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ON A CONJECTURE OF LITTLEWOOD IN

DIOPHANTINE APPROXIMATIONS

S. KRASS

A conjecture of Littlewood states that for arbitrary

x = (x, . , . . . ,x ) e IK . n t 2. and any e > 0 there exist
— I n

n
mn ^ 0> m1,...im so that \mn JT (m x.-m.)\ < E. In this

p a p e r we show t h i s c o n j e c t u r e h o l d s f o r a l l 5 = ( £ , « . . - / C )

s u c h t h a t ls C , J . . . J C i s a r a t i o n a l b a s i s o f a r e a l a l g e b r a i c
1 n

number field of degree n+1.

1. Introduction

In a paper by Cassels and Swinnerton-Dyer in 1955, [2] they show

that if 1} a13 a0 i s a basis (over OR) of a real cubic number field,

then, for any e > 0, there exist integers mn ^ 03 mn, m. such that

This result reinforces (but of course does not prove) for n = 2

a conjecture by Littlewood that for arbitrary x = (x-y...3x) e [R ,

n >_2y and any e > 0 there ex i s t s m = (m^m , ...3m ) e TL with

mQ / 0 such that
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n
\mn II (mnx,-m.) I < e.0 0 % % '
mn II

0 i=l 0 % % '

In this paper we extend the Cassels, Swinnerton-Dyer result from

n - 2 to a l l n >_ 2. That i s to say if E, = CC?J. . . , £ ) with

1, Zj' • • ••> £M
 a basis of F , a real number field of degree n + 1, then,

for any e > 0, there exis ts m_ e TL , m. ^ 0 such that

If M is a ful l 2-module in f, R(M) denotes the coefficient

ring of M. Namely

= {a e F ; aMf M}.

We wil l f i r s t need to prove the following lemma concerning units, in

which may be of independent interest.

LEMMA. U is a full Z-module in F a real (algebraic) number field

of degree n+1 and &(M) the coefficient ring of M. For all

a = oip , e Fj a . , j = 0,. .. ,n denote the conjugates of a ordered so

that a^-j £ Hi, J = 0,...,n-2s, o.^ = "a" + . e (C, j = n-2s+ls .. ., n-s

where s is the number of pairs of complex conjugates. Then there exists

an infinite sequence r = (y, e R(M), k = 1, 2, .. . ) with each y-, a

unit in R(M such that

(i) l™jklj-/ykln-s-]=1> J=h..-,n-B-l (with

(ii) Vim y.
k -»- •» "

2 . Proof of Lemma

By a theorem of Dirichlet the (multiplicative) group of units in

i s generated by n-S independent units, [ ? , p . 112] . Let

(5., i = l,...1n-s be n-s independent units in flfMJ- For e > 0 i t

i s clear that the system of inequalities
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(2.1) | y x

tr — X

has i n f i n i t e l y many ( in teger) so lu t i ons x_ = V_ = (vn, .. .,V )e u.

Let Ej, > 0, k = 1,2, .. . with lim e, = 0 and l e t

.fc -+ 0

IV = (V-,-., . .. ,H, ) e 7L be an integer solution of (2.1) for

e = £j^ /c = 1,2,.... Then writing
(2.2) ^ = II 6 / , k = 1,2,3,...

we have by construction

(2.3) U m ^ \ i > k U 1 / \ L n _ s l \ = 1 , 3 = l,...,n-s-l.

/_ j 2vx
Now we will write for a l l k (with e(x) = e )

* e ^

2
Since ^ry-i e FRj J = 0J...JM-2S, replacing 6^ by 6 . , i = 1, . . . ,n,

if necessary, we may assume without loss of generality.

(2.4) 6fej. = 0, j = 0,...,n-2s.

Now the infinite set of "amplitude" vectors

must contain at least one limit point $_= ($ 0 ,«....,$ )

say, wi th - "5" .5. <f> • _S "5" .> 3 = n-2s+l, . . . ,n-s.
Ci j Z

If ^ = Oj then Y, = iK sat isf ies (i) of the lemma. So we suppose

^ / 0. We may then choose an infinite subsequence of the I/J,

o = i i , . v = 1.2... .
P \ > P

such that

Finally we put
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yk = Pk+1/Pk •

Writing y ^ = h ^ e(^) it is clear that

Urn $, . = 0 3 j = n - 2s + 13. ..3n-s.
k •+

kj

Of c o u r s e $, . = 0 , j = 0,...3n-2s b y ( 2 . 4 ) .
KQ

Then we only need observe that, for Q = 13 . . . 3n-s-l,

to see that y.3 k = 1323... sat isf ies (i) of the lemma.

Now the (homogeneous) simultaneous equation system

n-s

has at least one of the (n-s-1) x (n-s-1) submatrices of i ts coefficient

matrix non—singular (since the regulator is non zero). So the solution

set of (2.5) is the line, L, where

L = {Xy_ : £ FR , and ẑ  ̂  Oj y_ e m i s a solution of (2.5)}.

The s e t

<2fc e ln~S : yk = J T 3 ^ V
 3 k = 1323...}

yi _ r*

i s a subset of solutions â  e Ti. satisfying (2.1) and the elements are

la t t ice points lying "near" the line L.

Suppose for the present II $.V ^ 1. Observe both x_= U.

n-s u .
and x_= -y_ sat isfy (2.5). Hence we may choose y_ with II 3^ > 1.

Then for any J > 0 there exis ts V. near \y_ for some X > J,

establ ishing ( i i ) of the lemma. So we need only show

n-s y.

(2.6) TT 3 - f 1, any y_ ̂  £, y_ a solution to (2.5).

n-s y.
Suppose TT B- = I. Then i t follows easily that there exist solutions
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_ n-s v.
x = V e 7Ln~S t o C D s u c h t h a t l e i = I T T $ ^ \~1 and | e r , , | s . . . = | e r , |

• _-, t' LJJ \_n—S J
I' -i

where "z" denotes equality up to any arbitrarily small fixed error.

n
B u t i 9 [ n 2 S + j ] l = i e C n s + j ] l J * -1'--"* « < * * = J T l e

[ ; - ] l * s o

n-s j / ^
JT 3 . = 1 =* there exist i r r a t iona l units 9 with a l l conjugates
i=l %

arbitrarily near the unit circle. But this is impossible, see [3, p.137].

So (2.6) is established proving the lemma.

The following results follow trivially.

COROLLARY 1. The lemma holds with (i) replaced by

COROLLARY 2. Both the lemma and Corollary 1 hold with

(ii) replaced by

(ii') lim y, = 0 .
k ->• °°

3. Theorem

Let £ = (g ,...,£, ) so that 1, ^ is a basis of ¥ a real

number field of degree n+1. Then for any e > 0 there exist integers

m ^ 0, m j . . . ,m so that

n

Proof. Let C- = 1 and E . = (£ . ) r . n , i , j = 0 , . . . ,M
" L^JJ J [^]

with conjugates ordered by the convention in the lemma. A i s the matrix

A = (£r .-. . : i.,,7 = 0, . .. ,n) .

I t i s well-known tha t cfet A ^ 0. So we may define

U = I'M. . : £,,7 = 0, . . .., n>) = A~ .

By the row conjugate s t ruc tu re of A we have
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and « „ = (u^

Thus u
nn> • • • •>u Q i s a base of the fu l l Z-module

M = {m.u. = ,n+l.

i=0
m.u.. : m = (m^, .. .,m ) e TL }

% %0 — (r n

We have used the notation

u. = (u .,...,u .) = j-th column of U, j = 0,...,n.

By Corollary 1 there exists a sequence of units

r = (yk e fo(W, k = 1,2,. .. ) such that

(3.1) lim y^ .Jy^ = 1, j = l,...,n; and lim y, = <» .

For convenience, noting u n ^ 0, u e. M , we write

0.

Clearly y, u . e A/, with \Norm y, u \ = u , a l l y, e r .y, u . , u \

L e t

vn+l

By (3.1) and this definition

lim m,. u./m. .u = u ./u , j = 1. .. .,n
v ^ m~k-o -k-n no nn

(3 . 2 1 )
Vim \m, .u.\

'-k -0 '

Thus for any e > 0 and K > 1 we have for al l sufficiently

large k

( 3 . 2 1 )

m. . u ./w,. u - u ./u = E, ., I e, . I < e j j = 1,. . . ,n-^k j —k —n no nn ko ' kj'

n n-1
Since u = I TT m, .u A = \m.. un\ \nL . u I TT \"h -u -/M, .U. I

i t follows from (3.2 ') for a l l m, c TL(T) with k su f f i c ien t ly large

n-1
o > K\ TT — u ./u I Im, .w I

•_, 2 no nn' ' - * - n '
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So rtu.u = Q(K~ 'U) and then by (3.2 ')

(3.3) m,.u. = OOf1'71), 3 = l,..-,n, me 1L(T)(sufficiently large) k.
K 3 K

We note, and i t i s eas i ly shown, that there are only f i n i t e l y many

m £ 7L(T) with m^ = 0. So without loss of general i ty we suppose

(3.4) me 2(T; => m > 0

as (3.2) holds i f we replace m, by -m. .

Now suppose Urn rh,-\Ln^mT,r\ = u • Then wri t ing
k -* » ~* ~~° KU

wk = (wkQl. .. ,wkn) , wk. = ^ u./mkQ , j = 0,..., n

we h a v e by t h i s a s s u m p t i o n t o g e t h e r w i t h ( 3 . 3 ) a n d ( 3 . 4 )

0_ ^ lim rru/m, = Urn w_, U = 0 .
k -*• °° k •+ »

By th i s contradiction we have shown there ex i s t s W > 0 so t h a t

(3.5) \ah,-'!±n/mi n\ > w •> Hi e ZCrj , all (sufficiently large) k.

j , n n~l
v = \m, .ii^/m. n I |m, „ m..u I I T \m,.u./m..u I .[2ik -0 kOn kO -^k —n' ._' '—k —3 —k -n'

n-1 .
=• u > ul JT -r u ./u I \m. . m, .u I1 .;_' 2 TL3' nnn kO -^k -n '

3 •*

So by the above r e su l t and the f i r s t p a r t of (3.2) there ex i s t s J > 0

so that

(3.6) l^r/n EL-H-l < J> J = ly--3n, nu, e TL(T), (sufficiently large) k.
KU K 3 ^

We now define an n x n submatrix of U = A by

y = (u.. : i,3 = l,...,n) .
T-3

We note (and i t i s eas i ly shown) tha t

(3.7) det Vk = det U ? 0.

We define, for a l l m e Zn ,

him) = \mo\
1/n (mog2 - m^..., mQ ^ - mj
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and note the i d e n t i t y

i i-Z/n(3.8) h(m)Ut = - \mA (m.u- 3 3 m.u* ' 0' 1 n

For m, e 7L(T) we write

= (Pkl '•••>Vkn>> %• = \m
k0\

1/n Bk-Mj > 3 =

Then by (3.8)

By (3.2-) p ^ / ^ = un./unn + ekf \ e^ \ < e, 3=l,...,nUkn = 0).

So

him. ) U. = - (p, /w ) (u -, . . . , u ) - p, fe, , , . . . , e, >*
— ^ * kn nn nr ' nn kn kr kn

and

since (u -,...,u ) U ̂  = (0, .. .3Q,1) and we write

( h 6 } = \ U } V~
Final ly wri t ing hJu^) = h, = (h.^.-.^h. ) we observe

s i n c e b y ( 3 . 6 ) p /u^ = 0(1) and by ( 3 . 2 ' ) a n d ( 3 . 6 )

&, . •* 0 , o = 1, . . ,,n a s k -*• °° .

This completes the proof of the theorem.
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