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ON TOPOLOGIES IN A TOPOS

JAVAD TAVAKOLI

Johnstone and Pare have each given a way of constructing the largest topology
allowing a given object to be a sheaf. In this paper we use the notion of a partial
map to construct such a topology in a simple way.

Throughout this paper, E denotes an elementary topos. The preliminaries and
other notation can be found in [1].

PRELIMINARIES

A topology (Lawvere-Tierney) in £ is a morphism j : O —> fl such that

n

n ° n ( i x ( i A , n

commute. We write J i—> fl for the subobject classified by j . Since every topology in
E is a closure operator on E, we say XQ I—> X is j-dense (j-closed) if j 'X0 = Xo =

— Xo = Xo) . An object F £ £ is a j-sheaf if for every j-dense Xo i-̂ -> X and

every Xo —> F there exists a unique X ——y F such that fcr = f. If F € E, then all

partial maps with codomain F are represent able, that is, there is a mono F \—> F such

that for every YQ I—> Y" and Yo > F , there exists a unique Y > F making
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a pullback diagram.

Let I be an object in E and let X-^>Y be in E/I. We define (see [3]) Iso(f) to
be a subobject of / with the following property: VJ G E, VJ—>J, a factors through
7so(/) •<=>• / is an isomorphism in E/J.

LEMMA 1. Let F be an object and ft-^ft a topology in E. Then F is a j-sheaf
if and only if

F —^—> F
(*)

I I '
J > ft

is a pullback, where <p and j are the ciaracteristic morphisms of F and J, respectively.

PROOF: Let F be a j-sheaf and T an object of E. Let a € F, fi 6 J be two
T-elements, such that y>a = T/3, then there exists a j-dense TQ>-—*T such that

Too
1

is a pullback diagram. However, JF is a sheaf, therefore there exists a unique T-element
~y (z A such that 77-y = a. Hence, the required diagram is a pullback.

Conversely, assume that (*) is a pullback and Xo<-—+X is j-dense. If Xo—>F,

then there exists a unique X—>F making

1
F - ^ F

a pullback diagram. However XQ\-—*X is j -dense, therefore the characteristic morphism

of a factors through J, that is we have X—*J such that (pf = rg. Therefore there

exists a unique X—>F such that ha — f. Hence F is a j'-sheaf. U

Now, for the identity morphism I F and Fi-^Sl x F, there exists a unique

x F-UF such that
IF

> F
P.B.

J.
ft xF
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is a pullback diagram. If <p is the characteristic morphism for 77, then ip-y: fl x F—>fi
is the projection. Hence D*F-^-np is a morphism in E/U and therefore Iso(y) is a
subobject of fi. We characterise the elements of J = Iso(-y) as follows.

LEMMA 2 . Let X be in E and let X-^Sl represent a subobject of X. Then a

factors through J if and only if

axF -v ~

X xF > nxF -——> F

n
is a pullback.

PROOF: By the definition of J , a factors through J if and only if

X*F^a*Ct*F^Ua*<p

which is equivalent to the condition that the required diagram is a pullback.

LEMMA 3 . Let J = Iso(-y) be the above-mentioned object. Then
factors through J and the diagram

F —V—* F
(*)

I I-
j > n

is a pullback.

PROOF: The following diagram is a pullback.

FxF —^ F ——> F

IP.B. I v

F —T—• 1 —1-» n
However, tyx = 7(̂ 77 X F) and tr = (prj. Therefore, by Lemma 2 <pn factors through
J, that is (*) commutes.

Let X—*F, X-—yJ be two morphisms, such that tpf = a. Since a factors
through J then by Lemma 2,

7(axF) ~

X x F > F

'I I*
ax > n
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is a pullback. Therefore there exists a unique X—>F such that ~f(a,f) = f. On the
other hand, if Xo>—>X is classified by a, then we have,

fa = -y(a,f)a = 7(00-, fa) = j(t, fa)

Therefore, by the uniqueness of / , / = rjg and hence (*) is a pullback. U

THEOREM 4 . Let F be an object in E and let Iso(j) = J\—>ft be the same

subobject as above. If ft—>ft is the characteristic morphism of J, then j is a topology

in E.

PROOF: Since

ft

is a pullback then, by Lemma 3, the truth value factors through J, that is jt — t.

Suppose factors through J. If a classifies the subobject , and Y—*X

is a morphism, then we show that Y—>ft, the characteristic morphism of f*Xo*——*Yy

factors through J.

Consider

Y xF -"s F

(**).

Y

(*)

In this diagram, by assumption, (•) is a pullback. However, <xf = /?, so the two
triangles are commutative. Also (••) is a pullback therefore

Y xF

'I
r

F

I-
a
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is a pullback, that is /? factors through J. Hence J is stable under pullbacks. It
remains to show that j 2 = j . Consider the diagram

K ——* J > 1

[p.B. [p.B. [t

n > n • n.

We will show that K ^ J. Let X-^J be an X-element of J. Then ja = t so
jja = jt = t. Therefore, a is an X-element of K. Conversely, suppose X—*K is an
X-element of K, then ia = ja E J. Therefore, by Lemma 2,

XxF *

-I
x > n > r>

is a pullback. On the other hand j(p = ip, because

F > J > 1
V[PB-
F ——-» n —i-» n

is a pullback. Also, by Lemma 3, J x F = F hence f{j x F) = j and 7(ja x F) -
7(a x F) . Therefore,

XxF — >̂ F

•1 I'
ax > n

is a pullback diagram, that is a G J. Hence K = J, that is j 2 = j , and j is a
topology. D

THEOREM 5 . Let j be the topology of Theorem 4. Then F is a j-sheaf and j
is the largest topology allowing F to be a sheaf.

PROOF: By Lemmas 1 and 3, F is a j-sheaf. Now suppose that Xo*—*X is a

subobject of X with characteristic morphism X-^-*Q. Let XQ—>F be a morphism.
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Then / can be extended uniquely to X if and only if

X x F —

•I
is a pullback, that is if and only if a factors through J. Or equivalently if and only if
a is j-dense. Therefore j is the largest topology. D
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