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( rece ived M a r c h 15, 1969) 

Let K and K be equat ional c l a s s e s of a l g e b r a s of the s a m e 

2 
type . The s m a l l e s t equat ional c l a s s K containing K and K is 
the jo in of K and K ; in notat ion, K = K V K, . The d i r e c t p roduc t 

0 1 0 1 
K X K is the c l a s s of a l l a l g e b r a s G which a r e i s o m o r p h i c to an 

a lgeb ra of the f o r m G^ X G, , G^ e K , G. e Kt . Na tura l ly , 
0 1 0 0 1 1 

K^ X K, C K^ V K . Our f i r s t t h e o r e m s t a t e s a v e r y s imp le condi t ion 
0 1 — 0 1 

under which Kn X K = K v K ( , and an addi t ional condi t ion under 
0 1 0 1 

which the r e p r e s e n t a t i o n G = G X G is unique . 

Let us ca l l K and K independent if t h e r e ex i s t s a b i n a r y 

po lynomia l symbol £ such that the identi ty £ = x. holds in 

K. , i = 0 , 1 . 
l 

THEOREM 1. Let K and K be independent . Then 
0 1 

K X K = K V K . If, in addit ion, each a lgeb ra G e K V K has 
0 1 0 1 — Q 0 1 

a m o d u l a r congruence l a t t i ce , then each G £ K V K has , up to 

i s o m o r p h i s m , a unique r e p r e s e n t a t i o n G = G^ X G. , G^ e K^ , G, G K. . 
0 1 0 0 1 1 

R e m a r k . Many s p e c i a l c a s e s of this t h e o r e m can be found in 
the l i t e r a t u r e ; for example , s ee A. L . F o s t e r [4] and A. Ast romoff [1]; 
a s p e c i a l c a s e of the f i r s t s t a t e m e n t of this t h e o r e m was obse rved 
independent ly by P . Ke lenson [7] , 

1 . The work of a l l t h r e e au tho r s was suppor ted by the Nat ional 
R e s e a r c h Council of Canada . 

2 . F o r the concep t s and nota t ions see [5] . 

Canad. Math . Bu l l . vo l . 12, no . 6 , 1969 

7 4 1 

https://doi.org/10.4153/CMB-1969-095-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-095-x


As an i l l u s t r a t i o n of independence , we p r e s e n t an e x a m p l e quite 
d i f ferent f rom those in the l i t e r a t u r e . The equat iona l c l a s s e s K and 

K a r e of type ^ 2 , 2 ^ . Let K c o n s i s t of a l l a l g e b r a s ^G; f , f > 

w h e r e G is a g roup , f ( x , y ) = x y , and f ( x , y ) = xy" . Le t K 

cons i s t of a l l a l g e b r a s < L; f , f > w h e r e L is a l a t t i ce , fn(x , y) = x V y 

and f (x , y) = x A y . The po lynomia l symbol 2. = _f, ( ^ ( ^ . Q > X| ) '2Li ) 

e s t a b l i s h e s the independence of K and K, . 
0 1 

Proof of T h e o r e m 1. Let G <E K. V K , and let ©. denote the 
0 1 l 

s m a l l e s t congruence r e l a t i o n on G such that G/©. e K. , i = 0 , 1 . Then 

G/© V © £ K. A K , and so sa t i s f i e s x^ = p = x : hence 
' o i o i — o - ^ — i 
0 1 

3 

We c l a i m that a = a i (®n^ i f a n d ° n l y i f p ^ a 0 ' a l ^ = a l ' I n d e e d > 

if P ( a 0 > a i ) = & 1 then [ a o ] © 0 = p([a Q ]© 0 , [ a ^ ) = [ a ^ © ^ hence 

a = a (© ). Let § be the r e l a t i o n defined by a = a {$ ) if and 

only if p(a , a ) = a . To show that ' © = cf> it suff ices to show that § 
is a congruence r e l a t i o n . Reflexivi ty , s y m m e t r y , t r a n s i t i v i t y , and 
the subs t i tu t ion p r o p e r t y for the o p e r a t i o n f follow f r o m the ident i t ies: ; 

_p_(x, x) = x » 

£(p(2E >l) » x) = x , 

£ ( x , £ ( ï , z ) ) = £ (£ (x»^) - *)> 

£ ( l ( x 0 ' % - . . ) , L&o'l^ ••-» = K£fe0^0)> E ^ . ^ ) - - - ) -

Since t h e s e iden t i t i e s c l e a r l y hold in K and K , they hold in K V K 

thus ©0 = § 0 • S imi l a r l y , a = a (© ) if and only if p(a , a ) = a . 

Consequent ly , if a^ = a (®rt A ®) then a^ = a , ( © . ) : hence 
U 1 0 1 O l i 

p(a , a ) = a . , and so art = a, , e s t ab l i sh ing ®rt A © = co . Now 
O l i 0 1 0 1 

let a = b ( @ Q ) , b = c ( © 1 ) ; then a = p(c , a) ( 0 ) , p(c , a) = c(© ) , and 

so ® 0 and © p e r m u t e . Thus ( see e . g . [ 5 , T h e o r e m 1 9 . 3 ]) 

G = G/©0 X G/e>± , a / © 0 e K Q , G/©d € Kd , ver i fy ing the f i r s t 

s t a t e m e n t of the t h e o r e m . 

3 . This idea can be t r a c e d to N. K i m u r a [8], [9], s e e a l so C. C. Chang, 
B . Jonsson , and A. T a r s k i [2 ] . 
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Now let G have a m o d u l a r congruence la t t i ce , G = Gn X G , 

Go € K o ' G i e K i • T h e n Go = G /*o ' G i - G / $ I ' w h e r e $ o A $ i = u ' 
$ V $ = i , and <$ , $ p e r m u t e . B e c a u s e of the m i n i m a l p r o p e r t y 

of ®. , $. > ®. , i = 0 , 1 , and so by modu la r i t y £ = £ A (©„ V ©, ) 
l x i — l *0 0 0 1 

= ®^ V ($„ A ®. ) = ®„ , and $ , = ©, , comple t ing the proof of the 
0 0 1 0 M 1 

t h e o r e m . 

Does K^ V K, = rC X K, imply that K^ and K , a r e independent? 
0 1 0 1 0 1 

T r i v i a l examples show that this is not the c a s e . Let C denote the 
P 

equat ional c l a s s of Abel ian g r o u p s satisfying px = 0 . Set K = C V C , 

K = C V C . Then K V K = K X K ; but K and K a r e not 

independent , b e c a u s e the m e e t K A K of two independent c l a s s e s can 

conta in one -e lement a l g e b r a s o n l y , while K A K in this example is 

C . However , we can p rove the following t h e o r e m . 

THEOREM 2. Let K„ A K cons i s t of one-e lement a l g e b r a s only 
0 1 * 

and let eve ry G e K . V K have a modu la r congruence l a t t i ce . Then 
0 1 

K V K = K X K if and only if K and K a r e independent . 

Proof . T h e o r e m 1 conta ins the "if" p a r t . Now let K V K = K X K < 
^ 0 1 0 1 

Let J? be the f r ee a l g e b r a over K V K with two g e n e r a t o r s x and x . 

It follows f rom the a s s u m p t i o n s that J? = 37$n X gf/§ , w h e r e &/§. e K. , 

i = 0 , 1 . Now let ® and ® be defined as in the proof of T h e o r e m 1. 

Then © < $ , © . < § , > and © V ® = t as b e f o r e . Now take 

3»/© A © ; s ince eve ry h o m o m o r p h i s m of $ to an G. e K. f ac to r s 

th rough 5/©o A ©1 , and eve ry a l g e b r a in KQ V K^ is i s o m o r p h i c 

to an a lgeb ra of the fo rm Grt X G, (G. e K. , i = 0 , 1 ) , we conclude that 
0 1 l l 

3*/©^ A ©, a l so is f r ee over K on two g e n e r a t o r s . Hence ©^ A ©, = co, 
0 1 ° 0 1 

and ©. = §. follows by m o d u l a r i t y . Thus 3 = 3/© 0 X #/© , and #/©. 

i i 
i s the f r e e a lgeb ra over K. genera ted by, say, x n , x* (i = 0> 1)> w h e r e 

0 1 
x . c o r r e s p o n d s to <x. , x . > under this i s o m o r p h i s m (j = 0 , 1 ) . Let 

_£_ be a po lynomia l symbol that r e p r e s e n t s an e l emen t of $ c o r r e s p o n d i n g 
0 1 

to < x , x y under the above i s o m o r p h i s m . Then p(x , x ) = x . (®. ) , 

i = 0 , 1 ; hence JD e s t a b l i s h e s the independence of K and K , 

comple t ing the proof of T h e o r e m 2 . 
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It should be noted that the independence of K and K means 

that the polynomials of K and K can be arbi trari ly "paired". In 

other words, if p. is a polynomial on K. , i = 0 , 1 , then there is 

a polynomial p on K V K acting as p. on K. (i = 0,1) . This 
0 1 l l 

implies that every "Mal'cev type condition" (see [6]) shared by K 

and K holds for K V K , provided K and K are independent. 
1 0 1 0 1 

By A. Day [3], modularity of congruence lattices is of Mal'cev type. 
Hence in the second statement of Theorem 1 the condition "every 
G £ K V K has a modular congruence latt ice" can be replaced by 

"every G in K or K has a modular congruence lat t ice". 
0 1 
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