uVu,s for all t > u > s ≥ 0.
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Indeed, for all t > u > s ≥ 0, we have Vt,sΛs = Λt = Vt,uΛu = Vt,uVu,sΛs. Since each
mapping Λs : B(H)→ B(H) is surjective, Vt,s = Vt,uVu,s.

Remark 2.3. If {Vt,s}t>s≥0 is a family of CPTP mappings such that Vt,s = Vt,uVu,s for all
t > u > s ≥ 0, then Λ = {Vt,0}t≥0 is Markovian with Λt = Vt,sΛs for all t > s ≥ 0.

Remark 2.4. If Λ = {Λt}t≥0 is a family of CPTP mappings satisfying the semigroup
property Λt+s = ΛtΛs(∀t, s ≥ 0), then Λ is Markovian.

In fact, when 0 ≤ s < t, we have Λt = Λt−sΛs = Vt,sΛs, where Vt,s = Λt−s is a CPTP
mapping, so Λ is Markovian.

Next, we give several examples of Markovian and non-Markovian quantum
dynamics. In the following, we use ṗ(t) to denote the derivative of p(t) with respect to
t and Mn to denote the set of all complex matrices of size n × n.

Example 2.5. (i) For every ρ ∈ B(H) and any t ≥ 0, let Λt(ρ) = U(t)ρU(t)† with
unitary U(t); then Λ = {Λt}t≥0 is Markovian with the propagators Vt,s(X) =

U(t)U(s)†XU(s)U(t)†.
(ii) Let the Hamiltonian H ∈ B(H) be Hermitian, that is, H† = H. Denote the initial

state by ρ. Then the dynamics Λ = {Λt}t≥0 with ρ(t) = Λt(ρ) satisfying the von
Neumann equation ρ̇(t) = −i[H, ρ(t)] with ρ(0) = ρ is Markovian, since Λt(ρ) =

e−itHρeitH , where e−itH is unitary. Generally, when f : [0,∞)→ R is continuous
and H† = H, the equation ρ̇(t) = −i[ f (t)H, ρ(t)] describes a Markovian dynamics
Λ = {Λt}t≥0, where

Λt(ρ) = e−i
∫ t

0 f (τ) dτHρei
∫ t

0 f (τ) dτH .

(iii) Let Λt(ρ) = (e−itH1 ⊗ e−itH2 )ρ(eitH1 ⊗ eitH2 ) with Hermitian H1 and H2. Then
Λ = {Λt}t≥0 is Markovian, since e−itH1 ⊗ e−itH2 is unitary.

(iv) Let the dynamics Λ = {Λt} be given by Λt(ρ) = ρ(t), where ρ(t) is the solution
with ρ(0) = ρ to the linear equation ρ̇(t) = Lt(ρ(t)).Rivas and Huelga [17] proved
that Λ is Markovian if and only if the generators Lt can be written in the form

Lt(X) = −i[H(t), X] +

N∑
k=1

γk(t)
[
Vk(t)XV†k (t) −

1
2
{V†k (t)Vk(t), X}

]
, (2.1)

where H(t) and Vk(t) are time-dependent operators, H(t) is self-adjoint and
γk(t) ≥ 0 for all k = 1, 2, . . . ,N and time t ≥ 0.

Example 2.6 [6]. Consider the equation

ρ̇(t) = 1
2γ(t)[σzρ(t)σz − ρ(t)],

which is a special case of equation (2.1), where H(t) = 0, N = 1, γ1(t) = γ(t)/2 and
V1(t) = σz =

[
1 0
0 −1

]
. The corresponding evolution of the state reads

ρ(t) =

[
ρ11 ρ12e−Γ(t)

ρ21e−Γ(t) ρ22

]
,

where the initial state ρ = [ ρ11 ρ12
ρ21 ρ22 ] and Γ(t) =

∫ t
0 γ(τ) dτ. Let Λt(ρ) = ρ(t) and Λ =

{Λt}t≥0. Then it can be proved that:

https://doi.org/10.1017/S1446181117000207 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181117000207


[4] A note on Markovian quantum dynamics 439

(1) for every t ≥ 0, Λt is a CP mapping if and only if Γ(t) ≥ 0. Thus, when Γ(t) is
nonnegative for all t ≥ 0, Λ is a quantum dynamics;

(2) when the function γ is continuous on [0,∞), Λ is Markovian if and only if
γ(t) ≥ 0(∀t ≥ 0).

Motivated by the concept of piecewise functions, we have the following proposition.

Proposition 2.7. Let {Φn} be a sequence of quantum channels on B(H) and {tn} be a
sequence of nonnegative real numbers such that

0 = t0 < t1 < t2 < · · · < tn < · · · , [0,+∞) =

∞⋃
n=1

[tn−1, tn)

and let Λt = Φn for all t ∈ [tn−1, tn), n = 1, 2, . . . , and Λ = {Λt}t≥0. Then Λ is Markovian
if and only if for each n ∈ N+, there exists a quantum channel Rn such that Φn+1 =

RnΦn.

Proof. Suppose that Λ is Markovian. Then, for each (t, s) with 0 ≤ s < t, there exists
a quantum channel Vt,s on B(H) such that Λt = Vt,sΛs. Especially, Φn+1 = Λtn =

Vtn,tn−1Λtn−1 = RnΦn, where Rn = Vtn,tn−1 for all n ∈ N+.
Conversely, assume that for each n ∈ N+, there exists a quantum channel Rn such

that Φn+1 = RnΦn. For each (t, s) with 0 ≤ s < t, define Vt,s = 1 (the identity mapping)
if s, t ∈ [tn−1, tn); Vt,s = Rn−1Rn−2 · · ·Rn−k if tn−k−1 ≤ s < tn−k < · · · < tn−1 ≤ t < tn. Then
Vt,s is a quantum channel on B(H) such that Λt = Vt,sΛs. Thus, Λ is Markovian. �

3. Operations of Markovian quantum dynamics

We discuss the closure of the operations of Markovian quantum dynamics in this
section. Let us consider the tensor product of two quantum dynamics at first.

Proposition 3.1. Let H and K be two Hilbert spaces. Suppose that Λ = {Λt}t≥0

and Φ = {Φt}t≥0 are Markovian dynamics of H and K , respectively. Put Λ ⊗ Φ =

{Λt ⊗ Φt}t≥0. Then Λ ⊗ Φ is a Markovian dynamics ofH ⊗K .

Proof. Let Vt,s and Et,s be the propagators of Λ and Φ, respectively. Then, by using
the fact that for all t > u > s ≥ 0, Λt ⊗Φt = Vt,sΛs ⊗ Et,sΦs = (Vt,s ⊗ Et,s)(Λs ⊗Φs), we
establish that Λ ⊗ Φ is a Markovian dynamics. �

For pointwise multiplication and convex combination of two quantum dynamics,
we obtain the following basic results.

Proposition 3.2. Suppose that Λ = {Λt}t≥0 and Φ = {Φt}t≥0 are Markovian dynamics of
H with the propagators Vt,s and Et,s, respectively. Then:

(1) for any quantum channel Ψ of H , the quantum dynamics ΛΨ = {ΛtΨ}t≥0

is Markovian and, when ΨVt,s = Vt,sΨ(∀t > s ≥ 0), ΨΛ = {ΨΛt}t≥0 is also
Markovian;
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(2) when ΛsEt,s = Et,sΛs (for all t > s ≥ 0), the quantum dynamics Λ ∗Φ = {ΛtΦt}t≥0
is Markovian;

(3) when Vt,s = Et,s (for all t > s ≥ 0) for all 0 < p < 1, the convex combination
(1 − p)Λ + pΦ = {(1 − p)Λt + pΦt}t≥0 is Markovian.

Remark 3.3. The condition that Vt,s = Et,s (for all t > s ≥ 0) does not imply that
Λ = Φ. For example, choose two different quantum channels ∆ and Γ of H and
a family {Vt,s}t>s≥0 of quantum channels with the property that Vt,s = Vt,uVu,s for all
t > u > s ≥ 0. Then {Vt,0∆}t≥0 and {Vt,0Γ}t≥0 are Markovian dynamics of H with the
same propagators Vt,s, but Λ , Φ.

Furthermore, the following example shows that the set of all Markovian quantum
dynamics is not convex.

Example 3.4. Let ρ ∈ D(C2) be an initial state and σi (i = 1, 2, 3) be Pauli matrices,
that is,

σ1 =

[
0 1
1 0

]
, σ2 =

[
0−i
i 0

]
, σ3 =

[
1 0
0−1

]
. (3.1)

Consider the master equation

ρ̇(t) =

3∑
i=1

γi(t){σiρ(t)σi − ρ(t)}, t ≥ 0, (3.2)

where γi(t) are suitable real functions. Note that equation (3.2) is a special case of
equation (2.1), where H(t) = 0,N = 3 and Vi(t) = σi (i = 1,2,3). Denote by Λ = {Λt}t≥0
the quantum dynamics described by equation (3.2) with Λ0 = 1, the identity channel.
Chruściński and Wudarski [8] proved that Λ is Markovian if and only if γi ≥ 0 for all
i = 1, 2, 3.

Following Chruściński and Wudarski [9], we take γ1(t) = γ2(t) = 1/2, γ3(t) =

−(1/2) tanh t; then the dynamics Λ is non-Markovian. By computation,

Λt(ρ) =
1 + e−2t

2
ρ +

1 − e−2t

4
(σ1ρσ1 + σ2ρσ2) =

1
2

[Λ(1)
t (ρ) + Λ

(2)
t (ρ)],

where

Λ
(1)
t (ρ) =

1 + e−2t

2
ρ +

1 − e−2t

2
σ1ρσ1, Λ

(2)
t (ρ) =

1 + e−2t

2
ρ +

1 − e−2t

2
σ2ρσ2.

The master equations corresponding to Λ
(1)
t and Λ

(2)
t are

ρ̇(t) =σ1ρ(t)σ1 − ρ(t), (3.3)
ρ̇(t) =σ2ρ(t)σ2 − ρ(t), (3.4)

respectively. Since equations (3.3) and (3.4) are two special cases of equation (2.1)
with nonnegative γk, we have that Λ(1) = {Λ

(1)
t }t≥0 and Λ(2) = {Λ

(2)
t }t≥0 are Markovian.

But, as a convex combination of them, Λ is non-Markovian.
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Now we can conclude that a convex combination of two Markovian quantum
dynamics may be non-Markovian and so the set of all Markovian quantum dynamics
of H is not convex. However, a convex combination of two Markovian quantum
dynamics may be Markovian.

Example 3.5. Suppose that γ(t) and α(t) are nonnegative continuous functions on
[0,∞). For every X = [xi j] ∈ M2, define

Λt(X) =

[
x11 x12e−Γ(t)

x21e−Γ(t) x22

]
and Φt(X) =

[
x11 x12e−A(t)

x21e−A(t) x22

]
,

where Γ(t) =
∫ t

0 γ(τ) dτ and A(t) =
∫ t

0 α(τ) dτ. Denote Λ = {Λt}t≥0 and Φ = {Φt}t≥0.
Note that from Example 2.6(2), Λ and Φ are Markovian.

For 0 ≤ p ≤ 1, let Θt = pΛt + (1 − p)Φt and Θ = {Θt}t≥0. For each pair (s, t) with
t > s ≥ 0, we define

Et,s(X) =

[
x11 x12 f (t, s)

x21 f (t, s) x22

]
for all X =

[
x11 x12
x21 x22

]
∈ M2,

where

f (t, s) =
pe−Γ(t) + (1 − p)e−A(t)

pe−Γ(s) + (1 − p)e−A(s) .

Then Θt = Et,sΘs, where Et,s is a quantum channel, since 0 < f (t, s) ≤ 1. So, the convex
combination Θ of Λ and Φ is also Markovian.

The following example shows that the set of all non-Markovian quantum dynamics
is not convex.

Example 3.6. For any initial state ρ ∈ D(C2), define the quantum dynamics Λ = {Λt}t≥0
as follows:

Λt(ρ) = p(t)ρ + {1 − p(t)}
I
2
, (3.5)

where 0 < p(t) ≤ 1 and I is the 2 × 2 identity matrix. The master equation
corresponding to equation (3.5) is

ρ̇(t) =

3∑
i=1

−
ṗ(t)

4p(t)
{σiρ(t)σi − ρ(t)}, t ≥ 0,

where σi are Pauli matrices (see equation (3.1)). From Example 2.5(4), we know that
the quantum dynamics Λ is Markovian if and only if for any t ≥ 0, ṗ(t) ≤ 0 [8].

Consider

p(1)(t) =



e−t/20, 0 ≤ t ≤ 2.5,(
t −

5
2
−

e−1/8

40

)2
−

e−1/4

1600
+ e−1/8, 2.5 < t ≤ 2.5 +

e−1/8

20
,

−

(
t −

5
2
−

3e−1/8

40

)2
+

e−1/4

1600
+ e−1/8, 2.5 +

e−1/8

20
< t ≤ 2.5 +

e−1/8

10
,

e−(1/20){t−(e−1/8/10)}, t > 2.5 +
e−1/8

10
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and

p(2)(t) =



e−t, 0 ≤ t ≤ 5,(
t − 5 −

e−5

2

)2
+ e−5 −

e−10

4
, 5 < t ≤ 5 + e−5,

−

(
t −

3
2

e−5 − 5
)2

+
e−10

4
+ e−5, 5 + e−5 < t ≤ 5 + 2e−5,

e−(t−2e−5), t > 5 + 2e−5.

Then, for all t ≥ 0, p(1)(t) ∈ (0, 1] and p(2)(t) ∈ (0, 1]. Let

Λ
(1)
t (ρ) = p(1)(t)ρ + {1 − p(1)(t)}

I
2
, Λ

(2)
t (ρ) = p(2)(t)ρ + {1 − p(2)(t)}

I
2
.

Note that when t ∈ (5/2 + e−1/8/40, 5/2 + 3e−1/8/40), ṗ(1)(t) > 0 and, when t ∈ (5 +

e−5/2, 5 + 3e−5/2), ṗ(2)(t) > 0. Thus, both Λ(1) = {Λ
(1)
t }t≥0 and Λ(2) = {Λ

(2)
t }t≥0 are non-

Markovian.
Let Φt = (1/2)[Λ(1)

t + Λ
(2)
t ] and denote Φ = {Φt}t≥0; then

Φt(ρ) =
1
2

[p(1)(t) + p(2)(t)](ρ) +
1
2

[{1 − p(1)(t)} + {1 − p(2)(t)}]
I
2
.

Observe that for all t ≥ 0, ṗ(1)(t) + ṗ(2)(t) < 0, so the convex combination Φ of the two
non-Markovian quantum dynamics Λ(1) and Λ(2) is Markovian.

4. Witness of non-Markovian quantum dynamics

In this section, we introduce a witness of non-Markovian quantum dynamics by
exploiting the correlation flow between a system and an arbitrary ancillary. Recall
that quantum mutual information of a bipartite state σ of the system AB described by
H ⊗H is

I(σ) = S (σa) + S (σb) − S (σ),

whereσa = trBσ,σ
b = trAσ are the reduced states ofσ and S (X) = −trX log2 X denotes

the von Neumann entropy of a density operator X [14].
Let Λ = {Λt}t≥0 be a Markovian quantum dynamics ofH . Then, for each (t, s) with

0 ≤ s < t, there exists a quantum channel Vt,s on B(H) such that Λt = Vt,sΛs. From the
monotonicity of the quantum mutual information under local operations, we have for
each bipartite state σ of the system AB and 0 ≤ s < t < +∞,

Fσ(s, t) = I((Λt ⊗ Λs)σ)
= I((Vt,sΛs ⊗ Λs)σ)
= I((Vt,s ⊗ 1)(Λs ⊗ Λs)σ)
≤ I((Λs ⊗ Λs)σ)
= Fσ(s, s).

This observation leads to the following result.
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Proposition 4.1. For a quantum dynamics Λ = {Λt}t≥0 of H , if there exists a bipartite
state σ of the system AB such that Fσ(s, t) > Fσ(s, s) for some parameters s and t with
0 ≤ s < t < +∞, then Λ is non-Markovian.

We call such a state σ in Proposition 4.1 a witness of non-Markovianity of Λ.

Example 4.2. Consider the quantum dynamics Λ = {Λt}t≥0 with ρ(t) = Λt(ρ) satisfying

d
dt
ρ(t) =

1
2
γ(t){σzρ(t)σz − ρ(t)}.

It has been shown in Example 2.6 that when γ(t) is continuous on [0, +∞), Λ is
Markovian if and only if γ(t) ≥ 0 for all t ≥ 0.

Assume that γ(t) is continuous on [0,+∞) and γ(t0) < 0 for some t0 ∈ [0,+∞). We
prove that the state

σ = 1
2 (|00〉 + |11〉)(〈00| + 〈11|)

is a witness of non-Markovianity of Λ. From the continuity of γ, we see that
there exists a positive number δ such that γ(t) < 0 for any t ∈ [t0, t0 + δ] and so
Γ(t0 + δ) < Γ(t0). By computation,

σt0+δ,t0 = (Λt0+δ ⊗ Λt0 )σ =
1
2


1 0 0 e−Γ(t0+δ)−Γ(t0)

0 0 0 0
0 0 0 0

e−Γ(t0+δ)−Γ(t0) 0 0 1

 ,

σt0,t0 = (Λt0 ⊗ Λt0 )σ =
1
2


1 0 0 e−2Γ(t0)

0 0 0 0
0 0 0 0

e−2Γ(t0) 0 0 1


and

σa
t0+δ,t0 = σb

t0+δ,t0 =
1
2

[
1 0
0 1

]
, σa

t0,t0 = σb
t0,t0 =

1
2

[
1 0
0 1

]
.

Therefore,

Fσ(t0, t0 + δ) − Fσ(t0, t0) = I((Λt0+δ ⊗Λt0 )σ) − I((Λt0 ⊗Λt0 )σ) = S (σt0,t0 ) − S (σt0+δ,t0 ).

Let
p = 1

2 −
1
2 e−Γ(t0)−Γ(t0+δ) and q = 1

2 −
1
2 e−2Γ(t0).

Then 0 < p < q < 0.5 and

S (σt0+δ,t0 ) = −p log2 p − (1 − p) log2(1 − p),
S (σt0,t0 ) = −q log2 q − (1 − q) log2(1 − q).

Since f (x) = −x log2 x − (1 − x) log2(1 − x) is strictly increasing on [0, 0.5],

S (σt0+δ,t0 ) = f (p) < f (q) = S (σt0,t0 )

and so Fσ(t0, t0 + δ) − Fσ(t0, t0) > 0. Thus, in this case, σ is a witness of non-
Markovianity of Λ.
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5. Summary

Although the set of all Markovian quantum dynamics is not convex, there exist
nontrivial examples (such as Proposition 3.2(3) and Example 3.6) which show that the
convex combination of two Markovian quantum dynamics may be still Markovian.
Therefore, finding the convex subset which consists of certain Markovian quantum
dynamics is interesting and challenging. Besides the witness we have proposed, which
is based on a necessary condition of Markovianity, other witnesses can be introduced
according to different understandings of non-Markovianity, so as to enrich the criteria
for non-Markovianity in quantum dynamics.
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