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ABSTRACT

Let G C G be two quasisplit connected reductive groups over a local field of
characteristic zero and having the same derived group. Although the existence
of L-packets is still conjectural in general, it is believed that the L-packets of G
should be the restriction of those of G. Motivated by this, we hope to construct the
L-packets of G from those of G. The primary example in our mind is when G = Sp(2n),
whose L-packets have been determined by Arthur [The endoscopic classification of
representations: orthogonal and symplectic groups, Colloquium Publications, vol. 61
(American Mathematical Society, Providence, RI, 2013)], and G= GSp(2n). As a first
step, we need to consider some well-known conjectural properties of L-packets. In this
paper, we show how they can be deduced from the conjectural endoscopy theory. As
an application, we obtain some structural information about L-packets of G from those

of G.
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ON A LIFTING PROBLEM OF L-PACKETS

1. Some standard notation

Suppose that F is a field; we denote its algebraic closure by F. Let G be a reductive algebraic
group over F and  be an F-automorphism of G. We denote the identity component of G by G°.
If G is connected, we denote the derived group of G by Gger and the adjoint group of G by Gaq
Let G be the simply connected cover of Gger. If G is the complex reductive group dual to G, we
write Gder, Gad for the derived group and adjoint group of G respectively, and GSC is the simply
connected cover of Gder We denote the centre of G by Zg or Z(G). If G is abelian, let GY be
the f-invariant subgroup of G, and Gy be the -coinvariant group of G, i.e., Gy = G/(Q - 1)G.
For a finite group S, we denote its set of linear characters by S*.

2. Introduction

Let F be a local field of characteristic zero and G be a quasisplit connected reductive group
over F. The local Langlands conjecture asserts that the set II(G(F')) of isomorphism classes
of irreducible smooth representations of G(F') can be parametrized by the set ®(G) of local
Langlands parameters. This parametrization is usually not a bijection. In fact, it is conjectured
that each parameter ¢ € ®(G) is associated with a finite set II; of isomorphism classes of
irreducible smooth representations of G(F'), and they give a disjoint decomposition of

|| m,. (2.1)
Ped(G)
Such finite sets are called L-packets. This parametrization is based on the belief that there should
be certain arithmetic invariants (e.g., L-factors) defined on both the representation side and the
parameter side so that one could match them. From this point of view, one can think that
the L-packet Il attached to some ¢ € ®(G) consists of all irreducible smooth representations of
G(F') whose arithmetic invariants match those of ¢. However, it can be very difficult to define
these arithmetic invariants on the representation side in general. On the other hand, there are
some elementary properties that one would require this parametrization to always satisfy. These
properties are usually given under the name ‘desiderata’ (see [Bor79, GGP12]). In this paper,
we will mainly concern the following three desiderata.
— Desideratum 1: central character
The first desideratum asserts that all irreducible smooth representations in IIs have the
same central character; it can be constructed from ¢. To see this construction, we need
to give the definition of local Langlands parameters. Let I' = Gal(F/F) be the absolute
Galois group, Wg be the Weil group and G be the complex reductive group dual to G. The
Langlands dual group is LG = G Wr, where the action of Wg factors through I'. We
define the local Langlands group to be

[ Wr, F' is archimedean,
Em Y wp x SL(2,C), F is nonarchimedean.

Then a Langlands parameter ¢ is a @—conjugacy class of admissible homomorphisms from
L to “G (see [Bor79]). In particular, it respects the projections on W from both Ly and
L@G. We take a torus Z defined over F', containing the centre Zg of G. For example, Z can
be a maximal torus of G. Let G = (G x Z)/Z¢, where Zg is included diagonally, and let
D = 7Z/Zq. Then we have an exact sequence

1 G G D 1. (2.2)
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On the dual side, we have

~

1 D G G 1.

This induces a map from ®(G) to ®(G). It follows from a result of Labesse [Lab85,
Theorem 8.1] that this map is surjective. Therefore, we can lift any ¢ € ®(G) to some
¢ € ®(G). Note that Z5 = Z is a torus, so, dual to

we have

H

o
QW
N
—

So, by composing with G — 26’ 6 gives rise to an element aj € HI(WF,Z\(;). Then,
by the local Langlands correspondence for tori, a; corresponds to a quasicharacter y:; of
Z&(F). After we take restriction to Zg(F'), we get a quasicharacter x4 of Zg(F). To see
that this construction is independent of the torus Z, we need to know two things. First,
if there is another torus Z; 2 Z, let G1 = (G x Z1)/Z¢ and ¢; € ®(G1) be a lift of ¢;
then X3, \Zé = X4 Secondly, if there are two tori Z; and Zs both containing Z¢, then there
exists a third torus Z3 containing both Z; and Z5. The first thing follows easily from some
commutative diagrams. For the second one, we can simply take Z3 = (Z1 x Z3)/Z¢.
— Desideratum 2: G,q(F)-conjugate action

The second desideratum is more involved, and in particular it requires a different point
of view towards L-packets. Roughly speaking, there are two steps in constructing the
L-packets. The first one constructs the L-packets for the set Iliemp(G(F')) of isomorphism
classes of irreducible tempered representations, and then the other L-packets (nontempered)
can be constructed from the tempered ones by using the theory of Langlands’ quotient.
Therefore, it suffices to know the tempered L-packets. The same is also true for the
Langlands parametrization (2.1). That is to say, it is enough to know the parametrization
of the tempered L-packets, which should correspond to the ‘bounded parameters’, namely
the images of the Weil group part have compact closure. From the point of view of harmonic
analysis, irreducible smooth representations are characterized by their ‘characters’, which
are G(F)-conjugate invariant locally integrable functions over G(F') and smooth over the
open dense subset of strongly regular semisimple elements Greg(F'). A virtual character
© (i.e., a finite linear combination of characters) is called stable if it is G(F)-conjugate
invariant over Gyeg(F), namely O(y) = O(v') for any 7,7 € Gyeg(F) such that v = g~ 14/g
for some g € G(F). It is conjectured that the tempered L-packets are the minimal subsets
of irreducible tempered representations, within which some linear combination of the
characters is stable (cf. [Sha90, Conjecture 9.2]). Therefore, the conjugate action by G.q(F)
on II(G(F)) permutes the elements in each tempered L-packet. Moreover, there is an explicit
conjectural formula for describing this action, which will be the second desideratum. To state
the formula, we need to introduce a parametrization for elements inside tempered L-packets,
which will be called endoscopic parametrization.

Let us denote the set of bounded Langlands parameters by ®qq4(G). For ¢ € ®paq(G), we
choose a representative ¢ : Lp — LG and define

Sp = Cent(Im ¢, (A;),
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i.e., the centralizer of the image of ¢ in G. Let Sg be the identity component of Sy and

Z (@' be the T-invariant elements in the centre Z(G) of G. Then we also define Ay = 59/52
and Sy = SQ/SgZ(@)F. There is an exact sequence

1 Z¢ A¢ S¢ 1,

where Z, = Z(G)F/Z(é)F N Sg. If 9 = Int(g) o ¢ for g € @, there is an isomorphism
Sy — Sg¢ unique up to S¢-c0njugation. This means that one cannot define a group ‘Sy’
independent of the choice of representatives ¢, but rather one can define the conjugacy
classes in ‘S’ B

We define a Whittaker datum to be a pair (B, A), where B is a Borel subgroup of G and A
is a nondegenerate character on the unipotent radical N(F) of B(F'). All Whittaker data
can be constructed as follows. We fix an F-splitting (B,T,{X,}) of G and a nontrivial
additive character ¢¥p : F — C*; then we define

A <exp <§aj naXa>> — (Z n> ,

[0}

which extends uniquely to a character of N(F).

CONJECTURE 2.1. We fix a Whittaker datum (B, A) for G, and suppose that ¢ € ®pqq(G).
(i) There is a unique (B, A)-generic representation in Ily.
(ii) There is a canonical pairing between Il and Sy, which induces an inclusion from Il4 to

the set g; of characters of irreducible representations of Sy,
My —— 89 ,

T (-, )4,

such that it sends the (B, A)-generic representation to the trivial character. This becomes a
bijection when F' is nonarchimedean. Moreover, if ¢? = Int(g) o ¢ for g € G, then

<gl‘g_1,7T>$9 = <$77T>f
for m € Il and = € SQ.

Since 3’; are functions on conjugacy classes of Sy, the parametrization of elements inside
II4 can be ‘actually stated independently of the choice of representative ¢ in the conjecture.
Nevertheless, we would like to work with the group Sy rather than its conjugacy classes, so
throughout this paper we will always fix a representative ¢. Let Irr(Sy) be the set of isomorphism
classes of irreducible representations of Sy. If p € Irr(§¢), we will denote the corresponding
representation in II, by 7(p). We call a parameter ¢ € ®pqq(G) simple if S, = 1. For simple
parameters, it follows from this conjecture that their corresponding packets are singletons.
Finally, we want to point out that part (i) of the conjecture is often referred to as the generic
packet conjecture, and the pairing in part (ii) comes from the conjectural endoscopic character
identity (see Conjecture 3.10), while its ‘canonicity’ depends on the choice of Whittaker datum.

Let S§ be the group of linear characters of Sp. Then the explicit formula for describing the

action of G,q(F) on II4 can be stated in the follc;wing conjecture.
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CONJECTURE 2.2. There exists a homomorphism

Gaa(F) —= S,

g Mg

such that
<'7 7Tg>¢ = ng('v 7T>Q

The statement of this conjecture was first given in Gan et al. [GGP12, §9, item (3)],
where they constructed the homomorphism G.q(F) — S;g . There are three ingredients in that

construction.
* (Tate local duality): there exists a perfect pairing

HYF, Z¢)Z%) x HY(F, 7 (Gaer)) — C*.

* There is a coboundary map Ay, — H'(F, Wl(@der)).

* There is a homomorphism Gaq(F) — H'(F, Z¢]22).
Clearly, this gives a homomorphism Gaq(F) — A(”;, and in fact one will see that the image is in
S} (see §3.6).

— Desideratum 3: twist by automorphism and quasicharacter
Let 6 be an F-automorphism of G preserving an F-splitting of G; then 6 acts on II(G(F))
by acting on G(F). Let 0 be the dual automorphism of € on G it glves a semidirect product
Gx < @ >. Then 6 also acts on ®(G) through the action of 6 on G. Let a be an element in
HY(Wg, Z(G)), and a act on ®(G) by twisting on Z(G). One can associate a quasicharacter

w of G(F') with a (see (3.1)). This desideratum asserts: for ¢ € ®,q4(G),
Mg =1% and Tyga =1, @ w.

In fact, one can refine this desideratum by making more precise the action of # and w on
the elements in II,. Namely, if 7 € Iy, then

(x, 9>¢ (020, \ ) (2.3)

for x € 5¢9, and
(2, T Qw)gga = (,T)e (2.4)

for € Sy = Spga, where a is a 1-cocycle of Wg in Z(@) representing a.

The refined desideratum has the following consequence. For ¢ € ®1,44(G), suppose that
¢’ = ¢ © a, i.c., there exists g € G such that (¢%)9 = ¢ ® a; then, by (2.3) and (2.4), we
have for z € S

(0_1m9,ﬂ'>? = (x,wa@e = (gmg‘l,we>@e)g
= (gzg ™", 7T0>?®g = (gzg " @ w ),

By setting s = g x 9\, we have shown the following statement.

CONJECTURE 2.3. Suppose that ¢ € ®pqq(G) and ¢’ = ¢ @ a. Let s € Gxb satisfy ¢* = ¢ ® a;
then
(szs™1, 70 ® w_1>? = (z,7)g
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for any m € Il and z € Sp. In other words,

for any p € Irr(Sp).

The first goal of this paper is to suggest a strategy towards proving the above three desiderata
about L-packets. To do so, we need to assume (2.1), Conjecture 2.1 (together with its generalized
form: Conjecture 2.5) and also the (twisted) endoscopic character identities (see Conjecture 3.10),
which will be described in § 3. Since these conjectures can be viewed as part of the conjectural
endoscopy theory, we would like to call the collection of these assumptions the endoscopic
hypothesis. For the first desideratum, we will prove the following result under this hypothesis.

PROPOSITION 2.4. The desideratum about central characters of L-packets holds as long as it
holds for simple parameters.

For the second desideratum, i.e., Conjecture 2.2, we will prove a stronger result. The setup
that we are going to work in is as follows. Let G C G be two quasisplit connected reductive
groups over I’ such that Gger = éder. Then G /G is a torus, and we denote it by D. There is an
exact sequence

1 G G—2-D 1. (2.5)

Let X be a finite abelian group of F-automorphisms of G preserving a fixed F-splitting of é;
we assume that A is Y-invariant. This implies that ¥ also acts on G. Let G* = G x ¥ and

G* = G'x X. Since ¥ induces dual automorphisms on G and @, we denote them by S and define
P P ~ ~ o~
G =GxYand G¥ =G x X

Before we can state our result, we need to extend Conjecture 2.1 to the nonconnected group
G*. Suppose that ¢ € ®paq(G); we define S7, A% and S(% as before simply by taking G* in place
of @; they are all equipped with a natural map to 5. Let S9, Ag) and Sz be the preimages of
fecSinS 2 qu;‘ and S>, respectively. Note that these are not f-invariant elements in Sy, Ay and
Sy. Since the image in S is the same for S, Ai and S7, we denote it by i(b' Let H(% be the set

of all irreducible smooth representations of G*(F'), whose restriction to G(F) has intersections
with IT,.

A Whittaker datum (B, A) is called X-stable if ¥ preserves B and A is ¥-invariant. In
particular, if we fix a ¥-stable F-splitting of G (i.e., ¥ preserves B and {X,}) and a nontrivial
additive character ¥pr of F, then the associated Whittaker datum is X-stable. We call a
representation 7> € Hg (B, A)-generic if 7| is (B, A)-generic and the corresponding Whittaker
functional is invariant under 7 (6) for all § € X.

CONJECTURE 2.5. We fix a Y-stable Whittaker datum (B,A) for G, and suppose that ¢ €

(I)bdd(G)-
(i) There is a unique (B, A)-generic representation in Hg.
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(ii) There is a canonical pairing between H(% and 87, which induces an inclusion from Hi to

3
the characters Sy of irreducible representations of S%,

> —
g ——3S;

such that it sends the (B, A)-generic representation to the trivial character. This becomes a
bijection when F is nonarchimedean. Moreover, if ¥/ is a subgroup of X, then we have the
following relation:

<.,7TE>Q|S§, - Z m(n®, 7 ) (7 ), (2.6)
B WEIEHEI

where m(7>, ) is the multiplicity of 7 in Ll
Under the endoscopic hypothesis, we are able to prove the following result.
THEOREM 2.6. There exists a homomorphism

G(F) — (59"

g Eg

such that
() (T‘-E)g>f = 5.’]('77TE>Q'

For the third desideratum, we will prove the following result under the endoscopic hypothesis.

PROPOSITION 2.7. The refined desideratum about L-packets under twist by automorphism and
quasicharacter holds if it holds for simple parameters.

Returning to the setup in (2.5), there is a conjectural relation between the L-packets for

b

G and G. That is to say, if ¢ € ®(G) maps to ¢ € ®(G), then the L-packet II; should be the

restriction of II;. The restriction multi-map II(G(F)) — II(G(F)) is surjective, in the sense

that for any = € II(G(F)), there exists 7 € [1(G(F)), whose restriction to G(F’) contains 7 (see
Corollary 6.3). Therefore, it is easy to construct the L-packets of G from those of G. The other
direction is more subtle, because for any m € II(G(F')), the preimage 7 € II(G(F)) is usually
not unique and they differ from each other by a twist of quasicharacters of G(F’). So, our second
goal in this paper is to make an attempt to address this problem in most generality. To be more
precise, we want to establish the endoscopic hypothesis (i.e., (2.1) and Conjectures 2.5 and 3.10)
for G by assuming it for G and the twisted endoscopic groups of G. When G is a quasisplit
symplectic group or special even orthogonal group, and G is the corresponding similitude group,
this has been essentially achieved in [Xulb5].

Throughout this paper, except for § 6, we will take the endoscopic hypothesis as our working
assumption. In §3, we will describe the conjectural endoscopy theory. In particular, we will
introduce Conjecture 3.10, which is part of the endoscopic hypothesis. We will prove Theorem 2.6,
and deduce Conjecture 2.2 as a special case. In §4, we will prove Proposition 2.4. In §5, we will
prove Proposition 2.7, and this implies Conjecture 2.3 for nonsimple parameters.
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In §6, we consider the problem of lifting L-packets from G to CNJ, where G and G are in
the setup of (2.5). So, we will only assume the endoscopic hypothesis for G' and its twisted
endoscopic groups; in particular, we cannot assume Conjecture 2.3 for G. In §6.1, we will
study the restriction multi-map II(G(F')) — II(G(F)). In §§6.2 and 6.3, we will discuss some

special cases of Conjecture 2.3 for GG, and from there we will obtain some structural information
about the L-packets of G. In §6.4, we will formulate a conjecture about the L-packets of G
(see Conjecture 6.18). Finally, in §6.5, we will take G' to be a symplectic group or special even
orthogonal group, and we will review various results of Arthur in [Art13], which essentially prove
the endoscopic hypothesis for G. We will also take G to be the corresponding similitude group,
and apply the previous discussion in §6 to this case. So, the results we obtain in §§6.2 and 6.3
will become unconditional in this case. Moreover, we will restate Conjecture 6.18 as a theorem
in this case; the proof of this theorem is included in [Xul5].

3. Endoscopy theory

3.1 Twisted endoscopic datum
Let F be a local field of characteristic zero and G be a quasisplit reductive group over F. We
have an isomorphism

H'(Wg, Z(G)) — Hom(G(F),C*) (3.1)

defined by Langlands (see Appendix A). Let # be an automorphism of G and w be a
quasicharacter of G(F). A twisted endoscopic datum for (G,0,w) is a quadruple (H,H,s,§),
where H is a quasisplit reductive group over F' and H is a split extension of Wr by H,

~

1 H H Wr 1,

such that the conjugate action of W on H falls into the same outer classes of automorphisms
as for “H. Note that H may not be isomorphic to LH. Inside the quadruple, s is a semisimple
element in G 0 ¢ is an L-embedding of H to “G (i.e., it respects the projections on W from
both H and “G) and they satisfy the following COHdithIlS.

— Int(s)o§ =a- ¢ for a 1-cocycle a of Wp in Z(G) mapped to w by (3.1);

— H = Cent(s, G)° through ¢.
We call H a twisted endoscopic group of G. Two twisted endoscopic data (H,H,s,&) and (H',
H',s',¢') are called isomorphic if there exists an element g € G such that g§(#) gt =¢(H) and
gsg~' € s'Z(G). We denote by £(G?, w) the set of isomorphism classes of twisted endoscopic data
for (G,0,w). For abbreviation, we will use the twisted endoscopic group to denote the twisted
endoscopic datum if there is no confusion.

Let G C G be two quasisplit connected reductive groups over F' such that Gge, = Gder; we

denote G/G by D. We have

A

1 G G D 1.

We assume that 6 is an automorphism of G and A is ¢-invariant. Then we have the following
proposition relating the twisted endoscopic data between G and G.

PROPOSITION 3.1. There is a one to one correspondence between £(G?,w¢) and

I_l g(ég,wé).

wale=wa
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Proof. Suppose that [(H,H,s,¢)] € £(G?,we); then §(H H) = Cent(s, G)°. Under the projection
LG —s L@, the preimage of Cent(s, G) is {g € G 1595 g7 € ﬁ}, where 5 is a preimage of s
in G x 0. We claim that

{g € G:35¢5 g ' e D}O {g € G 595 g1 =1)0
To see this, we can consider the homomorphism defined by
DcCta,

gt 595 tg71.

{geG: 555 1¢gt e lA?}

(3.2)

Its composition with A : LG —> L((Z%)O) is trivial. Note that A induces an isogeny
(Z(G))° — (Z2).

Since A is f-invariant, D included as a subgroup of G is fixed by 6. Therefore, D C (Z (é)g) and
we get that KerA|p is finite. This means that the homomorphlsm (3.2) must have finite i image,

so our claim becomes obvious. Since D C Cent(s, G) we can now conclude that Cent(s, G)
the preimage of £(H). Let us denote Cent(3, G)° by H R R

When ¢ = id and s € Z(@), we have G = Cent(s,G) and hence ¢ G={ge C~¥ :5g5 gt e D}.
Since G is connected, it follows from the above argument that G ={g e G sgs tg~t =1}0
Hence, G {g € G 595~ 1g~! = 1}, which means that s € Z(G). This shows that the preimage
of Z(G) is Z(G), i.e., there is an exact sequence

~

1—=D——>7(G) Z(G) 1.

Returning to the general situation, we can choose a splitting ¢ : Wrg — H, so that the
composition ¢ : Wg . *E> L@ is admissible. Then we can lift ¢ to é Wp — Lé, which
induces a Galois action on I/Z\T and hence determines a quasisplit reductive group H. We define
H to be the product I?T . Imé. Note that é gives a splitting of

1 H H Wr 1,

and we have a natural embedding 5 cH —> Lé, which is the identity on H. The map

w = 3 (W) E(Sw)) !, we W

defines an element a € H'(Wp, Z(G)). If a is associated with a quasicharacter wg of G(F),
then [(H,H,5,€)] € &(GY,w &)- It is not hard to show that if we change (H,H,s f) within its
isomorphism class or the splitting ¢ or the lifting ¢, this lifted endoscopic datum (H 7-[ s, §)

uniquely determined up to isomorphism. Here we need to use the fact that the preimage of Z (G)

is Z(G).
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Finally, we have a commutative diagram

~

HY(Wg, Z(G)) — Hom(G(F),C>)

|

HY(Wr, Z(G)) — Hom(G(F),C*)
which shows that wz|g = wg. So, we get a well-defined map from E(G? we) to
I_l 5(66, OJé)
wala=wa

The other direction is more straightforward, namely one can simply take the quotient by D on
the dual side. O

Remark 3.2. Following the proof, there is an exact sequence

~

1 D H H 1,

whose dual is

Al

1 H H D 1.

This suggests that the twisted endoscopic groups H and H also have the same derived group.

3.2 Relation with Langlands parameter

We follow the setup in the introduction. Suppose that ¢ € ®(G) and b € Cb(é) is a lift of ¢.
~ =X ~
Let L act on D, G and G* by conjugation through ¢. We denote the corresponding group
~ ~ ~ Y
cohomology by Hj(Lp,-). Note that Hg(LF,D) = DF,H((;(LF,GE) = S(%, Hg(LF,G ) = S(%

and quﬁ(LF, D)= HI(WF,E). The short exact sequence

1 D G G> 1
induces a long exact sequence
o~ 6 o~
1 D Sg S HY(Wg, D)
and hence
~ 6 -~
l—=55/D" ——= 55— H'(Wp, D). (3.3)

To describe §, we can write

2% - - ~ ~
S5 ={5€G :39(w)5 'g(u)"! € D, for all u € Lg}/D.

~ ~ ~X
Then 6(s) : u —> $¢(u)s '¢(u)~!, where 5 is a preimage of s in G , and §(s) factors through
Wr. We have the following fact about 4.
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LEMMA 3.3. The image of § consists of a € H(Wp, D) such that
¢ =9a
for some 0 € ¥, and in particular it is finite.

~ - ~X
Proof. By the definition of 4, we have 5¢(u)5~! = 6(s)(u)-@d(u), where 5 € G is a preimage of s.

Denote by (/9\5 the image of s in . Then this means that s = <13® d(s). Conversely, if P = <]3® a
for some a € HY(Wp, ZA?) and 6 € X, then there exists g € G such that

~

(9% B)(u)(g » 0) " = a(u)d(u)

~ =X
for a 1-cocycle a representing a. Then it is clear that s:= gx 6 € G maps to an element s € S’%

and a = 4(s).
To see that the image of ¢ is finite, we consider §(s) and let § = 5. The restriction of

APG— F((Z22)°)

to D induces a homomorphism

B: H'(Wg,D) - H'(Wr, (Z%)°).

We claim that d(s) lies in the kernel of B. To show the claim, recall that

5(s) 1 ur—> 36(u)5 1 p(u) 7L

We can write 5 = g X 9 and é(u) = h % wy, where g,h € G and w, € Wp. Then

~

5o(u)3 1 (u) "t = gB(h) - wa(g~ A"

Since

we have

AGP(u)F ' d(u) ™) = A(g)A(h) - wu(Alg™")A(R™") = A(g) - wu(A(g) ™).

This proves the claim. Now the exact sequence

~ A‘ﬁ —

1 —>KerA’ﬁ —D— (Z%)O
induces the following exact sequence:

1 —— H'(Wp, Ker A 5) — H'(Wp, D) == H' (W, (2£)0) .
Since F is a local field and Ker A|j is finite, it is not hard to see that H'(Wp, Ker A|5) is finite.
Then it follows from the exact sequence that the kernel of B is also finite and hence Im ¢ is
finite. |
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We would like to modify (3.3) to have S(f and S(z;E in the sequence. To do so, we need to know

the kernel and image of J restricted on Z (é)F Th(;refore, we take

1 D Z(@G) Z2(G) ——=1,

which induces an exact sequence

1—> D' — Z(G)F — Z(G)" > H'(Wp, D) — H'(Wr, Z(G)).

So, Kerd|,ar = Z(G)"/D". Let H'(Wr,D) = H'(Wp,D)/5(Z(G)"); we define S5 =
SE/Z(CA})F and 5”(% = SE/Z(@)F. By taking the quotient of (3.3) by Z(G)', we get

1 ¥ te 55— H' (W, D) | (3.4)

Since Im ¢ is finite, we have (7(%)0 = ( 5) After taking the quotient of (3.4) by the identity

component, we get

s

' SE 2 B (W, D) . (3.5)

The local Langlands correspondence for tori gives us an isomorphism
H'(Wg, D) = Hom(D(F),Cx).
By pulling back quasicharacters of D(F) to G(F), we get a homomorphism

H' (W, D) - Hom(G(F)/G(F),C*),

~

which is surjective. Note that §(Z(G)) is trivial in HY(Wp, Z(G)), so it induces the trivial
character on G(F'). Since (3.1) is an isomorphism, we then have an isomorphism

H'(Wr, D) - Hom(G(F)/G(F),C*),

We denote the composition r o § by a. Therefore, we have the following exact sequence:

L 8% ——= 87—~ Hom(G(F)/G(F), C¥). (3.6)

LEMMA 3.4. The image «(Sy) is contained in Hom(G(F )/ Z5(F)G(F),C*).

Proof. 1t follows from the proof of Lemma 3.3 that the image (S¢) is in the kernel of H'(Wp,
D) — Hl(WF,ZO) So, a(8y) is contained in Hom(G G(F )/ZO( )G(F),C*). When Zz = Z%,

this is what we Want
Suppose that Zz is not connected; we can take an F-torus Z containing Zgz, and let G =

(G x Z)|Zg. Then Zg, = Z is connected. Let ¢ € ®(G’) be alift of ¢; then we have the following
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commutative diagram:

Sy =5, . Hom(G'(F)/G(F),C*)

‘> Sy —> Hom(G(F)/G(F),CX)

1
1
Since the image of o is trivial on Zg, (F), the image of « is trivial on Zz(F). This finishes the
proof. |

e

i

Suppose that € ¥ for any semisimple element s € 5’5), let H = Cent(s, @)0 and % = H-Im @

then H is embedded identically in “G. The conjugate action of L on H through ¢ determines
a Galois action on H and hence determines a quasisplit reductive group H. Therefore, ¢ factors
through H for [(H,H,s,&)] € £(G?), where ¢ is the identity embedding. For any lift QZ of ¢, the
restriction @WF lifts (H, H, s,£) to a twisted endoscopic datum [(f[, H, 3, E)] € 5(@9, w) for some
quasicharacter w of G(F)/G(F) (cf. the proof of Proposition 3.1). By construction, we know that
é factors through H. If we take a different lift é/ of ¢, it is easy to see that é/ also factors through

H. All of these can be summarized in the diagram below.

Lp—>H—>1G

H—s1@
Then we have the following simple fact.
LEMMA 3.5. a(s) = w.

~ ~ ~X
Proof. By definition, §(s)(w) = 5¢(w)s'¢(w) ! for any w € W, and 5 is a preimage of s in G .
Since é factors through # and H commutes with 3, we have Eé(w)’sv_lé(w)_l = 5¢(w)5 L (w) ™,
and this means that a(s) = w. O

3.3 Endoscopic transfer

Returning to the setup in §3.1, the reason that endoscopic data are so important is because
there is a transfer map from C°(G(F)) to C°(H(F)) if H = LH. If H # L H, we have to take
an extension Hj of H by an induced torus Z; (called z-extension)

1 7 2 0 1,

so that the dual homomorphism H — H; can be extended to an L-embedding &y, : H — T H;.
We call (Hi1,&m,) a z-pair for H. By choosing a section ¢ : Wr — H, we get a quasicharacter x1
on 71 from

¢
Wp -S> H L L, Ly,

It is easy to see that yp is independent of the choice of section c. So, the transfer map will
be from C®(G(F)) to C°(H1(F), x1), which is the space of x; '-equivariant smooth functions
on Hi(F) with compact support modulo Z;.
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To define this transfer map, we need to introduce the space of twisted (stable) orbital
integrals. Let wg be a quasicharacter of G(F) and § be a strongly 6-regular #-semisimple
element of G(F), namely Int(5) o 6 is semisimple and the f-twisted centralizer GY(F) (i.e.,
Int(8) o f-invariant elements in G(F)) of 4 is abelian. We assume that wg is trivial on G¢(F). We
fix Haar measures on G(F) and G4(F); they induce a G(F)-invariant measure on G(F)\G(F).
Then we can form the (6, wq)-twisted orbital integral of f € C°(G(F)) over § as

0% (,6) = / we(9)f(g~'60(g)) dg.

GS(FN\G(F)

We also form the (6, wg)-twisted stable orbital integral over § as

SOL(f,8) := > OL“% (f,d),
{5/}2;(F)Nst{5}§;(p)

where the sum is over #-twisted conjugacy classes {0’ }%( ) in the #-twisted stable conjugacy

class of § (i.e., 8’ = g7150(g) for some g € G(F)), and the Haar measure on GY,(F) is translated
from that on G4(F) by conjugation. Let Z(G?“¢) (SIZ(G?“¢)) be the space of (0, we)-twisted
(stable) orbital integrals of C2°(G(F)) over the set Gfeg(F ) of strongly #-regular #-semisimple
elements of G(F'); then by definition we have projections

C®(G) — I(GO%¢) — ST(GIwa).

Suppose that [(H,H,s,¢)] € £(GY,wg); we fix a z-pair (Hy,&q,) for H. We assume that 0
preserves an F-splitting of GG; then there is a map from the semisimple H 1(F)-conjugacy classes
of Hi(F') to the #-twisted semisimple G(F')-conjugacy classes of G(F'). By our assumption on 6,

this map is defined over F. We call a strongly regular semisimple element v; € H; (F) strongly
G-regular if its associated H 17(F )-conjugacy class maps to a f-twisted strongly regular semisimple
G(F)-conjugacy class of G(F'). We denote the set of strongly G-regular semisimple elements of
H/(F) by Hi Greg(F'). The transfer factor defined in [KS99] is a function

DG, (+7) + HiGoreg(F) X Gy (F) — C,

reg

which is nonzero only when v € Hi G_reg(F) is a norm of 6 € Gfeg(F), i.e., the Hy(F)-conjugacy

4

class of v; maps to the f-twisted G (F)-conjugacy class of §. Note that if § € G%,,(F) has a norm

reg
Y1 € Hi Greg(F), then we is trivial on G(F) (see [KS99, Lemma 4.4.C]). In this paper we always
normalize the transfer factor with respect to a fixed #-stable Whittaker datum (B, A) for G. The
transfer factor has the following basic properties (see [KS99]).

— Ag,m, (-,-) is invariant over a stable conjugacy class in the first variable.

— There is a canonical inclusion (Zg)p — Zp, so that we get a homomorphism

ZG d (Zg)g — ZH. (37)

Let C be the fiber product of Zg and Zp, over Zpy. Then there exists a quasicharacter yc
of C(F) such that

A, (2171, 20) = X&' (21, 2) Mg, (11,0), 21 € Zi, (F), 2 € Za(F),

where z; and z have the same image on Zg(F), and the restriction of x¢ to Z1(F') is x1.
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- For g€ G(F), Ag,m, (11,9700(9)) = wa(9)Ae,m, (11, 9)-
The transfer map is a correspondence from f € C®(G(F)) to ff1 € C(Hy(F),x1) such
that

SO, (f1,m) = > Ac.m, (11,8052 (f,8), (3.8)
6y~ l¥6 )

where the sum is over #-twisted conjugacy classes {d’ }HG( ) in the f-twisted stable conjugacy
class of §. The existence of such a correspondence has been conjectured by Langlands, Shelstad
and Kottwitz. In the real case, this is now a theorem of Shelstad [Shel2]. In the p-adic case,
Waldspurger [Wal95, Wal97, Wal06, Wal08] reduced it to the fundamental lemma for Lie algebras
over the function field, and Ng6 [Ng610] proved the fundamental lemma in this form.

This transfer map can also be defined for equivariant functions. To be more precise, let Zg
be a closed subgroup of Zg(F') such that Zp — Zy(F) through (3.7) is injective. In particular,
the preimage of Zp in Zg, (F') forms a closed subgroup of C(F'); we denote it by Cj p. We fix
a quasicharacter x on Zp; it pulls back to a quasicharacter on C1 r. Denote the restriction of
xc on Cy r by xc,; then we claim that there is a correspondence from the space C°(G(F), x)
of x~!-equivariant functions to the space C°(Hy(F), xxc,) of (xxc,) '-equivariant functions
characterized by (3.8). This correspondence can be constructed as follows. There is a surjection
from C°(G(F)) to CX(G(F), x) defined by

frof=] flzgx(z)dz.
Zr
Similarly, we have a surjection from C°(H;(F), x1) to C°(H1(F), xxc,) defined by

fef= f(zg)xxcy (2) dz.
Z1(F)\C1,F
Then it suffices to check the commutativity of the following diagram.

C(G(F)) Cee(Hi(F), x1)

| l

CSO(G(F)7X) HC{?O(Hl(F%XXCl)

Suppose that f € C°(G(F)) and ~; is a norm of §,

0%e (f,6) = ; O%6 (f,20)x(2) dz.

So,

> Ag,u, (11,8089 (f,8)
(0G0 {0y

= X Aembnd) [ 0Fe(fasNG)d:

0 0
106y~ 0t r)

= /Z x(2) Z Ag (7, 5')02%(]”, 28") dz

03 &y~ 1)
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- /Z Y@ xelen A (am, 2805 (£, 28) d
F

{5,}%(1:)”%{5}%(1:)

:/Z X(@)xe(z1,2)S0m, (1, 21m) d

= / xxc: (21)SO0m, (f7*, 217 dz.
Z1(F)\C1,F

Hence, f corresponds to the image of 1 in O (HL(F), xxc,)-

Let G C G be two quasisplit connected reductive groups over F' such that Gger = Gder
and G/G = D. Suppose that [(H,H,s,)] € £(G?, we); let [(H,1,3,6)] € &G wg) be the
corresponding lift. We also fix a z-pair (ﬁ 1,& ﬁl) for H with a z-extension

1 7 H, H 1.

Let Hi be the preimage of H in ﬁl; then we get a z-extension for H

1 A Hy H 1.

Note that I:H/Hl = D, so on the dual side Egl gives rise to an L-embedding &g, : H — ©

by taking the quotient of D. We fix a 0-stable Whittaker datum for é, which determines that
for G. Then the relation of the transfer factors A ~ and Ag,m, can be stated in the following
lemma.

LEMMA 3.6. Suppose that § is a strongly 0-regular f-semisimple element in G(F) C é(F) and
~1 is a strongly G-regular semisimple element in Hy(F') C Hy(F'). Then one has

Az i, (1:0) = A,y (11, 6).

Proof. Suppose that the 6-stable Whittaker datum for G is constructed with respect to a f-stable
F-splitting (B, T, {X4}) of G, and a nontrivial additive character ¢z of F. This also determines
a @-stable F-splitting (B, T,{X,}) of G. Then the unnormalized transfer factor can be defined
as a product

Ao(71,0) = A1(v1,6)Anr(v1,6) A1, 6) Arv (71, 0).

It depends on the #-stable F-splitting that we have fixed. First, we would like to compare the
unnormalized transfer factors for (G, Hy) and (G, Hy) term by term. To set things up, let Ty, be
the centralizer of 71 in Hy and let Ty, = T, N Hy. Let Ty (respectively Tg) be the projection
of Ty, (respectively Ty, ) on H (respectively H). We fix an admissible embedding Ty —> Tp;
this gives an admissible embedding Ty —> Ty by restriction. Since the root system R(é T)
is isomorphic to R(G,T) and the isomorphism is equivariant under the Galois action, one can
assign the same a-data and x-data [LS87] to them. They induce a-data and x-data for Rres(G T)
(respectively Ryes(G,T)), which are roots in R(G,T) (respectively R(G,T)) restricted to (T?)°
(respectively (79)9). -

Let (-,-) denote the Tate Nakayama pairing between H'(F,T?) and m((T2)"); then the
first term in the unnormalized transfer factor is defined by

AL(Gle) (71,6) = (Nas, (Tsec)a 3T,9>7
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where M\, (T%) is defined by using the a-data and the 6-stable F-splitting, and sty is the
prOJectlon of the semisimple element s € G x 0 in the endoscopic datum (H,#H,s,&) onto
(T a)g = T T0 Because GsC = (G5 and we choose the a-data and the #-stable F-splitting for
é and G in a consistent way, A, (T2) = Aa, (TZ.). Moreover, § and s have the same image in

T?.; hence,

Ara,a)(11:0) = Ap & i1,y (11, 9)-

For the second term, we adopt Waldspurger’s modification here (see [KS12]). It is defined by
the a-data and y-data, and again because we choose them for G and G in a consistent way, the
second term will be the same for (G, H;) and (G, Hy). Before discussing the third term, let us
consider the fourth term first. The fourth term is defined by

Do (6)

Ay, G,y (11,0) = Di (1)
1

where
1/2
Do (8) = |det(Ad(8) © 0 — )ysocmie (cont(icyp )| 1
1/2
D, (1) = |det(Ad(11) = Die(sr) /wie(t, )| # -

And, it is easy to see that Dg,(0) = Dge(0) and D (1) = Dp, (71); therefore, the fourth term

is also the same for (G, Hy) and (G, H1).
We are now left with the third term Ary (g m,); it is given by a pairing of hypercohomology

groups H(F, Ty 10 T1) and H' (W, T iy fad), where T7 is the fiber product of 7" and

TH, over Ty = Ty, and ‘,9} is a lift of 8 on 17 which fixes Z; C T3. Similarly, we can define T 1
and the inclusion 77 — 717 induces maps on hypercohomology groups

o HY(F, Ty 1) — HY(F, Te =0T,

" HY (W, fl 1;61>'fad) —s HYWp, T1 1;01>fad)-

It is an easy exercise to check that they are adjoint to each other with respect to the Tate—
Nakayama pairing on hypercohomology groups, i.e.,

(p(V), A) = (V,¢"(A)),

where V € HY(F, Ty l;61>T1) and A € HY(Wp, T, ifad). It follows from the definition
in [KS99] that there exist Vo € H'(F, Ty 120 T1) and Ag € HY(Wp, T, 10 Tad) such that

AHL(@fh)(Vhé) :< ( ) A0>v
Arrr i) (11, 0) = (Vo, 9" (Ao))-
Hence AHI (G, 1)(71; 5) = AIH,(G,I{1)(,717 5)
Up to now, we have shown the equality for the unnormalized transfer factors. To define the

normalizing factor, we need to choose an F-splitting (B, Ty, {Xay}) of H: it determines an
F-splitting (By, Ty, {Xay}) of H. Let Vg be the representation of I' on X*(T T)? @ C and Vi
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be the representation of T' on X*(Tg) ® C. Let V = V& — Vg; then the normalizing factor for
(G, Hy) is given by the local e-factor

er(V.vr) = er(Va,vor) /er (Vi vr)

(see [Tat79, §3.6]). Similarly, we can define Vi, Vg and V = Vg — Vi Then it is enough to show
that er(V,¢r) = er(V,9¥r). Note

et (V,0p) /e(V,yr) = er.(Va, ¥r) fer (Va, vF) - eo (Vir, ) e (Vg ¥r).

By the following exact sequences:

1 T T D 1,
1 Ty Ty D 1,
we have
1 Vb Vs Ve 1,
1 Vb Vs Vi 1,

where Vp = X*(D) ® C is f-invariant. Therefore,
er(Va, vr) /e (Va, Yr) = et (Vi ¥F) /e (Vi YF) = er.(Vp, ¥F).
This finishes the proof. O

_ Following the notation in this lemma, note that G(F') is 6-twisted conjugate invariant under
G(F), so we have the following corollary.

COROLLARY 3.7. Suppose that § is a strongly 0-regular 0-semisimple element in G(F') and ~; is
a strongly G-regular semisimple element in Hy(F'). Then one has

Ac.m, (11,97 100(9)) = wa(9)Ac,m, (11, 6).
Proof. From the previous lemma, we know that
A (11,0) = Az 7, (m,6) and  Ag g (71,97160(9)) = Ac,m, (1,97 150(g)).
It follows from the property of the transfer factor that
Ag g, (11,97100(9)) = wz(9)Ag 7, (1, 0).
Then the corollary is clear. O
Remark 3.8. An equivalent way of stating this corollary is as follows. Let f € C°(G(F) x 0);
we can view it as in C°(G(F')) by sending g to g x 6, and define its transfer as before. For

g€ (N}'(F), h € G(F) x 0, we denote f9(h) = f(ghg™'). Then this corollary says that

(fN)M = wglg) f™ (3.9)

1817

https://doi.org/10.1112/50010437X16007545 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007545

B. Xvu

Let Zp be a closed subgroup of Z&(F') such that Zp — (Zz)e(F) is injective and D(F)/\(Zp)
is finite (this is possible because we assume that A is f-invariant). Let Zp = Zp N G(F). We
choose Haar measures on Zp and Zp such that the measure on Z r\G(F) is the restriction of
that on ZF\G( ). We fix a quasicharacter x of Zp and denote its restriction to Zp by y. Note

that ZpG(F)\G(F) is finite, so we get an inclusion map

C2(G(F), x) —= C2(G(F), ),
(3.10)

f fs

where f is the extension of f by zero outside Z ZpG(F). We can identify C° (G(F),x) with its
image in C°(G(F),X). Because ZpG(F) is 6-twisted conjugate invariant under G(F), the map
(3.10) induces a map from Z(G?“¢, ) to Z(G**&,Y), where wgle = wg. Moreover, ZpG(F)

is f-twisted conjugate invariant under G(F (F), so it also induces a map from SZ(G%“<, y) to
ST(GPc,3).

Let wz be a quasmharacter of G(F (F) and wg = wglg- Let § be a strongly 6-regular f-semisimple
element of G(F) C G(F) such that weg is trivial on the f-twisted centralizer ég (F) of 6. We choose
Haar measures on ég(F) and GY(F) such that the measure on G¢(F)\G(F) is the restriction of
that on GZ(F)\G(F). Then

0%“6(f.6) = 3 0% (£,8')wg(9).

{Jl}g(m ~G(F) {5}2:@)

where the sum is over f-twisted G(F')-conjugacy classes {¢’ }%( F) in the O-twisted G(F)-conjugacy
classes {(5}%(F) with & = g~1g for g € G(F), and the Haar measure on GY,(F) is translated
from that on Gg by conjugation.

Suppose that [(H,H,3, 5)} € £(GY, wg) and [(H,H,s 5)] € &(GY, wg) correspond to each
other according to Proposition 3.1. We also fix a z-pair (H 1, f i ) for ’H which induces a z-pair

(H1,&m,) for H. Let Cl,F be the preimage of ZF in ZHl( ) and C r be the preimage of Zp in
Z,(F). Then

CI,F —> 5’17}7’ ﬁ) D(F)
with )\1(6’17}?) = A(Zp). Tt is easy to check that the restriction of Xg to C(F) is xc. Note that

X and x pull back to quasicharacters of 51,1: and C} p, respectively. So, let X' = )ZX& and
X' = XX¢,; then we have an inclusion map analogous to (3.10)

CO(Hy(F),x") —= C&(Hy(F),X),

fi f.

The next lemma shows that these inclusion maps are compatible with twisted endoscopic
transfers.

LEMMA 3.9. Suppose that f € C2°(G(F), x); then the (0, wg)-twisted endoscopic transfer of the
extension f of [ is equal to the extension of the (6, wg)- tW1sted endoscopic transfer f1 of f as
elements in ST(Hy,Y), ie.,
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Proof. Let us assume that ¢ is a strongly f-regular f-semisimple element in G(F) C CNJ(F ) and
~1 is a strongly G-regular semisimple element in Hi(F) C H,(F'), and 7, is a norm of §. By the
definition of twisted endoscopic transfer,

SO5 (f™,m) = > Ag.pi, (1, 6)0Z (. ),
O~ e

where the sum is over 6-twisted G(F (F)-conjugacy classes {0’}% _in the f-twisted stable conjugacy

G(F)
class of 9. Meanwhile,

Owx, ~ W,
0:°%(f,8") = > 0¢“e (£,8")wg(9),
0"Yemy~aim 16w

where the sum is over #-twisted G(F )—conju§acy classes {0"” }HG( ) in the f-twisted G (F)-conjugacy
class {6’}%(F), and 0" = g=18'0(g) for g € G(F). By the property of twisted transfer factor, one
has

Az, (9 ~156(g)) = Az g, (n, 8 wa(g)-

Therefore,

SOL (JT,3) = > Ag i, (st)( > 0 (f, 6”)w@(g>)

{5/}%(},) St{(s}g(p) {5//}0@(1:)"’@(5*){5/}0@(1:)
9’
= Ag 7, (n,8M)0G"¢ (f,0").
0"}y s 10}

On the other hand,

SOﬁl(fH1771) = SOH1<fH17'71) = Z AG,Hl(’Ylv5//)ngc(f75,/)'
0"y~ {03 &)

It follows from Lemma 3.6 that
Aé’f[l (717 6//) = AG,H1 (717 5”)7

where ¢” is in the -twisted stable G(F)-conjugacy class of §. So, we have shown that

SO (F.7) = SO (f1, ) (3.11)

for 41 € Hi(F') being a norm.
If 71 is not a norm, it follows from the property of the transfer factor that both sides of (3.11)
are zero. By the equivariance property, we can extend (3.11) to C; pHy(F). It is also easy to see

that SOz, (ﬁl/l,zﬂ # 0 only when v € C~’17FH1(F). Finally, one can Sllow that SOz (fﬁl ,71) #0
only when v, € C1 pH;(F') by using the condition on the support of f. This finishes the proof. O
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3.4 Character identity
Let 7 be an irreducible smooth representation of G(F') and x, be the central character of 7. Let
CF be a closed subgroup of Zg(F'), and ¢ = xr|z,. Suppose that 2 1 Ruwg, let A (0, wg) be

an intertwining operator between 7 ® wg and 7% (this is uniquely determined up to a scalar); we
then define the (0, wg)-twisted character of 7 to be the distribution

fao(mywg) == trace/c o f(g)m(g)dgo Az (0, we) (3.12)

for f € C°(G(F),(). In particular, we can define the distribution for f € C>°(G(F')) by taking
CFr to be trivial. By results of Harish-Chandra [Har63, Har99] in the nontwisted case and Bouaziz
[Bou87], Lemaire [Lem13] and Clozel [Clo87] in the twisted case, there exists a locally integrable

function @fe’we on G(F) such that for = € Gfeg(F), g€ G(F),

05" e (g7126(g)) = wa(g)OS o (x)

and

feo (o) = / £(9)05" 5 g) dg.
Cr\G(F)

By the twisted Weyl integration formula (cf. [Lem13, §7.3] and [Mez13, §5.4.1]), one can show
that this character defines a linear functional on Z(G%“¢, y). A linear functional on Z(G%“¢, y)
is called stable if it factors through ST(G%“4 x). This notion of stability is equivalent to the one
we gave in the introduction.

We assume that ¢ preserves an F-splitting of G. For ¢ € ®(G), suppose that ¢ factors

through H for a twisted endoscopic datum [(H,H, s,€)] € E(G?); let us write ¢ = {og,,. Clearly,
sZ(é) N Sg = (; we denote its image in S’g again by s. Let us fix a z-pair (H1,&p,) for H and
define Gy, = &y © ¢, We say that (Hl,QHl) corresponds to (¢, s) for s € S’g. It is easy to see
that for any semisimple s € S’g, such a pair (H1, ¢ H1) always exists (see §3.2). For abbreviation,

we write (Hj, QHl) — (¢,5). We always assume that the Haar measure is preserved for any

admissible embedding Ty = Ty for a maximal torus Ty € H and a 6-stable maximal torus
T CG.
Now we can state the conjectural twisted endoscopic character identity.

CONJECTURE 3.10. Suppose that ¢ € ®pqq(G).
(i)
F(9) =Y (Lmgfa(m), [eCX(G(F)) (3.13)

ﬂ'GH¢

is stable.
ii) Suppose that s is a semisimple element in SY, and (Hj, — (¢, s). Then
¢ LH, ¥

)= 3 (o m g fgo(m) (3.14)

7T€H¢

ezt

for f € C°(G(F)), where x is the image of s in Sg, and 7t is an extension of m to GT(F) :=
G(F) x (f) with 7+(8) = A(6). -
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Remark 3.11. In the statement of this conjecture, the character (-, 7)y is given in Conjecture 2.1
and (-, 7"), is given in Conjecture 2.5, where one takes ¥ = (0), G¥ = GT and 7% = 7.

In the setup of this conjecture, we can let

and

@QHl = Z <1’W>9H1@7rHl'

7T€H¢H1

Then, by expanding (3.14) using the twisted Weyl integration formula, we get
D, (1)?
000 = 32 I 1 (0,0)04, (1),

where the sum is over stable conjugacy classes of norms v, € Hi Greg(F) of 0 € Gfeg(F).

Let Zp be a closed subgroup of Zg(F') such that Zp — Zy(F') through (3.7) is injective. If
the elements in H¢H1 all have the same central character, let us denote its restriction to Cy r
by x'. Then, for z € Zr and z; in its preimage in C; p, we have

Dy, (2
Op0(20) = Y i () Do gz A (2171,20)04, (21m)

e DGG 255
~1 D, (m)?
_ 1 YH 71 /
= 725 xc (21) Wﬁc,m (711,0)x'(21)0g,, (M)
1—>

= X1 (21) 7Y (21)O 4,2 (0).

Note that XallX/ is trivial on Z;(F') and hence descends to a quasicharacter on Zp, which
we denote by x. By the linear independence of twisted characters of irreducible smooth
representations, one must have

0%’ (zg) = x(2)0%" (9)

for z € Zp and 7 € Ilg. In particular, we can let § = id and Zp = Zg(F). Then the central
character of elements in II, is x. This suggests that if we want to show for any ¢ € ®,q4(G)
that the elements in Il have the same central character, we can reduce to the case of simple
parameters. Since the L-packet for a simple parameter consists of only one element, there
is nothing to show in that case. So, we have the following proposition as a consequence of
Conjecture 3.10.

PROPOSITION 3.12. Suppose that ¢ € ®pqq(G); then the elements in 11, all have the same central
character.

This proposition can be extended to all L-packets by the theory of Langlands quotient.
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3.5 Proof of Theorem 2.6

Let G C G be two quasisplit connected reductive groups over F' such that Gyer = éder; we denote
G/G by D. We have

1 G G-—2-D 1.

We assume that 6 is an automorphism of G preserving an F-splitting of C~}, and A is f-invariant.

Let GT = G x (6).
LEMMA 3.13. Suppose that ¢ € ®,qq4(G) and 7 € Ily; then
(@, (7)9)g = wa(g) (@, 71 )y (3.15)

for any g € G(F) and = € Sg, where w, = a(z) and 7" is an irreducible representation of G (F')
containing 7 in its restriction.

Proof. Let m = m(p) for p € Trr(Sy). If m 2 7%, then p % p for = € Sg (cf. Lemma 5.1 and
Conjecture 2.3). Therefore, (x,7+)s = 0 for z € Sg and hence (3.15) is clear. Now we will only

concern the case m = 7%, Suppose that s € 5’3) and (Hl,QHl) — (¢, 5); then, by (3.14), we have

P16y ) = 3w ) gfo(m)

TFGH¢

ozt

for f € CX(G(F)), where x is the image of s in Sg. We can also reformulate this identity by

taking f € C°(G(F) x 0) and view it as in C°(G(F')) by sending g to g x 6, so that we can
define its transfer as before. The resulting identity is

F6y) = 3 @t hsfor ().

7I'€H¢

For g € G(F),h € G(F) x 0, we denote f9(h) = f(ghg™"). Then, by Lemma 3.5 and (3.9), we
have

(f) = wa(g) S
and hence
() (6, ) = wol9) S (0 ).
Using the character identity to expand each side, we get

Do (e m ) fl () = Y walg)(@ m ) for (). (3.16)

7T€H¢ 7T€H¢

The left-hand side of (3.16) is equal to

S (@ ) ofor (7)) = Y (a, (7)) far (), (3.17)

WEH¢ 71'61_[¢

where we substitute 7 for (77)9"'. Compared with the right-hand side of

(3.16), this may
possibly change the extension of 7 by some twist of characters of G (F)/G(F).

Nevertheless,
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the right-hand side of (3.16) is independent of the extensions, so we can certainly choose the
same extension as the right-hand side of (3.17). So, after these changes, we get

Y (@ (T efar () = Y wilg) (@ m e for (w)

melly m€lly,
and hence
(@, (1%))g = wal(g){z, 7 1)y
by the linear independence of twisted characters. O

Now we are going to prove Theorem 2.6. For ¢ € Pp4q(G), recall that there is a

homomorphism B
a: Sg — Hom(G(F)/G(F),C*),
so we can define the homomorphism G(F) — (S(f)* in the theorem by letting e4(x) = a(z)(g) =
wz(g). Fix 7 € IIs and z € S5, we denote the iglage of z in & by 6; then z € Sg. Let ¥/ = ()
and 7% = 7t it follows from Lemma 3.13 that for any g € G(F),
(a, (1)) = 24 @), 7).

On the other hand, we have from (2.6)

<'77TE>Q|32/ = m(ﬂZ>WE/)<'a7TE
¢
N WE,GH(%,

/

)o-

Since m((7>)9, (7¥)9) = m(x>, 7%),
(2, (1)) = Y m((@), (7)), (x

U § d 3
™ EH¢

— Z m(ﬁz,wz/)ﬁg($)<$,72/>g

ﬂZIEHdZ)/

/

e

= &o(@) (e, 7).

As we vary m € Il and = € S%, this equality still holds. Therefore, we have proved the theorem.

3.6 Proof of Conjecture 2.2

In this section, we want to show that Conjecture 2.2 is a special case of Theorem 2.6. The
main step is to clarify the three ingredients in defining the homomorphism G.q(F) — S in
the statement of the conjecture. First, we need to recall the construction of z-extension. It is a
consequence of the following more general construction.

PROPOSITION 3.14. Suppose that F is a field of characteristic zero and G and G’ are reductive
groups over F. If G' is semisimple and there is a covering G' — Gger, then there exists a central
extension of G

1 Z G’ G 1

such that:
ar =G5
— the projection G!;,, = Gger coincides with G' — Ger;
~ 7 is an induced torus; in particular, H'(F,Z) = 1.
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Remark 3.15. When G’ = Gy, G’ is the usual z-extension of G. For the proof of this proposition,
we refer the reader to [MS82, Proposition 3.1] and [Lan79].

Now we want to construct the Tate local duality for nonabelian reductive groups. Let F' be
a local field of characteristic zero and G be a connected reductive group over F. Let G' = G/Z2;
then Zg = Zg/Zg. We apply Proposition 3.14 to the natural projection G — Ga.q, and we get
an extension G of Gaq

1 Z G’ Gad 1

such that ééer = G’ and H'(F, Z) = 1. Moreover, Z = Zg,; we denote G'/G' by D. Consider
the exact sequence

1 G’ G —2-D 1.

The restriction to the centres gives

1 Ze Z~ 2D 1

and it induces the following exact sequence:

A

Zg(F)—— D(F)— H'(F, Zg') —= H(F, Zg,) = 1.

an(
Therefore,

H(F, Zar) = D(F)/Tm(Zg (F) > D(F)).
On the other hand, one considers the following diagram.

1

Note that m; (@) = @SC N D and G = @der, so we get a short exact sequence

~

1 —— 71 (Gaer) D Zg, 1.

This induces the following exact sequence:

WO(ZE/) 4>H1(F7W1(Gder)) 4>H1(F7 D) 4>H1(F¢ Zél)
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By the Tate-Nakayama duality for tori (see [Kot84, §3.3, equation (3.3.1)]), we have 770(23,)* =
H'(F,Zg) =1 and hence ﬂo(Zg,) = 1. Therefore,

H'(F,1(Gaer)) = Ker(H'(F, D) — H'(F, Zz,)).

It also follows from the Tate-Nakayama duality for tori that H!(F, 13) (respectively H!(F,
Zz,)) is canonically isomorphic to the group of continuous characters of finite orders on D(F)
(respectively Zg, (F)) (see [Kot84, §3,3, equation (3.3.2)]). Since Im(Zg, (F) A D(F)) has finite
index in D(F), Ker(H'(F, D) — H'(F, Zg,)) is isomorphic to characters of D(F') that are trivial
on Tm(Zg, (F) = D(F)), and this is exactly the dual of D(F)/Im(Zg(F) 2 D(F)). Hence, we
get a perfect pairing

HY(F, Z¢r) x HY(F, 71 (Gaer)) — C*. (3.18)

The fact that this pairing is independent of the choice of extension with respect to G/ — Ga.q is
because of the following proposition.

PROPOSITION 3.16. (i) If there is another extension

1 Z €4 Gad 1

dominating the original extension, i.e., there is a surjection é’l — G’ such that the following
diagram commutes:

1 Z1 éll Gad 1
1 Z G’ Gad 1

then the pairing (3.18) obtained from this extension is the same as the original one.
(ii) If there are two extensions

1 Z; G Gad 1 (i=1,2),

7

then one can find a third extension which dominates both of them.

The proof of part (i) is straightforward and we leave it to the reader. The proof of part (ii)
can be found in [Kot82, Lemma 1.1].
Since HY(F, Zg,) = 1, Gaa(F) = G'(F)/Zg (F) and
=~ A
Gad(F) = G'(F)/Zg,(F) == D(F)/Im(Zg,(F) = D(F)) = H(F, Zer)

defines the homomorphism Guq(F) — H'(F, Zg) in the introduction. Just like the Tate local
duality pairing, one can show that this homomorphism is independent of the choice of extension
with respect to G’ — Glgq.

Finally, if ¢ € ®4q(G), we have defined a homomorphism § : Sy — Hl(Wp,ﬁ) (see (3.3)).

By Lemma 3.3, the image of 4 is finite. So, § factors through A4 and the image lies in HY(F, ZA?)
Moreover, we claim that the image of § lies in Ker(H'(F, D) — H!(F, 2@,)). In fact, this follows
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from the proof of Lemma 3.3. For the convenience of the reader, we repeat that argument here.

For s € SQ, let s be a preimage of s in G'. Recall that

8(s) s ur> 30(u)s ~o(u) Tt = 30u(E") - 0u(3)d(w)Fd(u) !

em

for u € L and oy, is the image of u in I". Note that the decomposition of §(s)(u) factors through I'.
Then our claim follows from the following diagram:

HY(F,D)

TN

HY(F,Gy) — HY(F,G")) —= H'(F, Zz,)

So, we obtain a homomorphism 6 : Ay — H!(F, 71(Ger)).
From the construction above, we obtain a homomorphism G,q(F) — Ay, which sends g to 7g.
It is easy to check that B

1g(s) = o(x)(9)

for s € Ay with image x € Sy, and g € é’(F) with image g € Gaq(F'). As a consequence, 1 € S;
and Conjecture 2.2 follows from Theorem 2.6 immediately. a

4. Central character

For ¢ € ®(G), one can associate a character x, of Zg(F) as in the introduction. By
Proposition 3.12, we see that the central characters of elements in II; are the same. So, we
can talk about the central character of an L-packet, and we would like to show that it is equal to
X4- By the construction of x4 and also nontempered L-packets, we see that it suffices to prove
this for ¢ € ®pqq(G). Note that if ¢ is simple, 114 contains only one element and we would like
to assume that the central character of Il is x¢. Then it is enough to check how x4 and the
central character of representations change with respect to the endoscopic transfer.

LEMMA 4.1. Let ¢ € ®pqq(G) and s € SQ. Suppose that, for any (Hl,ng) — (¢, s), the central
character of g, is Xey, ; then the central character of Il is x¢.

Proof. First, we want to reduce to the case H = “H. To do so, we can simply take a z-extension
of G

1 A G G 1

and denote the image of ¢ in ®p4q(G1) by ¢1. Note that (Gi)ger = Gsc; then, by a result of
Langlands (see [Lan79, Proposition 1)), ¢, factors through an endoscopic datum (Hy,PHy,s,69).
This gives a natural embedding £z, : H — “H; and a z-extension

1 A Hy H 1.

Therefore, (Hi,&p,) is a z-pair for H. By our assumption, Xou, 18 the central character of Wy -
If we can show that x4, is the central character of Il , then the same is true for x4.
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From now on, we assume that H = “H and we take H; = H. By the definition of Xg, We

need to take a torus Z containing the centre Z¢ of G and form G=(Gx2)/Zg. Then H can be
lifted to a twisted endoscopic group H of G. Let ¢, be a lift of ¢,,; it gives a lift ¢ of ¢. Then

Xoy = X(;3H|ZH and x4 = XJ)‘ZG- Note that x; = Xg (X¢~>H|ZG~)’ where Xg is dual to

Wg % Lg - LZ@.

On the other hand the central character of Il only differs from the restriction of that of
Iy, to Zg by XC . This follows from our proof of Proposition 3.12 by taking C = C1 =
Since xc¢ = X&lzg, it is enough to show that Xg = x~1 To glve the deﬁmtlon of xg, we need

to fix T-splittings (BH,TH, {Xa,}) and (B, T,{X,}) for both H and G By taking a certain

G’ conjugate of f , we can assume that & ( )= T and B C B. We also choose a maximal torus
T~ of H defined over F', and choose an admissible embeddlng T~ —~T together with y-data on
R(G, T)). The admissible embedding identifies LT ~ with LT, and transports x-data from R(G,T)

to R(I:j T- 7). The x-data glve embeddings ET LT~ LH and ok LT —» L@. Then there exists
a l-cocycle az of Wp in ’T with transported Galois action from T such that
£o &, = a7 & (4.1)
and Xél is dual to
WF E) %—) Lé—) LZ@.
By the constructions of {7 and &z (see [LS87, §2.5]), one can see that {5 (WF) C Haer X Wr
H H
and {x(Wr) C Ger ¥ W, so if we restrict both sides of (4.1) to Wr and compose them with
Lq - LZ@ we get an equality for the duals of Xg and Xél- Therefore, Xg = Xél- O

It is clear that this lemma implies Proposition 2.4.

5. Twist by automorphism and quasicharacter

Let 0 be an automorphism of G preserving an F-splitting. Let a be an element in H YW,
Z(@G)), which is associated with a quasicharacter w of G(F'). In this section, we want to prove
Proposition 2.7.

LEMMA 5.1. Suppose that ¢ € ®pqq(G) is not simple; then Il = Hg. Moreover,

(x, 7T9>¢9 = (é\flwé\, 7T>?

for any m € Il and = € S¢e.

Proof. For s € 5’¢, we assume that (Hl’?Hl) — (¢,s) with respect to (H,H,s,£) and the
z-pair (H1,&p,). Then we have (Hl,QHl) N @9,/9\35—1) with respect to (H,H,0s6~1, ¢% and
the same z-pair (Hy,&m, ). To make a distinction, we denote the transfer factor with respect to
(H,H,0s6",£9) by Ag,my, and the transfer by fifor f e C*(G(F)). Note that 1 is defined
on Hi(F).
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If f € C(G(F)), we can choose the transfers so that they satisfy
(f0)H = i, (5.1)

To see this, let 71 be a semisimple strongly G-regular element of H;(F') and let T, be the
centralizer of ;. Let Ty be the projection of Ty, on H and v € H(F') be the image of v;. We fix
an admissible embedding Ty — T with respect to (H,H, s,&) and denote the image of v by d.

Then the admissible embedding of T with respect to (H, H, @\sé\_l, ¢%) becomes the composition
of

-t 1
Ty - T — 0 (T).

This is because the endoscopic embedding ¢ changes to £7. Note that v maps to #~1(§) under
this admissible embedding. Then

SOHl((fG)Hiafyl) = Z AG,H{("}/M971(51))00(]097671((?))
{0Yary~st{d}a(r)

= > Ac,ut (11,071(8))O0a(f,6").
{0"Yary~st{d}a(r)

By the definition of transfer factors, one can check that

Ac, i (1,071(8") = Ag.m, (11, 6),
so we have

SO, ((f), 1) = SOm, (f71,m).

It follows from (5.1) that
1 (y,) = () (ey,)-
Now we can expand both sides by the endoscopic character identities:
6= 3 @ melan)
WEH¢

and

"y = D (02f " ) o f ()

where z is the image of s in Sp. By linear independence of characters, for any 7’ € 40, there
exists 7 € Il such that 7% = 7. This shows that Hg = Il 40. Moreover,

o~ o~

(v, m)g = 0z~ 7"y o = <§m§_1,776>¢9.

¢9
Let 2/ = 026! € 8?9; then we get (6~ '2/0, T)g = <x’,7r9)ée. O
LEMMA 5.2. Suppose that ¢ € ®pqq4(G) is not simple; then Ilyga = Iy ® w. Moreover,

(2,7 @w)ga = (,7)g

for any m € Il and © € Sy = Syga, where a is a 1-cocycle of W in Z(@) representing a.
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Proof. For s € 5’9, we assume that (Hl,QHl) — (¢, s) with respect to (H,H, s,£) and the z-pair
(H1,&p,). Then we have (H{,QHI) — (¢ ®a,s) with respect to (H,H,s,§ ® a) and the same
z-pair (Hi,&p,). To make a distinction, we denote the transfer factor with respect to (H,H,
s,§ ® a) by Ag . and the transfer by fH for f € C®(G(F)). Note that f71 is defined on
H,(F).

If f € CX(G(F)), one can choose the transfers so that they satisfy

(f@w = i, (5.2)

To see this, let 71 be a semisimple strongly G-regular element of Hi(F') and let T, be the
centralizer of ;. Let Ty be the projection of Ty, on H and v € H(F) be the image of v;. We
fix an admissible embedding Ty — T with respect to (H,H,s,£) and denote the image of v by
0. Then the admissible embedding of Ty with respect to (H,H, s,£ ® a) is the same. We have

SOu, (f ®@w ™)1, y) = > A (11,0 0a(f @ w™,8)
{19 Yary~st{dta(r)
= Z AG,Hi (717 5/)6‘)71(5/)0@(.]07 5/)

{0"Yary~st{dtar

Moreover, we have

Ag . (7,0") =w(0)Ag,u(v, ).

In fact, this difference between transfer factors only comes from Ay or more precisely As (see
[LS87, §3.5] for its definition). Therefore,

SOHl((f ® wil)Hiafyl) = SOHl (fH1771)'

It follows from (5.2) that
8y = (Fow HHi(g, ).

Now we can expand both sides by the endoscopic character identities:

Fby,) = (@ msfalm)

TFEH¢,

and

(Fow g, )= 3 (rm)malf ®w )a)

7T€H¢®a

= ) (mm)geafe(r@w™),

7T€H¢®a

where z is the image of s in Sy = Sy a- By linear independence of characters, for any 7’ € Hyga,
there exists m € Iy such that 7’ @ w™! 22 7. This implies that [Iyga = 1y ® w. Furthermore,

(2,7 @ W)pga = (2,7 ) gpma = (T, T)g-

This finishes the proof. O
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6. Lifting L-packet

Let G C G be two quasisplit connected reductive groups over F' such that Gqer = Gder, we denote
G/G by D. Suppose that ¢ € @bdd(G) and ¢ is the image of ¢ under @bdd(G) — ®pqq(G); then
it is conjectured that II ¢\G = II4. The problem we want to study is to what extent one can

understand the L-packet of G from that of G. Therefore, we will only assume the endoscopic
hypothesis (i.e., (2.1) and Conjectures 2.5 and 3.10) for G and all its twisted endoscopic groups.
To be more precise, this will be our working assumption in §§6.2—6.4. It follows that the previous
results that we have proved about the desiderata of L-packets are valid for G.

6.1 Representation-theoretic preparation

We start by investigating the restriction multi-map II(G(F)) — IL(G(F)). Similar discussions of
this restriction multi-map can also be found in [LL79], [HS12] and [GK82].

LEMMA 6.1. If 7 is an irreducible smooth representation of G(F), then the restriction of & to
G(F) is a direct sum of finitely many irreducible smooth representations.

Proof. Since 7 has a central character xz, it is enough to show that the restriction of 7 to
Z&(F)G(F) is a direct sum of finitely many irreducible smooth representations. Note that
|D(F) : \(Zz(F))| is finite, so the index |G(F) : Zz(F)G(F)| = N(G(F)) : \(Zg(F))| < |D(F) :
MZz(F))| is also finite. Then this lemma follows from the following algebraic result. O
LEMMA 6.2. Let G and H be two groups such that H is a normal subgroup of G and G/H is
finite.

(i) If 7 is an irreducible representation of G, then the restriction of © to H is a direct sum
of finitely many irreducible representations.

(ii) If 7 is an irreducible representation of H, then there exists an irreducible representation
7 of G which contains 7 in its restriction to H.

Proof. (i) Let g1,g2,...,9, be the representatives of G/H and ¢g; = 1. Let us assume that
the restriction of 7 to H is reducible. We first need to show that there exists a direct sum
decomposition of the representation space V = V(7|g) = @i 1 (9w, )W for some proper H-
invariant subspace W and 1 < v; < r. Suppose that there exists a direct sum 0 # @Z 1 T(Gu;)
W C V; then (,_, @i:l 7(grge, )W = 0 for it is invariant under G, but not equal to V.
Hence, we can choose {k1,ka,... . km} C {1,2,...,7} so that WL, P, 7(gr; v, )W = 0, but

= W2 B, gk, 9o, )W 7é 0. Here we let W’ = W if m = 1. Since W' N @', 7(gx,, 9v;)

W =0,W+ @i:l 7(gk,, 9v;)W' is again a direct sum. Note that we have increased the number
of direct summands by 1. By repeating this argument, we will end up with a direct sum which is
either the whole space V' or equal to @._; 7(g;)W" with respect to some H-invariant subspace
0 # W"” C W. In the latter case, it is again equal to V for it is invariant under G.

Now we can assume that there is a direct sum decomposition of V = @!_, 7(g,,)W with
respect to some W. Suppose that W is reducible; then there exists an H-invariant subspace
W' in W and @2:1 7(gu, )W’ # V. This implies that [ < r. Hence, W must be irreducible
if l =r. In case | < r, we can apply the argument in the previous paragraph and find that
W"” in W', so that V = @;%, 7(gv,)W" and m > I. If W” is reducible, we can repeat this
argument until either we get an irreducible subrepresentation in which case the proof is done,
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or we decompose V into a direct sum of r subspaces. In the latter case, it is clear now that

each subspace has to be irreducible. Therefore, 7 can be decomposed into a finite direct sum of

irreducible H-representations. Moreover, it is easy to see that the direct summands run over all

the isomorphism classes of G-conjugates of any irreducible representation 7 contained in 7|g.
(ii) Let 7 be any irreducible representation of G; from Frobenius reciprocity, we have

Homy ( Res$ 7, m) = Homg (7, Ind ).

Then it is easy to see from part (i) of the lemma that 7 contains 7 in its restriction to H if and
only if 7 is a subrepresentation of o = Ind%w. So, it is enough to show that ¢ has an irreducible
subrepresentation. Note that o|g = @)_, 7%, so we have projections p; : V(o) — V(n%). If W
is a G-invariant subspace of V (o), we are going to define a sequence of subspaces as follows. Let
Wy = W, Wy = Ker p1|w,, Ws = Ker pa|w,, ..., W = Kerpr—1|w,_, and Wy = 0. Then we have

0=W, 1 CW, CW, 1 C---CW1 =W,

where W; /W1 ~ 9% or 0 for 1 <14 < r. In particular, there exists a unique sequence of integers
T2 Sy > Sm—1 > - > 81 = 1 such that
0C W, W

Sm1+

~gW51:W

with W, /W, ~ 7% for 1 <i<m —1and W, = 79". We call m = m(W) the length
of W. Now let us take a proper G-invariant subspace W of minimal length; then W has to be
irreducible. Otherwise, there exists another G-invariant subspace W' C W and, if {s1, s2,..., $m}
is associated with W, then W( /W, =~ C W, /W, =~ m%i. From here, we see that m(W’) <
m(W) and hence m(W') = m(W). This means that W) = W, and W’ SWei = Wei/Ws,
Therefore, W’/ = W. O

As an immediate consequence of part (ii) of this lemma, we have the following corollary.

COROLLARY 6.3. If 7 is an irreducible smooth representation of G(F), then there exists an
irreducible smooth representation © of G(F') which contains 7 in its restriction to G(F'). In
particular, the central character X, can be extended to a character of Zz(F).

Proof. Let Zp be a closed subgroup of Z &(F') such that ZpNZg(F) =1and D(F )/)\(ZF) is finite.

Then we can extend 7 to ZpG(F) through the trivial character on Zp. Since G(F)/ZpG(F) is
finite, the existence of 7 follows from Lemma 6.2 directly, and moreover its central character yx
extends x- B

The closed subgroup Zr can be constructed as follows. We first choose an F-subtorus C' of Z%

such that Z% = CZY and CNZY is finite. It is easy to see that A(C(F)) has finite index in D(F)

and |C(F) N Zg(F)| is finite. Next, we choose an integer m such that Zp = {z™:z € C(F)}
has no torsion points. Then Zp N Zg(F) = 1 and A(Zp) also has finite index in D(F). O

Reviewing part (ii) of Lemma 6.2, we see that the irreducible subrepresentations of Indfﬂr
give all the irreducible representations of GG whose restriction to H contains 7. So, it is interesting
to determine the structure of Indfﬂr. This may not be easy in general, but when G/H is abelian
and the irreducible representations of H satisfy Schur’s lemma, one can actually compute the
induction very explicitly. Especially, note that if Zp is a closed subgroup of Zx(F) such that
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D(F)/\(Zp) is finite, G(F)/ZpG(F) is also abelian. So, now we are going to calculate Ind%r
under the assumption that G/ H is abelian. In fact, we can take any sequence of normal subgroups

H=HyCH,C---CH;C---CH, =G
such that H;11/H; is cyclic and of prime order. Then

md§n = Ind§, | ---Indj*' - Indf' 7.

1

As we will see, for any irreducible representation o of H;, the induction Indgi“a is always
semisimple, so it is enough for us to consider the case when G/H is a cyclic group of prime order
p. Let g € G be a generator of the cyclic group G/H and let us assume that 79 = 7; then there

exists an intertwining operator A of V(m) such that for all h € H, we have
Aon(h) =n(ghg™") o A.

So,
AP o (k) = w(gPhgP) 0 AP = nt(gP) o w(h) o w(gP) ! o AP

and
(n(g") " 0 A) o (k) = m(h) o (w(g?) " o AP).

Since 7 is irreducible, 7(g?) "1o AP = cI for some constant c. After rescaling A, we can assume that
¢ =1 and hence AP = 7(gP). This shows that we can extend 7 to an irreducible representation
7 of G by defining 7(g) = A. In fact, if we change the scaling of A by a pth root of unity, we can
get another extension 7 ® w for some character w of G/H. Let {w;}'_; be all the characters of
G/H; then it is easy to see that T ® w; are distinct for all 1 < ¢ < p. Our claim is that

p
Indfr = P 7 @ w;. (6.1)
=1

To see this, we first get inclusions from 7 ® w; to Indfﬂr for all 1 < ¢ < p by Frobenius
reciprocity. Then this gives a G-invariant homomorphism from @ _; 7 ® w; to Ind%’}ﬂ. Since
T ® w; are distinct, this homomorphism must be injective. Otherwise, the image of some 7 ® wy
will be contained in the image of @, 4k T @w;, but that is impossible. The surjectivity will follow
from a simple argument on the lengths of representations as defined in the proof of part (ii) of
Lemma 6.2, when we restrict to H. Finally, if 79 22 «, then Indf]ﬂ is irreducible because any

irreducible subrepresentation of Ind%ﬂ contains 79" for 1 < ¢ < p in its restriction to H.

o &)
Next, we will give a formula for IndZFG ")

of G(F), which can be extended to Z rG(F) through some quasicharacter X of Zp. Let us denote

7, where 7 is an irreducible smooth representation

G(r) ={ge G(F) : n9 = x}.

Suppose that G is a maximal subgroup of é(F ), to which one can extend 7. Note that such
G}m may not be unique. If we denote such an extension by 7!, then by (6.1) we have

G ~ 1
IndZ;G(F)ﬂ- &~ @ ™ Qw
we(Gy/ZrG(F))*
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and
G(F) 10 4G(F) ~ (F) 1
Ind" o)™ = Indg IdZFG( 7 @ Ind/y (7' @ w).
we(GL/ZpG(F))*
G(F)

F

7! by making a

good choice of 7!. Now we want to count the multiplicities in the decomposition of IndZ( G)(F)ﬂ-
F

above. Observe that IndG(F) = Indcg )(71'1 ® w) if and only if (7!)9 = 7! ® w for some
F

Note that IndG(F)( 1 ® w) is irreducible, so we can assume that 7 =2 Ind/

g e G( ). In fact, such g must be in G~»'(7r) So, we consider the homomorphism
(G}/ZrG(F))*,

G ()

g—————w: (M) =2rlew

and the kernel is G}; by maximality. If we denote the image of this homomorphism by ¢(7), then

G(F) ~ G(F), 1
IndZ" o 2= [e(m)] &y Ind/y (n! @ w). (6.2)
wWe(GY/ZrG(F))* Je(r)

As a consequence of this formula, we have the following corollaries.

COROLLARY 6.4. If 7 is an irreducible smooth representation of G(F), then the irreducible
smooth representation 7 of G(F), which contains m in its restriction to G(F'), is unique up to

twisting by Hom(G(F)/G(F),C*).

Proof. As in Corollary 6.3, we can let Zp be a closed subgroup of Z&(F') such that ZrnN Za(F)
= 1 and D(F)/\(Zp) is finite. Then, for any two irreducible smooth representations 71, T2, which
contain 7 in their restrictions to G(F'), one can choose w € Hom(G G(F)/G(F),C*) such that the
restrictions of 71 ® w and 7o to ZpG(F') all contain the same representatlon which extends 7.
By Frobenius reciprocity and (6.2), 7 ® w = s ® o' for some w’ € (G(F)/ZpG(F))*. Therefore,
712 T @ww L. O

COROLLARY 6.5. If 7 is an irreducible smooth representation of G(F), then the irreducible
smooth representations w of G(F') in the restriction of 7 all have the same multiplicity and it is
equal to |c(m)].

Proof. 1t follows from the proof of Lemma 6.2 that Resgggﬁ' consists of isomorphism classes of

79 for g € G(F). By (6.2) and Frobenius reciprocity, the multiplicity of 79 is |¢(79)] = |¢(x)].
This finishes the proof. O

LEMMA 6.6. Suppose that 7 is an irreducible smooth generic representation of é(F), then the
multiplicity of the irreducible smooth representation = of G(F') in the restriction of T is equal
to one.

Proof. Since T is generic, there exists a generic representation 7 of G(F') in the restriction of 7.
For g € G(r), the intertwining operator A, : @ — 79 will preserve the Whittaker functional up
to a scalar. Here we are using the uniqueness of the Whittaker model. As a consequence, we can
normalize A, for all g € G(m) so that they all preserve the Whittaker functional. Then one can
check easily that 7 can be extended by these intertwining operators to G (7). This means that
Gl = G(r) and hence |¢(7)| = 1. Now this lemma will follow from Corollary 6.5. O
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If 7 is an irreducible smooth representation of G(F), let us denote

X(7) = {w € (G(F)/Z5(F)G(F))* : # ® w = 7}

We denote the multiplicity of an irreducible smooth representation 7 of G(F) in the restriction
of © by m(7, ). Next, we want to give a formula for m(7,7) in terms of X (7) and G(7).

COROLLARY 6.7. If 7 is an irreducible smooth representation of G (F) and 7 is contained in its
restriction to G(F'), then

(X (@)

m(mw, T 2o A
) |G(F)/G(m)]

(6.3)

Proof. Tt follows from Corollary 6.5 that m(#, ) = |¢(r)|. By definition, |¢(7)| = |G(r)/GL|. On
the other hand, it follows from (6.2) that X () is the preimage of ¢(m) under

(G(F)/Zg(F)G(F)) — (Gy/Z5(F)G(F))".

Note that the kernel of this map is (é(F)/G%)*, so | X(7)| = |e(m)] - \G(F)/GH Cancelling GL
from these two identities, we get

(X ()|

c\mT 22?.
<t |G(F)/G(7)]

This finishes the proof. O

Remark 6.8. In the next section, we will consider the situation that both G and H as in
Lemma 6.2 are finite groups. It is not hard to see that the corollaries above can also be stated
for such pairs, and the proofs are the same.

Finally, we show that the restriction multi-map II(G(F')) — II(G(F')) preserves temperedness.

LEMMA 6.9. Suppose that 7 is an irreducible smooth unitary representation of G (F); then 7 is
an essential discrete series representation of G(F') if and only if its restriction to G(F') consists
of essential discrete series representations. The same is true of the tempered representations.

Proof. If 7 is an essential discrete series representation, then the matrix coefficient (7(g)v, w")
for v € V(7) and w" € V(7)" is a square integrable function modulo the centre. In particular, its
restriction to G(F') is square integrable modulo the centre; hence, the restriction of 7 consists of
essential discrete series representations. Conversely, we can write the matrix coefficient of 7 as a
piecewise-defined function on the components of G(F)/ Z&(F)G(F), where on each component
it is defined as

(T (hg)v,w”) = (7 (h)(7(g)v),w")
for some fixed representatives g € G(F) of é(F)/Zé(F)G(F) and h € Zz(F)G(F), which is a
matrix coefficient of the restriction of 7. So, the restriction of 7 consisting of essential discrete
series representations implies that 7 is an essential discrete series representation. The same kind

of argument also applies to tempered representations when we replace the condition of square
integrability by L%te. 0
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6.2 Coarse L-packet

In this section, we want to describe the preimage of L-packets of G under II(G(F)) — II(G(F)).
To do so, we need the following hypothesis.

HYPOTHESIS 1. Suppose that ¢ € ®paa(G) and let p € Irr(Sy) and 7 € Irr(S;) be in the

restriction p\gog. Let 7 be an irreducible smooth representationiof é(F ), whose restriction to
G(F) contains m = m(p); then, for any z € Sy,

Moreover,

where Sy(7) = {z € Sy : 7" = 7}

It is clear that this hypothesis is a consequence of Conjecture 2.3 for é, which is not assumed
in §6. Since this hypothesis will be used on top of our working assumption for this section, we
will point it out whenever we assume this hypothesis. The next proposition is kind of dual to
this hypothesis.

PROPOSITION 6.10. Suppose that ¢ € ®paa(G) and let p € Irr(Sy) and © = w(p). Let
X(p) = {2 € (So/Sy)" : poo = ph
then {e,: g € G(m)} = X(p), where eg(®) = wz(9) = a(x)(g) for x € Sy.
Proof. For g € é(ﬂ'), by Lemma 3.13,
(#,m)g = (2, 7%)¢ = eg(2)(2, )

and hence ¢, € X (p). This shows that {e;,: g € G(m)} C X(p).
For the other direction, note that the map o : z — w, embeds Sy/S; into Hom(G(F)/

G(F),C*) (see (3.6)), so the map g — g4 from G(F) to (Sy/Sz)" is surjective. Hence, for any
e € X(p), we can assume that € = ¢, for some g € G(F). Then

<$77Tg>? = 59($)<:E77r>f = (z, W)Q
By injectivity of the map m — (-, )y, one must have 79 = 7, ie., g € é(w) O
COROLLARY 6.11. Suppose that ¢ € Ppaa(G) and let p € Irr(Sy) and ™ = 7w(p). Let
Ker(X(p)) ={z € Sy :e(z) =1 for alle € X(p)};
then a(Ker(X (p)) = (G(F)/G(r))"

Proof. Consider the pairing G(F) x 8y — C* which sends (g, z) to g4(z) = a()(g). It becomes
a perfect pairing of abelian groups after taking quotients by S 5 S Sp, and U C C~¥(F ), which is
annihilated by Sp. We claim that U C G(r). This is because if gg = 1, then

(2, 1)y = gg(z)(2,T)p = (T, )4
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By injectivity of the map m — (-, )y, one must have 7 = 7, i.e., g € é(w) By Proposition 6.10
and the Pontryagin duality applied to the perfect pairing CNJ(F )/U x S@/«S 5~ C*, we have
a perfect pairing (G(F)/U)/(G(r)/U) x Ker(X(p))/S; — C. Therefore, (G(F)/G(r))* =
(G(F)/U)/(G(m)/U))* = a(Ker(X(p)))- DO

PROPOSITION 6.12. Suppose that ¢ € ®paa(G) and let p € Irr(Sy) and 7 € Irr(S;) be in the

restriction p\sqE with multiplicity m(p, 7). Let T be an irreducible smooth representation of (~}'(F)

whose restriction to G(F) contains m = 7(p). Under Hypothesis 1, we have m(7,7) = m(p, 7).

Proof. By Corollary 6.7, we have

m(i,my? = ol
7 |G(F)/G(m)]
Similarly, one can show that
e IX()
T = 15, 5507

(see Remark 6.8). To relate these two expressions, we take Hypothesis 1 and apply Corollary 6.11
to the formula of m(#, )2, and we get

o lalSsm) [S5(T)/4|
T R (X Rer(X(0))/S5
Ss(M/S5l 1S M/SHIX D x(p)
TS /S X T IS/SHI T 186/Se(T)]
=m(p,7)%
Hence, m(7w,7) = m(p, 7). O

This proposition suggests that m(7,7) = 1 if Sy is abelian. For classical groups, it has been
shown that Sy is always abelian (see [Art13, Mok14]). On the other hand, when G is a symplectic

group or special even orthogonal group, and G is its similitude group, it has been proved that
m(7, ) =1 (see [AP06, Theorem 1.4]). In fact, one can prove Hypothesis 1 under the assumption
that m(7,7) = m(p,7) = 1.

PROPOSITION 6.13. Suppose that ¢ € ®paa(G) and let p € Irr(Sy) and 7 € Irr(S;) be in the

restriction p|5q;. Let 7 be an irreducible smooth representation of C:’(F ), whose restriction to

G(F) contains m = w(p). If m(#, ) = m(p,7) = 1, then, for any = € Ss,

Moreover,

where Sy(1) ={z € S : 7" = 7}.
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Proof. 1t m(&,7) = m(p,7) = 1, then X (7) = (G(F)/G(n))* and X (p) = (S5/Ss(7))*. It follows
that Ker(X(p)) = S4(7). By Corollary 6.11, X (7) = a(Ker(X (p))) = a(S,(7)). This implies the
direction ‘=’. For the other direction, one can always choose xy € S ( j such that w; = wy,
which implies that zz; ' € Sj- Hence, x € Sy(7). O

For ¢ € ®p44(G), we assume that the central character of Il is x4. Let us fix a character X4 of
Z&(F') such that X4|z,(r) = X¢- Then we define ﬁ¢ %, to be the subset of H(G(F)) with central

character X,, whose restriction to G(F') is contained in Il4. Let X = Hom(G ( )/ Z5(F)G(F),

C*); then X acts on 1:I¢’§¢ by twisting. We call H¢,X¢ a coarse L-packet for G, its structure is
described in the following proposition.

PROPOSITION 6.14. Suppose that ¢ € ®pqa(G) and x4 is chosen as above. We assume
Hypothesis 1.

(i) If p € Irr(Sy), then the G(F)-conjugate orbit of m(p) has size |a(Ker(X (p)))].

(ii) There is a pairing (not necessarily unique)

7 () (6.4)

from 1:[(”% to :S’;; such that:
(@ 1
(T @wa)g = (x(-)z™", )¢
for x € Sy;
(b)
<'77T>Q|Sq; = m(7, ) Z <77~r®wz>f
N xGSQ/Sf(T)
for any m € Il in the restriction of 7.

Moreover, it sends the generic representation to the trivial character of S P2

Proof. Suppose that m € Ily; then the orbit of 7 under the ConJugate action of G( ) has
size IG(F )/G( )|. By Corollary 6.11, we know that a(Ker(X(p))) = (G G(F)/G(m))*. Hence,
(G(F)/G(m)| = [(G(F)/G(m))] = |a(Kex(X (p)))]-

For the second part, we can choose any 7(p) in the restriction of 7 € ﬁ<¢> 5, and choose any
irreducible subrepresentation 7 in p| s;- We also fix a set of representatives {wi} in X of X/a(Sy).

We assign 7 to all 7 ® w; and extend to ™ @ w for any w € X by letting
(T @wa)g = (z()271 g (6.5)

for x € Sy. This is well defined because of Hypothesis 1. By this construction, it is clear that (a)
is satisfied. Moreover, this definition is independent of choice of 7(p). To see this, let us replace
7(p) by m(p)9 for g € G(F); by Lemma 3.13, we have

(s m)ols; = we(9)( mgls; = (migls;-

Then (b) follows from (a) and Proposition 6.12. Finally, if 7 is generic, there exists a generic
representation 7 in its restriction, i.e., (-,m)y = 1. It is easy to see that (-,7)s, = 1 by our
construction. B B O
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6.3 Compatibility with O-twist
Before we give the refinement of ﬁ(ﬁ,)? »» We want to show how the pairing in Proposition 6.14
can also be made to satisfy a special case of Conjecture 2.3. First, we would like to generalize
Hypothesis 1 to the 6-twisted case.

HYPOTHESIS 2. Suppose that ¢ € ®paa(G) and let p € Irr(Sy) and 7 € Irr(S;) be in the
restriction p|3¢.>. Let 7 be an irreducible smooth representation of G(F) whose restriction to

G(F) contains 7(p); then, for any = € S9,

Remark 6.15. (i) Fix 7p € Irr(SQ;); we can construct one to one correspondences between
{0 1y € Sy} and {7 (70) ® wy : gje Sy} through (6.5), where 7 (7o) € ﬁ¢,5€¢' If we fix such a
correspondence, and suppose that Sg acts on {7 1y € 89}, then it follows from this hypothesis
that
7(1%)0 = (1) ® wy

for any 7 € {7 1y € Sy} and € Sg. More generally, if 7} := 75° ¢ {7y : y € Sy} for some
xo € 855’ then, by taking 7(7)) such that 7(13)? =2 #(70) ® way, We can obtain a one to one
correspondence between {(7))¥ : y € Sy} and {7 (7)) ® wy : y € Sy} again through (6.5). Note
that 7(7)) € 1:I¢& , (see Remark 6.17).7111 this way, one can construct a pairing from ﬁm? , o
Irr(S;) as in Proposition 6.14, which further satisfies

7(1%)? = 7 (1) ® wy
for any 7 € Irr(Sé) and x € Sg.

(i) For p € Irr(Sy) and 7 € Irr(S;) being in the restriction p|34.>, it is easy to see for x € Sg
that 7% = 7 implies that p* = p ® € for some ¢ € (89/85))*. By the proof of Proposition 6.10,
there exists h € G(F) such that e = ¢;,. Since X(p) = {eg 19 € G(r(p))}; then h is uniquely
determined modulo G(7(p)). It follows that

—1
w(p)’ =w(p”) Zw(p@e) = n(p)t,

so m(p)r =2 7(p), where ), = h x 6. In the special case p” = p, we can prove the hypothesis under
Hypothesis 1.

PROPOSITION 6.16. Suppose that ¢ € ®paa(G) and let p € Irr(Sy) and 7 € Irr(S;) be in the

restriction p’gd.). Let 7 be an irreducible smooth representation of é(F ) whose restriction to

G(F) contains = = 7(p). We assume Hypothesis 1 and p* = p for x € 8Y; then, for any x € S,

TP r<— T 2T Quw,.

Proof. Since 7(p)? = n(p® ') for # € 8%, then by our assumption 7 = 7. This means that we

have zg € Sg such that (x0,7r+>g # 0; in particular, 770 = 7. By (3.15),

(w0, (1)9)g = wae(9) (w0, 7F)g-
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Take g € G(r); we get

(o, (7)) g S+ (1) = way (9) (w0, 1) g S+ (77) = way (9) o, (7)) s f ((7)7)

for f € C°(G(F) x 6). Hence,

far (7)) = wae (9) ™ fr (7). (6.6)

Let G} be a maximal subgroup of é(F ), to which one can extend 7. Then we take the
extension ! of 7 such that 7 & IndggF)wl. Since ! (g) intertwines between 7 and 79, and 7+ (6)
F

intertwines between 7 and 7, it follows from (6.6) that
TH(09071) = way(9) - 7 (O)7 (9)m T (O) 7

~0 ~

This means that (71)? = 7! ® (meIG%) and hence 77 = T ® wy, .
Now suppose that 7% = 7 for some z € SY; then TT) = Sy (7). From Hypothesis 1, we have
D w, 0

T —1; then 7
TR Wy =T Q wy,. It follows again from Hypothesis 1 that xx| = Sy(7) and hence 7* = 7. O

. 2T R wy =T X w,. Conversely, if 7 ~ % ® w, for some z € S, then
0 sl

Remark 6.17. Let 79 € Irr(S3) and po € Irr(Sg) be both trivial. Then it is clear that pf = po
for x € Sg and m(pg,79) = 1. Let & be an irreducible smooth representation of G(F) whose

restriction to G(F) contains 7 = 7(po). Note that = = m(po) is generic, so, by Lemma 6.6,
we have m(7,7) = 1. It follows from Proposition 6.13 that Hypothesis 1 is satisfied for such
m and 7. Therefore, the assumptions of this proposition are all satisfied in this case, and we
have 7/ = 7 ® w, for any z € Sg. Suppose that 7 € 1:I¢7§¢, i.e., 7 has central character x, (see
Proposition 6.14); then this implies that 5(’3) = X4 'Wx|Z§(F) for any = € Sg.

6.4 Conjectural refinement
The refinement of L-packets of G should be a section of a certain choice of the pairing 1:I¢& b > S 3

given in Proposition 6.14, for which we make the following conjecture.

CONJECTURE 6.18. Suppose that ¢ € ®,44(G) and X is a character of Zz(F') whose restriction
to Zg(F) is x¢. Let X = )~(¢|§F. Then one can construct a pairing of fld,’%d) — 8(7; as in
Proposition 6.14 and a section II & which satisfies the following properties.

(i)

(ii) For f € C=(G(F),X), the distribution

f(@)= > (1,7

ﬁEH(zE

|©-
o)
N

is stable.
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(iii) Suppose that s is a semisimple element in 5’43 and (Hy, (;SHl) — (¢, s). Suppose that Iz,
P - - N 1
exists and it satisfies (i) and (ii). Then we can choose some twist of I; by Hom(H; (F)/H:(F),
1
C*), which is still denoted the same, such that

P ,) = S (o Refal®), F e CRGE), D), (6.7
é
where z is the image of s in § S

(iv) Suppose that s is a sen;isimple element in S’g and (Hy, ¢ Hl) — (¢, 5). Let = be the image
of s in Sg and w = a(x). Suppose that H¢~)H1 exists and it satisfies (i) and (ii). Then, for any

T € Irr(S q;) such that 7% = 7, and any extension 7 of 7 to the group generated by S 3 and z, one

can associate it with an intertwining operator Azr(0,w) : 7(T) Qw — 7(7)? such that for some
twist of II; by Hom(H(F)/H1(F),C*), which is still denoted the same, we have
1
@)= > trace(ri(z)) - fao(7(r),w), [ € CZ(G(F),N). (6.8)

TEIrr(Sq;)

TEXT

It is clear that (6.8) generalizes (6.7). In the setup of this conjecture, for x € Sg and 7 € Irr(Sy)

such that 7% = 7, let 7 be an irreducible constituent in 7(7)|¢; then 7% = 7, where determines
h € G(F)/G(r) as in Remark 6.15(ii). We fix a representative of h in G(F'); then 7(h) o Az (6,
w) induces an intertwining operator Az (0p) : I(7) — I (7)% by restricting to the m-isotypic
component I(7) in 7(7)|q. So,

FlzscumnaGEw) = 3 fg (1), (6.9)
TeRT(T)|a
where f € C°(G(F),x) is obtained by letting f(g) = f(gh) and faon (I(m)) is the twisted

character of I(m) generalizing (3.12). We would like to restrict (6.8) to f e C=(G(F),X)
supported on ZpG(F') - h. To write down the formula, we make the following conjecture.

CONJECTURE 6.19. In the setup of Conjecture 6.18, let 7/ = 7¥,7{ =7/ for y € S? and suppose
that 7{ is associated with Az, (0, w) : 7(7') ®w — 7(7')?. If we identify the representation space
of #(7') and 7(7) such that 7(7') = 7(7) ® wy, then Az (0,w) = Az (0,w).

As a result, we have

)= X (X tacelrt@) () fgo (1), (6.10)
melly “yeSy /Sy (T)

menfh

where A(f}) is normalized according to 7 and f is supported on ZrG (F) - h. We should point
out that when ), = id, Aj(r)(id) is not necessarily trivial, although the notation for the twisted
character then becomes the same as that for the ordinary one. Moreover, it is implied by this
formula that if fe, (I(7)) is not zero, then the sum

> trace(T(x)) - wy(h)

YESy/Sy(T)
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must be well defined, i.e., for any y' € Sy(7),

trace(7¥(z)) - wy(h) = trace(T¥¥ (x)) - wyy (h).

Finally, we want to point out that (6.10) generalizes the formula (3.14) to the case where the
automorphism of the group need not preserve an F-splitting.

6.5 Classical groups

The endoscopic hypothesis (see (2.1) and Conjectures 2.5 and 3.10) has been proven under slight
modifications for quasisplit classical groups (cf. [Art13, Mok14]). In this section, we will look into
the case of symplectic groups and special even orthogonal groups. So, from now on, G will always
be a split symplectic group or a quasisplit special even orthogonal group, where the outer twist
comes from the conjugation by the full orthogonal group. Let G be the corresponding similitude
group. There is an exact sequence

1 G G—2-G, 1, (6.11)

where A is called the similitude character. We fix an automorphism 6y of G preserving an F-
splitting. When G is symplectic, we require 0y to be trivial. When G is special even orthogonal,
we require fp to be the unique nontrivial outer automorphism induced from the conjugation of
the full orthogonal group. Clearly, 63 = 1, 6y extends to G by acting trivially on Zz and A s

fo-invariant. Let S = (). Note that X acts on II(G(F)) and its dual &g acts on ®(G). So, we
denote the set of Xg-orbits in II(G(F)) by II(G(F)) and the set of Yg-orbits in ®(G) by &(G).
Similarly, we can define iemp(G(F)), ®haa(G) and analogues of these sets for G. Now we will
recall the conjectures in the introduction by stating them as theorems in the case of symplectic
groups and special even orthogonal groups.

THEOREM 6.20 [Art13, Theorem 1.5.1]. There is a canonical way to associate any [¢] € ®(G)
with a finite subset 11, of II(G(F')) such that

oGF)= || 1
[¢]€®(G)
and

ﬁtemp(G(F)) = |_| ﬁ¢‘
[$)€Ppaa(G)

THEOREM 6.21 [Art13, Theorem 1.5.1 and Proposition 8.3.2]. We fix a ¥y-stable Whittaker
datum (B, A) for G, and suppose that [¢] € Ppqq(G).
(i) There is a Yo-orbit of (B, A)-generic representations in I1.
(ii) There is a canonical pairing between Il and Sy, which induces an inclusion from Iy to
the characters :S’;,
[y — S,
[71'] <'a W)Q:

such that it sends the (B, A)-generic representation to the trivial character. This becomes a
bijection when F' is nonarchimedean.
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Remark 6.22. When F is archimedean, it follows from [Kos78] that the ¥y-orbit of (B, A)-generic
representations in ﬁ¢ is unique. When F' is nonarchimedean, one can deduce the uniqueness of
the generic representation using the results from [JS03], [JS04], [Liull] and [JL14] (see [Art13,
Remark in 8.3]).

For [¢] € ®paq(G), we can define Hio to be the set of all isomorphism classes of irreducible
smooth representations of G*°(F) whose restrictions to G(F) belong to I1s. Note that S(?O is

always abelian in the current case (see [Art13, §1.4]).

THEOREM 6.23 (Arthur). We fix a ¥o-stable Whittaker datum (B, A) for G, and suppose that
[¢] € Pbaa(G).
(i) There is a canonical pairing between Hio and Sq%o, which induces an inclusion from Hio

B>
to the characters Sy 0,

b <0
IT° Sp

720 s (- 0

This becomes a bijection when F' is nonarchimedean. Moreover, this pairing is an extension of
that in Theorem 6.21 in the sense that

<'77TEO>Q|3£ = <'77r>ﬁv

where T € 0| ¢.
(ii) In case G is special even orthogonal, the following statements are equivalent:

(a) T contains an element [r] such that 7% = ;

(b) for any [r] € Iy, 7% = ;
(c) 5;0 #40.

Remark 6.24. Although this theorem is not stated in [Art13], one can view it as a consequence
of Theorem 6.25. Moreover, we expect the (B, A)-generic representation in quso to correspond to

the trivial character of 550.

If H is a f-twisted endoscopic group of G for 6 € g, Arthur showed that H = M; x G1 X G,
where M is a product of general linear groups; G; (i = 1,2) is also a symplectic group or special
even orthogonal group. We define a group of automorphisms of H by taking the product of g
on each G;, and we denote this group again by 3. Then, by combining the local Langlands
correspondence for GL(n) (cf. [HT01, Hen00, Sch13]), all the previous theorems of Arthur can
be extended to H. In particular, the L-packets for H are formed by tensor products of those
of each factor. Let H(G) (respectively H(H)) be the space of Yg-invariant smooth compactly
supported functions on G(F) (respectively H(F')). Then the twisted endoscopic transfer sends
H(G) to H(H), and there is no need to consider z-pairs here.
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THEOREM 6.25 [Art13, Theorems 2.2.1 and 2.2.4]. Suppose that [¢] € ®pqq(G).
(i)
f(¢) =Y falx), feHG) (6.12)
[71']61:[¢

is stable.
(ii) Suppose that 0 € ¥, s is a semisimple element in S’g and (H,¢,,) — (¢,s). Then

e = Y (et fao(n) (6.13)
[r]elly
for f € H(G), where z is the image of s in 8%, and 7+ is an extension of m to GT(F) := G(F) x (#)
with 77 (0) = A (). If G is special eveniorthogona] and SZO # (), one can replace H(G) by
CE(G(F)).

It follows from the second part of Theorem 6.23 that II; = Il unless G is special even
orthogonal and Sgo = {. In the exceptional case, we have the following refined statement.

THEOREM 6.26 [Art13, Theorem 8.4.1]. Suppose that G is special even orthogonal, [¢] € ®pqq(G)
and 8% = ¢.
¢

(i) There exists a unique subset 11, C H§0|G up to y-twist such that:

e LTl = I1°|,

f(@) =Y falm), feCI(G(F)) (6.14)

7TEH¢
is stable.

(ii) Suppose that s is a semisimple element in Sy and (H, &) = (¢, ). Then there exists
Iy, C Hiy 11, which can be constructed from part (i), such that

(e, = > (@ m)pfa(m) (6.15)

WEH¢

for f € C°(G(F)), where z is the image of s in Sy.

It follows from this theorem and Proposition 3.12 that the central character of IL; is well
defined. Since Xy acts trivially on Zg, we can define the central character of Il to be that of
II4. Moreover, x4 only depends on [¢].

PROPOSITION 6.27. For [¢] € ®pqa(G), the central character of Il is equal to x .

Proof. Let my be the generic representation in 1:[¢. Since Zg(F') = Zo, it suffices to show
that xx,(—1) = x¢(—1). Suppose that G is split; then Deligne [Del76] showed that y4(—1) =
£(1/2, psta © ¢,¥r) (defined by Langlands) and Lapid [Lap04] showed that xr,(—1) = £(1/2,
70, Pstds ¥F) (defined by Shahidi). In both formulas pgq is the standard representation of “G.
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It is now known that the local Langlands correspondence for G preserves these epsilon factors
(see [JS03, Liull, JL14]); in particular,

6(1/27 Pstd © ¢7 ’(/}F) = 8(1/27 0, Pstd s 77DF)

S0, Xmo(—=1) = x¢(—1). Suppose that G is not split; then G has to be special even orthogonal.
We can view G as an endoscopic group of the split symplectic group G of the same F-rank,
and let [¢] map to [¢1] € Ppaqa(G ) through the endoscopic embedding. Let 74 o be the generic
representation in 1:I¢ .- From the proof of Lemma 4.1, we have

X¢+(*1)/Xﬂ+,0(*1) = Xqﬁ(*l)/Xﬂ'o(*l)'

Note that we have x4, (—1) = Xx, o(—1) from the split case. Therefore, x4(—1) = Xr,(—1). This
finishes the proof. O

As a consequence of these results, the results in §§6.2 and 6.3 are unconditional. In fact, we
could obtain stronger results, which will be summarized below.

PROPOSITION 6.28. Suppose that [¢] € ®yaa(G) and [r] € Iy. If 7 is an irreducible smooth

representation of G(F) whose restriction to G(F) contains w, then, for § € %o and w €
Hom(G(F)/G(F),C"),

In particular, X (7) = a(Sy).

Proof. If § = id, this follows from Proposition 6.13, and we will have X (7) = a(Sy). So, we can
assume that G is special even orthogonal and 6 = . Note that the direction ‘<=’ follows from
Proposition 6.16. For the other direction, we suppose that 7% ~ 7 @ w. Then 7% 2 719 for some
g € G(F). If SZO = {), by Theorem 6.26, we can assume that 7 € II;. Then nf e Hg;’, 9 € Il

and we get a contradiction. So, Sg“ # ¢ and, by Theorem 6.25, 7% = 7. Let wy € oz(SzU); we

know that 7% = 7 @ wy. Therefo?e, T 2 % ®wwy !, which means that wwy' € a(Sy). hence,
w € a(SP). O

For [¢] € ®pada(G), let us fix a character Yo of Zg(F) such that Xe|z,m) = xo- We define
fld),% to be the subset of II(G(F)) with central character X¢, whose restriction to G(F) is

contained in IIg. Let X = Hom(G(F)/Zg(F)G(F),C*).

PROPOSITION 6.29. Suppose that [¢] € ®raa(G) and X is chosen as above.
(i) The orbits in Ils under the conjugate action of G(F) all have size |Sp/S5]. If F s

nonarchimedean, there are exactly |S;| orbits.

(ii) There is a natural fibration

X/a(S}°) M4z, = 11,/G(F).

(iii) There is a unique pairing
[7] — (7)o
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from ﬁ¢7>z /X into §\~, satisfying
(z,T)g = ((x), ),
where v : S P Sg; m is in the restriction of 7. It sends the generic representation to the trivial

character. Moreover, this map from ﬁqb,x /X to 3’; is injective and, when F' is nonarchimedean,
it is in fact a bijection. B

Proof. The proof essentially follows from that of Proposition 6.14, and the uniqueness of this
pairing is due to the fact that Sy is abelian. The last property follows from the same property

of the pairing between l:I¢ and S. O

Finally, for the conjectural refinement of ﬁ(b& »» we would like to state it in the following two
theorems.

THEOREM 6.30. Suppose that [¢] € ®14q(G), and X is a character of Zg(F) whose restriction

to Zg(F) is x¢. Let X = §¢|ZF. Then there exists a subset ﬁq; of ﬁ¢7%¢, unique up to twisting
by X, and it is characterized by the following properties:
(i) ) .
g5, = LJ II@ @ w;
weEX/a(S}0)

(ii) for f € H(G,X), the distribution

F(@) =Y Ja@®

[7] 6H¢
is stable.

Recall that a 0-twisted endoscopic group H of G for 6 € Xy takes the form H = M; x Gy X Gs.
Let G (i = 1,2) be the similitude group of G; with similitude character ;. Suppose that H is
the (6, w)—twisted endoscopic group of G lifted from H under Proposition 3.1; then (cf. [Morl1])

H={(2,91,92) € M; x Gy x Gz : M (g1) = Aa(g2)},

where M; is a product of general linear groups, and Ay (7, g1, g2) := A1(g1). For [¢n] € Ppaa(H),
we can assume that ¢g = ¢ X ¢1 X ¢2, where ¢ € Ppaa(M;), [¢i] € Poaa(Gi) (i = 1,2).
Fix a character X4, of Zz(F'), which is the restriction of some character x4, ® Xg, ® X¢, Of

M; x Gy % ég; then, by Theorem 6.30, we can define 1:I~H to be the restriction of Iy, ®1:I¢~>1 ®1:[¢;2,
which is unique up to twisting by Hom(H (F )/ Zg(F)H(F),C>).

THEOREM 6.31. Suppose that [¢] € ®paa(G), and X is a character of Zg(F) whose restriction
to Zg(F) is x¢. Let X = >?¢|Z Suppose that 6 € Y, s is a semisimple element in 59 and (H

¢,;) = (¢,8). Let x be the imag_e of s in Sf, and w = a(x). Fix a packet H¢>H with X¢>H‘Zé = X¢Xc
(cf. §3.4); then we can choose I1; in Theorem 6.30 such that

@)= Y Jaumw), FeH@X). (6.16)
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where Az (6,w) is normalized in a way so that if f € H(G,) is the restriction of f on G(F),
then

(Flzpe)as@e) = 3 (@mfg(m). (6.17)

TET| G

where 7 is an extension of © to GT(F) := G(F) x (0) with 77 (0) = A, ().

Remark 6.32. (i) Theorems 6.30 and 6.31 are the main local results in [Xul5]. Their proofs
involve global methods, and the main tool is the stabilization of the twisted Arthur—Selberg
trace formula due to Mceglin and Waldspurger.

(ii) If F is archimedean, both theorems will follow from Theorem 6.25 directly. This is clear
when F = C for G(C) = Z&(C)G(C). When F = R, it is known by results of Harish-Chandra
(cf. [Har75, Theorem 27.1]) that if Il consists of discrete series representations of G(R), then

X(7) = X for any [7] € Ty 5, So, II; —H¢X¢ Moreover, for Zg = Z5(R) and f e (G, Xs),

é ’Z Z fG TOw) ]X\ Z é (JE’ G(R)G(R))(@:f@),

weX [7] GH weX

where f € H(G, x,) is the restriction of f. So, the stability of II 3 follows from that of I1,. For
general tempered L-packets, they can be constructed by parabolic induction from the discrete
series L-packets of Levi subgroups of G. For (6.16), by a standard descent argument we can
reduce it to the case that H is elliptic (i.e., H = G1 x G2) and Il,,, consists of discrete series
representations of H(F). In this case, by Proposition 6.28, one can check that X () = X for
any [7] € Ty 5, (cf. [Xul5, Proposition 6.9]). Let Zp = Z5 &(R); then the right-hand side of (6.16)
becomes

> fao®@w) = Y (Fzamom)es (Fw) = Y (@7 ) g feo ().

well; well; melly

One can also check that A\g(Z5(R)) = AM(Z5(R)). As a result, under Z5 — Zp, we have

Zz(R)H(R) = Z5(R)H(R). So, the left-hand side of (6.16) becomes

FA@,) = 1z @) @y) = o mum)@y) = Flz,mar) (65).

By Lemma 3.9, (f’ZG,(R)G(R))ﬁ@H) = ﬁ(éH) = fH(?H) Therefore, (6.16) follows from (6.13)
in this case.
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Appendix A

Let F be a local field of characteristic zero and let G be a quasisplit connected reductive group
over F'. In this appendix, we would like to recall Langlands’ construction of

H'(Wr, Z(G)) — Hom(G(F),C*), (A1)

and we will also show that it is an isomorphism. To define this homomorphism, we first need to
take a z-extension of G

1 Z G’ G 1,

where G’ := ééer is simply connected and H*(F,Z) = 1. Let G'/G’' = D; we have an exact
sequence

1 G’ G -2X.p 1.

Since G’ is adjoint, D = Z(G') and hence H' (W, Z(G")) = H'(Wg, D) = Hom(D(F),C*) by
the local Langlands correspondence for tori. By pulling back quasicharacters of D(F') to G'(F),
we then get a homomorphism

H' (W, 2(C)) — Hom(C'(F),C*). (A.2)

Next, we consider the following I' p-equivariant exact sequence:

o~

1—=2(Q) —=2(G") —=Z —= 1.
It induces a long exact sequence
70(ZVF) —= H'(Wp, Z(G)) —= H (Wp, Z(G')) —= H (W, Z).

By Tate-Nakayama duality, we have 7T0(2 I'ry~ HY(F,Z)* = 1. So, we get an inclusion H'(Wp,

Z(@)) = HY(Wp, Z(é/)).NOIl the other hand, G'(F)/Z(F) = G(F), so we also have an inclusion
Hom(G(F),C*) — Hom(G'(F),C*). Then (A.1) is defined to satisfy the following commutative
diagram:

| H (Wi, 2(G)) — H (Wi, Z(G")) HY (W, 2)

l(A.l) l(A.Q) ~

1 —— Hom(G(F),C*) — Hom(G'(F),C*) — Hom(Z(F),C*)

To show that (A.1) is an isomorphism, from this diagram it is enough to know that (A.2) is an
isomorphism. Since G’ is semisimple simply connected, Hom(G'(F),C*) = 1, which implies that
(A.2) is surjective. For the injectivity, we need to show that X' (G'(F)) = D(F). We choose a
maximal torus 7”7 of G’ and let 7" = T N G’. The short exact sequence

1 T’ T -2.D 1

induces the following exact sequence:

A/

T'(F) D(F)
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By Tate-Nakayama duality, H'(F,T") = mq f’FA)* Now let 7" be the Levi component of a Borel
subgroup B’ of G’; we fix a I'-splitting {B’,T',{X/}} for G'. Then there is a I'-equivariant
isomorphism

f/ - Ha (ng ’

t— (av (t))7

where CX = C*, o are simple coroots of (G’,T”), and the I'-action on [], CX is given by
permutations on the indexing set of simple roots. Clearly, T =2 (1L, CX)T is connected, i.e.,
7o(T"")* = 1. This implies that X' (T'(F)) = D(F) and hence X' (G'(F)) = D(F).
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