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1. Introduction
A real matrix is called non-negative {positive) if all its entries are non-negative

(positive). Two matrices A and B are said to be cogredient if there exists a
permutation matrix Q such that QA Q7 = B. A square non-negative matrix is
called reducible if it is cogredient to a matrix of the form

L
'x
.0 Y.

where the blocks X and Y are square. Otherwise it is called irreducible.
Frobenius (1) proved inter alia (see Section 3 below) that an irreducible

matrix is cogredient to a matrix in the form

0 Al2 0
0 0 A23

0
0

0
0

(1)

0 0 . . . . 0 Ah.ul

Ahl 0 . . . . 0 0

where the zero blocks along the main diagonal are square and h is the index of
imprimitivity of A, i.e. the number of eigenvalues of A of maximal modulus
(see Lemma 1 (c) in Section 3 below).

Mirsky (5) showed that if A12, A23, ..., Ahl are any complex m-square
matrices (here h is an arbitrary positive integer) and the eigenvalues of the
product Al2A23...Ahl are co1, ..., com, then the eigenvalues of the Am-square
matrix in the form (1) with the Aii+1 in the indicated superdiagonal positions
consist of all the Ath roots of cou ..., com (a hth root of zero being counted h
times).

In this paper I extend Mirsky's result to all complex matrices in the form (1)
where the superdiagonal blocks Al2, ..., Ahl are not necessarily square, and I
use this theorem to gain new information about the structure of irreducible
matrices and their spectra.

t This research was supported by the Air Force Office of Scientific Research under Grant
AFOSR-72-2164.
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2. Main results
Theorem 1. Let A be an n-square complex matrix in the superdiagonal block

form

0 Al2 0
0 0 A23

0
0

0
0

0 0
0

0
0 0

(2)

where the zero blocks along the main diagonal are square. Let mu ..., com be
the non-zero eigenvalues of the product A12A23...Akl. Then the spectrum of A
consists ofn—km zeros and the km Ath roots of the numbers wu ..., com.

In order to exploit significantly Theorem 1 via the result of Frobenius to the
case of irreducible non-negative matrices, we establish the following two auxiliary
theorems which may be of interest in themselves.

Theorem 2. Let Bu ...,BS and Cj, ...,C,be irreducible non-negative matrices.
The direct sums

and

G= £ • Bt
i = 1

H = Y: C:

are cogredient if and only if s = t and there exists a permutation a such that B-,
and Cff(l) are cogredient for i = 1, ..., s.

Theorem 3. If A is an irreducible non-negative matrix and if Ak is cogredient
to a direct sum of irreducible matrices Cu ..., Ck, then k divides the index of
imprimitivity of A, and all the Ct have the same non-zero eigenvalues.

By an application of the above theorems we obtain the following result.
Theorem 4. Let A be an irreducible non-negative n-square matrix and suppose

that Ak is cogredient to a direct sum of irreducible matrices Cu ..., Ck. If the non-
zero eigenvalues of C t are co1, ..., <om, then the spectrum of A consists ofn — km
zeros and the km kth roots ofco1, ..., com.

3. Preliminaries
Some known results are first stated for reference purposes.
Lemma 1 (Frobenius (1)). If A is an irreducible non-negative matrix, then:

(a) A has a real simple positive eigenvalue r which is greater than or equal
to the moduli of its other eigenvalues (the number r is called the maximal
eigenvalue of A);
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(b) there exists a positive eigenvector corresponding to r;
(c) if A has h eigenvalues of modulus r, then these are the distinct roots of

Xh—rh = 0 (the number h is called the index of imprimitivity of A. If
h = 1, then A is said to be primitive);

(d) A is cogredient to a matrix in the form (1).

Lemma 2. If A is a complex matrix in the form (2), then

i = I

where B, = Att + lAt + lit+2...At-iit, t = 1, ..., k.

Lemma 3 (Sylvester (6)). All the matrices B, defined in Lemma 2 have\the
same nonzero eigenvalues.

Lemma 4 (Mine (4)). Let A be an irreducible non-negative matrix with index
of imprimitivity h. Then A is cogredient to a matrix in the form (2) with k non-
zero blocks in the superdiagonal if and only ifk divides h.

Lemma 5 (Mine (4)). JfA is an irreducible non-negative matrix in the form (2)
with k non-zero blocks in the superdiagonal, then

Ak= T Bt,
t = I

where the blocks B, = A,,+ 1At+ltt+2---At-1>t are irreducible.

The last auxiliary result is an extension to complex matrices of a theorem of
Frobenius (1) on non-negative matrices.

Lemma 6. Let Abe a complex nxn matrix in the form (2), and let

where the coefficients b, are non-zero, be the characteristic polynomial of A.
Then k divides n — m,for all t.

Proof of Lemma 6. Let p(k, M) denote the characteristic polynomial of M.
Suppose that A is in the form (2), where the block A,3,+1 is n,xnt+1, t = I,...,
n— 1, and Akl is nkxnlt and let

D = , ? ; < " -
where 6 = exp (2nilk). Then

D~XAD = QA,
and therefore

D
so that

p(fik, A) = Pp(X, A).
Hence

enl"+£ bt6
m'Xm' = 0 T + £ bte

nXm',
t t

i.e.
6m' = 0"

E.M.S.—19/3—Q
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for all /. Thus
exp (2ni(n-m,)/k) = 1

for all t. The result follows.

4. Proofs

Proof of Theorem 1. The proof is similar to that of Mirsky's theorem (5).
By Lemma 3, the spectrum of Ak consists of the numbers co^ ..., com, each counted
k times, and rt — km zeros. Thus

X-km ^{k-cojf, (3)

and therefore

where

<KX) = £ ctk'.
t = i

By Lemma 6, a coefficient c, must vanish unless k divides

= kni—t.

It follows that ct = 0 whenever k does not divide t. In other words, <j>(X) is a
polynomial in Xk:

= n (A*-«
1 = 1

for some numbers £lt ..., fm. Hence
p(A,A) = r-km f[ (Xk~Q

I

where 0 = exp (2ni/k) and f,1/k denotes any fixed kth root of £,. Therefore the
characteristic polynomial of Ak is

p a ^ t ) = A"-t'nn(A-C()
fc. (5)

t = I

Comparing (3) and (5) it can be concluded that the numbers £D •••> Cm a re the
same as the numbers cou ..., com, in some order. Thus the characteristic equation
(4) of A reads

p(k, A) = X"-krn [I W-a^O,

and the theorem is established.

Proof of Theorem 2. The sufficiency of the conditions is quite obvious. To
prove the necessity let P be a permutation matrix such that

PTGP = H
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and let T be the permutation corresponding to P, so that the (/, j) entry of G is
permuted into the (x(i), TO')) position of H = PTGP. For brevity the notation I
is used in place of T(J). Denote by A\jilt ..., na | v1; ..., v j the submatrix of A
lying in rows numbered fiu ..., \ia and columns numbered vl9 ..., vb; the rows
Hu ..., na of A (and the columns v1( ..., Vj,) are said to intersect the submatrix.
Now suppose that for some v, 1 ^ v ^ t,

Cv — H[au ..., ap, Pp+i, ..., /?, | a,, ..., ap, /5P + 1 , ..., /?,],

and that rows and columns au ..., ap of G intersect block Bu but none of rows
nor columns Pp+1, ..., Pq of G intersect Bu. However, the only non-zero entries
in the rows alt ..., ap of G are in the columns alt ..., ap. Thus

and therefore

But this would imply that CB is reducible. Hence the supposition is impossible,
and each of the Cj can intersect only rows and columns corresponding to rows

t s

and columns that intersect a single 5 f . Since £ ' Ct and £ ' B, are cogredient,

the result follows.
Proof of Theorem 3. It is first shown that k must divide the index of im-

primitivity hoi A. Let r be the maximal eigenvalue of A and let x be a positive
eigenvector corresponding to r. Then x is an eigenvector of Ak corresponding

k

to rk. Now, Ak is cogredient to £" C, and therefore rk is an eigenvalue (clearly
t = i

of maximal modulus) of each Ct. Since the C, are irreducible, the eigenvalue rk

is simple and therefore Ak has exactly k eigenvalues equal to r*. But Lemma
1 (c) implies that there are d = gcd (h, k) such eigenvalues. Hence d = k and
thus k divides h.

It now follows from Lemma 4 in conjunction with Lemma 2 and Lemma 3
that Ak is cogredient to

where the B, are irreducible and all the B, have the same non-zero eigenvalues.
k k

But then £ ' J5, and J]" C, are cogredient, and all the B, and all the C, are
< = I r = i

irreducible. Thus by Theorem 2 the Blt ..., Bk are cogredient to the Q , ..., Ck,
in some order, and the result follows.

Proof of Theorem 4. By Theorem 3, k divides the index of imprimitivity of A,
and thus by Lemma 4, the matrix A is cogredient to a matrix in the form (2)
with blocks A12, A2i, ..., Akl in the superdiagonal. Then Ak is cogredient to

k

£ ' Bt, where Bt = A,-t+1At+Ul+2...At^Ut, t = 1, ..., k, and all the B, have
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the same non-zero eigenvalues. Hence by Theorem 2 and Theorem 3, the
matrices By and C\ have the same non-zero eigenvalues. The result now follows
by virtue of Theorem 1.
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