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TENSOR PRODUCT STRUCTURE OF
AFFINE DEMAZURE MODULES AND
LIMIT CONSTRUCTIONS

G. FOURIER* AnD P. LITTELMANN*

Abstract. Let g be a simple complex Lie algebra, we denote by g the affine
Kac-Moody algebra associated to the extended Dynkin diagram of g. Let Ao
be the fundamental weight of g corresponding to the additional node of the ex-
tended Dynkin diagram. For a dominant integral g-coweight A", the Demazure
submodule V_ v (mAop) is a g-module. We provide a description of the g-module
structure as a tensor product of “smaller” Demazure modules. More precisely,
for any partition of AY = 3.\ as a sum of dominant integral g-coweights,
the Demazure module is (as g-module) isomorphic to &); V,A;/ (mAo). For the

“smallest” case, AY = w" a fundamental coweight, we provide for g of clas-
sical type a decomposition of V_,v(mAp) into irreducible g-modules, so this
can be viewed as a natural generalization of the decomposition formulas in
[13] and [16]. A comparison with the Ug(g)-characters of certain finite dimen-
sional Uy (g)-modules (Kirillov-Reshetikhin-modules) suggests furthermore that
all quantized Demazure modules V_,v ,(mAo) can be naturally endowed with
the structure of a Uj(g)-module. We prove, in the classical case (and for a
lot of non-classical cases), a conjecture by Kashiwara [10], that the “small-
est” Demazure modules are, when viewed as g-modules, isomorphic to some
KR-modules. For an integral dominant g-weight A let V(A) be the correspond-
ing irreducible g-representation. Using the tensor product decomposition for
Demazure modules, we give a description of the g-module structure of V(A)
as a semi-infinite tensor product of finite dimensional g-modules. The case of
twisted affine Kac-Moody algebras can be treated in the same way, some details
are worked out in the last section.

Introduction

Let g be a simple complex Lie algebra, we denote by g the affine Kac-
Moody algebra associated to the extended Dynkin diagram of g. (The
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twisted case is considered separately in the last section.) Let Ay be the fun-
damental weight of g corresponding to the additional node of the extended
Dynkin diagram. The basic representation V(Ag) is one of the most im-
portant representations of g because its structure determines strongly the
structure of all other highest weight representations V(A), A an arbitrary
dominant integral weight for g.

Let PV be the coweight lattice of g. An element A in the coroot lattice,
can be viewed as an element of the affine Weyl group W2 (see Section 1),
and one can associate to AV the Demazure submodule Vyv(A) of V(A) (see
Section 2).

Actually, this construction generalizes to arbitrary AV € PV in the
following way: one can write AV as wo € WA in the extended affine Weyl
group, where w € W2 and ¢ corresponds to an automorphism of the
Dynkin diagram of g. Denote by Vyv(A) the Demazure submodule V,,(A’)
of the highest weight module V(A’), where A’ = o(A).

If \V is a dominant coweight, then the Demazure module V_yv(mAy) is
in fact a g-module, and it is interesting to study its structure as g-module.
So one would like to get a restriction formula expressing V_,v(mAg) as
a direct sum of simple g-representations. We write V _,v(mAg) for the
Demazure module viewed as a g-module.

A first reduction step is the following theorem describing the Demazure
module as a tensor product. Such a decomposition formula for Demazure
modules was first observed by Sanderson [20] in the affine rank two case, and
was later studied in the case of classical groups in the framework of perfect
crystals for example in [14], see [6] for a more complete account. We provide
in this article a description of the Demazure module as a tensor product of
modules of the same type, but for “smaller coweights”. More precisely, let
AV be a dominant coweight and suppose we are given a decomposition

A=A+ N+ N

of AV as a sum of dominant coweights. The following theorem is a gener-
alization of a result in [16], where the statement has been proved in the
case m = 1 and under the additional assumption that all the A} are mi-
nuscule fundamental weights, and the decomposition formulas in [4], [5],
[13] and [14], where in the framework of perfect crystals for classical groups
many cases have been discussed. (The corresponding version for a twisted
Kac-Moody algebra can be found in Section 4.)
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THEOREM 1. For all m > 1, we have an isomorphism of g-representa-
tions between the Demazure module V _yv(mAg) and the tensor product of
Demazure modules:

V_)\\/ (mAO) ~ V_Ai/ (on) & V_Ag/ (on) K& V—A;/ (on)

Of course, to analyse the structure of V _,v(mAg) as a g-module, the
simplest way is to take a decomposition of AV as a sum of fundamental
coweights Y = " a;w)’. So by Theorem 1, it remains to describe the struc-
ture of the V__v(mAg) as a g-module. We give such a description below
for all fundamental coweights for the classical groups. For the exceptional
groups we give the decomposition in the cases interesting for the limit con-
structions considered later. The enumeration of the fundamental weights is
as in [1], we write wy for the trivial weight. For more details on the notation
see Section 2, we only recall here that we use the abbreviations V_ v (mAg)
and V_,(,vy(mAg) for the Demazure submodule associated to the transla-
tion t_,(,v), viewed as an element in the extended affine Weyl group. We
write V* for the contragradient dual of a representation V. Many special
cases of the list below have been calculated before, for example by the Ky-
oto school ([10], [13], [14], [21]). (The corresponding version for a twisted
Kac-Moody algebra can be found in Section 4.)

THEOREM 2. Let w" be a fundamental coweight and let V_,v(mAy)

be the associated Demazure module. Viewed as a g-module, V _,v(mAg)
decomposes into the direct sum of irreducible g-modules as follows:

o Type Ay: V,wiv (mAg) =V _u,(mAg) =~ V(mw;)* as sl,-module for all

1=1,...,n.
e Type B,: Set 8 =0 for i even and 8 =1 for i odd, then we have for
1<t <n:
V_yy(mho) = V_q,(mAo)

=~ @ V(aiwi +a;_ow;—o2+ -+ agchg)

a;+a;_o++ag=m
and fori=mn:
V—w;{ (mAO) - V—an (mAO)
~ @ V(2anwn + ap—2wp—2 + -+ agwg)

antan—2+--t+apg=m

as $09,41-module.
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e Type C,: for j < n we have

V_w]v (mAy) = V,Q%. (mAg) ~ @ V(2a1w1 + - -+ + 2a5w;)

a1+-+a;<m

and for j =n: V_,v(mAg) =V _u,(mAg) ~ V(mwy) as sp,,-module.
o Type D,: Set 8 = 0 for i even and 8 = 1 for i odd, then we have for
2<i<n-—2

V,wiv (mAg) =V _u, (mAo)
~ @ V(aiwi + a;_owi—o + - + agwy)

a;+a;—o+--+ag=m

and for i = 1,n — 1,n: V_wiv(on) = V_,,(mAg) = V(mw;)* as
509, -module.

e Type Eg:

as Eg-module.
e Type Er:

V_oy(mho) =V _y,(mho) = V(mwr)

V,wlv (mAg) =V _,, (mAg) ~ GB V(rwr)
r=0

as E7-module.

o Type Eg: V_,yv(mho) = V_ws(mAg) ~ @)L,V (rws) as Eg-module.
o Type Fy:

m

V,wlv (mAg) =V _,, (mAg) ~ @ V(rwr)
r=0

and
V*%Y (mAg) =V _gu,(mAg) =~ @ V(rwi + s2wy)

r+s<m

as F4-module.
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o Type Go: V_,y(mho) = Vo (mAo) ~ @I, V(rw2) as Ga-module.

There is a very interesting conjectural connection with certain U, (g)-
modules. Here Ué@) denotes the quantized affine algebra without deriva-
tion.

Let KR(mw;) be the Kirillov-Reshetikhin-module for a multiple of a
fundamental weight of g, for the precise definition see [4], it is irreducible
as U, (g) and the highest weight, when viewed as a U,(g)-module, is mw;.
In [9] Kashiwara introduced the notion of a good Ug(g)-module, which,
roughly speaking, is an irreducible finite dimensional Uy (g)-module with a
crystal basis and a global basis, and he proved that the tensor product of
good modules is a good module. It is conjectured that the KR-modules
are good. For all fundamental g-weights w; Kashiwara constructed this
irreducible finite-dimensional integrable Uy (g)-module K R(w;) and showed
that it is good and even more that the crystal is isomorphic to a certain
generalized Demazure crystal as a g-crystal.

Let ¢f = Z—g (for the definition of the aj see Section 1.1) and [ € N.

Let K R(lcj/wy) be the Kirillov-Reshetikhin-module for Uy (g) associated to
the weight lc]wy. It is more generally conjectured that the KR(lc)wy)
the crystal is isomorphic to the crystal of a Demazure module, after omit-
ting the 0-arrows in both crystals [10]. Chari and the Kyoto school have
calculated for classical Lie-algebras and some fundamental weights for non-
classical Lie-algebras the decomposition of the Kirillov-Reshetikhin module
KR(le)wy) into irreducible U,(g)-modules [2]. By comparing the Uy(g)-
structure of the Kirillov-Reshetikhin module K R(Ic)wy) with the list in
Theorem 2 we conclude:

COROLLARY 1. In all cases stated in Theorem 2, the Demazure mod-
ule (V _yv 4(INo)) and the Kirillov-Reshetikhin module K R(lc)wi*) are, as
U,(g)-modules, isomorphic.

In particular, if KR(Ic)wi*) has a crystal basis, then the crystal is
isomorphic to the crystal of (V_,v(lAg)) after omitting the arrows with
label zero. By using the U,(g)-module isomorphism, we see that (in the
cases above) the quantized Demazure modules V—wZ,q(lAO) can be equipped
with the structure of an irreducible Uj(g)-module. In fact, using the The-
orem 1, we see that for classical groups all quantized Demazure modules
V_yv 4(IAg), AY a dominant coweight, can be equipped with the structure
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of an Uy (g)-module. Of course, in the exceptional case the same argument
shows that when AV can be written as linear combinations of the fundamen-
tal weights listed in Theorem 2, then again V_,v ,(IAg) can be equipped
with the structure of an U, (g)-module. This leads to the following:

CONJECTURE 1. Let g be a semisimple Lie algebra, let U,(g) be the
associated untwisted quantum affine algebra and let Uy (g) be its subalgebra
without derivation. For all dominant coweights AV and for all [ > 0, the
Demazure module V_yv ,(IAg) can be endowed with the structure of a U, (g)-
module admitting a crystal basis. Its crystal graph is isomorphic to the
crystal of the Demazure module, after omitting the arrows labelled with
Z€ero.

The tensor decomposition structure in Theorem 1 holds in the following
more general situation. Let A;, 1 < i < n, be a fundamental weight of g such
that the corresponding coweight w, is minuscule. Let A" be a dominant
coweight and suppose we are given a decomposition

AN =w + A+ A

of AV as a sum of dominant coweights and denote w} the highest weight of
the irreducible g-module V' (w;)*.

THEOREM 1 A. For all m > 0 and s > 1, we have an isomorphism of
g-representations between the Demazure module V _yv(mAy + sA;) and the
tensor product of Demazure modules:

v,)\v (on + SAZ)
~ V(sw;) ®V_>\¥((m + 8)Ag) @ -+ @ V_xv((m + s)Ao).

Let A be an arbitrary dominant integral weight for g. The g-module
V(A) is the direct limit of the Demazure-modules V_ v (A) for some dom-
inant, integral, nonzero coweight of g. We give a construction of the g-
module V(A) as a direct limit of tensor products of Demazure modules.
This has been done before in the case of classical Lie-algebras for A = rAg
(and corresponding weights obtained by automorphisms as in the statement
of Theorem 2) by Kang, Kashiwara, Kuniba, Misra et al. [6], [13] via the
theory of perfect crystals. In addition they have also considered some spe-
cial weights in the case of non-classical groups. For Go, such a construction
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has been given by Yamane [21]. For the Lie algebras of type E¢ and E; a
construction (only for the case A = Ag) was given by Peter Magyar [16]
using the path model.

We provide in this article such a direct limit construction for arbitrary
simple Lie algebras g. Let A be a dominant, integral weight for g, then we
can write A = rAp + A with A dominant, integral for g.

Let W be the g-module W := V _yv(rAg), where  is the highest root
of g, we show that W contains a unique one-dimensional submodule. Fix
w # 0 a g-invariant vector in W. Let V(\) be the irreducible g-module
with highest weight A and define the g-module V> to be the direct limit
of:

Ve i VOA) = WeaVA) = WaWeVA) = WeaWeWeV(A) —---

where the inclusions are always given by taking a vector w to its tensor
product u — w ® u with the fixed g-invariant vector in W.

Recall the notation V(A) for V(A) viewed as a g-module. (The cor-
responding version for a twisted Kac-Moody algebra can be found in Sec-
tion 4.)

THEOREM 3. For any integral dominant weight A of g, A = rAg + A,
the g-modules V5. and V(A) are isomorphic.

Remark 1. The choice of W is convenient because it avoids case by
case considerations. But, in fact, one could choose any other module W =
V_,v (rAg)®™, where V_,v(rAg) is the Demazure module for a dominant,
integral, nonzero coweight p¥ and m is such that V_,v (rAg)®™ contains a
one-dimensional submodule.

81. The affine Kac-Moody algebra

1.1. Notations and basics

In this section we fix the notation and the usual technical padding.
Let g be a simple complex Lie algebra. We fix a Cartan subalgebra b in g
and a Borel subalgebra b O h. Denote & C h* the root system of g, and,
corresponding to the choice of b, let ®* be the set of positive roots and let
A ={ai,...,a,} be the corresponding basis of ®.

For aroot 8 € ® let 8Y € b be its coroot. The basis of the dual root sys-
tem (also called the coroot system) ®V C b is denoted AV = {ay,...,a)}.
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We denote throughout the paper by © = >""" | a;c; the highest root of
¢, by ©* = >, a’a) the highest root of ®" and by OV = " | a/
the coroot of ©. Note that ©Y # ©* in general. The Weyl group W of ® is
generated by the simple reflections s; = s,, associated to the simple roots.

Let P be the weight lattice of ® and let PV be the weight lattice of
the dual root system PV. Denote Pt C P the subset of dominant weights
and let Z[P] be the group algebra of P. For a simple root «; let w; be
the corresponding fundamental weight, we use the same notation for simple
coroots and coweights. Recall that w; is called minuscule if a; = 1, and
the coweight w;’ is called minuscule if a; = 1.

Denote by hr C b the real span of the coroots and let hy C h* be the
real span of the fundamental weights. We fix a W-invariant scalar product
(-, -) on b and normalize it such that the induced isomorphism v : hr — bi
maps ©Y to ©. With the notation as above it follows for the weight lattice
PV of the dual root system ®V that
V) = Z—i@ai and v(w)) = Z—gwi,

Vi=1,...,n.

Let g be the affine Kac-Moody algebra corresponding to the extended
Dynkin diagram of g (see [7, Chapter 7]):

§=g®cC[t,t7]®CK @ Cd.

Here d denotes the derivation d = t% and K is the canonical central ele-
ment. The Lie algebra g is naturally a subalgebra of g. In the same way,
h and b are subalgebras of the Cartan subalgebra f)\ respectively the Borel
subalgebra b of §:

(1) h=hBCK®Cd, b=b®CK ®Cd® g®c tCt].

Denote by ® the root system of g and let ®+ be the subset of positive
roots. The positive non-divisible imaginary root in ®* is denoted 6. The

~

simple roots are A = {ap} U A where ag = 6 — 0. Let Ag,..., A, be the

corresponding fundamental weights, then for ¢ = 1,...,n we have

(2) A; = w; +a) A,

The decomposition of B in (1) has its corresponding version for the dual
space h*:

(3) b =h* @ CA @ C6,
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here the elements of h* are extended trivially, (Ag,h) = (Ag,d) = 0 and
(Ao, K) =1, and (6,h) = (6, K) =0 and (6,d) = 1. Let A = {af,a},...,
al} C b be the corresponding basis of the coroot system, then ay = K-0V.

Set by = RS+ 3.7 RA;, by (3) and (2) we have b C b The affine
Weyl group W2t is generated by the reflections s, s1, . .., sn, where again
Si = Sq, for a simple root. The cone C ={Ac f)\ﬁ% | (A,o)) > 0,0 =
0,...,n} is the fundamental Weyl chamber for g.

We put a ~ on (almost) everything related to g. Let P be the weight
lattice of g, let P+ be the subset of dominant weights and let Z[P] be the
group algebra of P. Recall the following properties of ¢ (see for example [7,

Chapter 6]):
(0,0)) =0 Vi=0,....,n, w(0)=05VVwe W
(g, ) = —(0,a)) fori>1.

(4)

Put ap = af = 1 and let A = (a;;)o<ij<n be the (generalized) Cartan
matrix of g. We have a non-degenerate symmetric bilinear form (-, -) on
b defined by ([7, Chapter 6])

(O‘z‘vﬂav):;l_fai,j i,j=0,...,n
®) (a),d) =0 i=1,...,n
(ay,d) = (d,d) = 0.

The corresponding isomorphism v : f)\ — H* maps

v(aY) = Z—va v(K) =35, v(d)=Ao.

7
Denote by gs. the subalgebra of g generated by g and of = K — 0V, then
hsc = h ® CK is a Cartan subalgebra of gs.. The inclusion by, — 6 induces
an epimorphism f)\* — b, with one dimensional kernel. Now (4) implies
that we have in fact an isomorphism

b*/C8 — b,
and we set h;‘CR = Eﬁ%/R(S. Since R§ C 6, we use the same notation C for
the image in b . In the following we are mostly interested in characters of

g-modules respectively ge.-modules obtained by restriction from g-modules,
so we consider also the ring

Z|P. == Z[P)/I5,
where I5 = (1 — €°) is the ideal in Z[P] generated by (1 — ¢?).
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1.2. The extended affine Weyl group

Since W fixes ¢, the group can be defined as the subgroup of GL(h:. »)
generated by the induced reflections sq, ..., Sy. 7

Let M C b be the lattice M = v (P}, Zay). If g is simply laced,
then M is the root lattice in by, otherwise M is the lattice in b generated
by the long roots. An element A € b2 p can be uniquely decomposed into
A = A+ bAg such that A € hi. For an element u € M let ¢, € GL(hZ. )
be the map defined by

(6) A=A+bAg— t,(A) = A+bAg+ b= A+ (A, K)p.

Obviously we have t, ot, = t,,,/, denote t); the abelian subgroup of
GL(b;, ) consisting of the elements ¢,,, u € M. Then Waf is the semidirect
product Waf = W x ¢,,. s N

The extended affine Weyl group W2 is the semidirect product Waf =
W X tr, where L = V(@?:l Zw, ) is the image of the coweight lattice. The
action of an element t,, i € L, is defined as above in (6).

Let X be the subgroup of Wl stabilizing the dominant Weyl chamber
& B

2 ={oceW|sC)=C).

Then X provides a complete system of coset representatives of Wl Jwatt
and Wo = 5 x Waf. The elements o € ¥ are all of the form (one can
verify this easily or see [1])

o= Tit_y(in) = Tit—wu;,

where w;/ is a minuscule coweight and 7; = wowo ;, where wg is the longest
word in W and wq; is the longest word in W, the stabilizer of w; in W.

We extend the length function ¢ : W — N to a length function
¢: W — N by setting {(ow) = £(w) for w € W and o € X.

§2. Demazure modules

2.1. Definitions

For a dominant weight A € Pt let V(A) be the (up to isomorphism)
unique irreducible g-highest weight module of highest weight A

Let U (b) be the enveloping algebra of the Borel subalgebra bC g. Given
an element w € W2 /W), fix a generator Vy(p) Of the line V/(A)y ) =

Coyyn) of E—eigenvectors in V(A) of weight w(A).

https://doi.org/10.1017/50027763000026866 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000026866

TENSOR PRODUCTS AND AFFINE DEMAZURE MODULES 181

-~

DEFINITION 1. The U(b)-submodule V,,(A) = U(b) - Vy(p) generated
by vy () is called the Demazure submodule of V(A) associated to w.

To associate more generally to every element cw € wall = ¥ x Wwafl 5
Demazure module, recall that elements in ¥ correspond to automorphisms
of the Dynkin diagram of g, and thus define an associated automorphism
of g, also denoted o. For a module V of g let V? be the module with the
twisted action g o v = o~!(g)v. Then for the irreducible module of highest
weight A € Pt we get V(A)? = V(o(A)).

So for ow € Wal = ¥ x Wafl we set

(7) VwU(A) - Vw(U(A)) respectively Vi, (A) = Vowo—1 (U(A))

Recall that for a simple root o the Demazure module V,,,(A) is stable for
the associated subalgebra sly(a) if and only if sqwo < wo mod Wj in the
(extended) Bruhat order. In particular, V,,,(A) is a g-module if and only if
s;wo < wo mod Wj{‘ﬁ foralli=1,...,n.

The example which will interest us are the Demazure modules associ-
ated to the weight rAg for » > 1, in this case WXH =W, so WaH/W = L.
The Demazure module Vi, . (Ag) is a g-module if and only if pV is an
anti-dominant coweight, or, in other words, u¥ = —\Y for some dominant
coweight.

To simplify the notation, we write in the following

(8) V_oyv(mAg) for Vi (mAy),

(V)

and we write
(9) V,)\v (on),

for V_ v (mAg) viewed as a g-module. So we view CharV _,v(mAg) as an
element in Z[P] obtained from the h-character by projection.

2.2. Demazure operators

Let 3 be a real root of the root system ®. We define the Demazure
operator:

~

~ A e>‘ — esﬁ(k)_ﬁ
Dy 2P| — 2], Dy(e) = T

1—e 8
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LEMMA 1. 1. For \,u € P we have:
e+ er P e if (\BY)>0
(10) Ds(e*) =10 if (\pY)=-1
_eMB A28 L esp(N)-B if (\BY) <=2

2. Dﬁ(e)\ﬂi) — e)‘Dﬁ(e“) + esg(u)Dﬁ(e)\) _ eMsp(n)
3. Let x € Z[P] be such that sg(x) = x, then Dg(x) = x.

~

4. Let x € Z[P], then Dg(x) is stable under sg. In particular, if Dg(x) =
X, then sg(x) = x.
5. Dg is idempotent, i.e., Dg(Dg(et)) = Dg(et) for all p.

Proof. For 1, 3, 4, and 5 see [3, (1.5)—(1.8)]. The proof of part 2 is a
simple calculation. 0

Lemma 1 implies:
COROLLARY 2. If (u, 8Y) = 0, then Dg(e*#) = et Dg(e?).

The corollary is in fact a special case of the following more general
exchange rule, which follows easily from Lemma 1:

-~

LEMMA 2. Let x,n € Z[P]. If Dg(n) =1, then
Ds(x -n) =n- (Da(x))-
Since Dy, (1 —€%) = (1 —€9) for all i = 0,...,n, Lemma 2 shows that
the ideal I is stable under all Demazure operators Dg. Thus we obtain
induced operators (we still use the same notation Dp)

Dg : Z|Ps] — Z[Ps), €+ I5 — Dg(e?) + I5.

Recall further that (4, 3")

= 0 (see (4)), so it makes sense to define on
Z[Py.] the function e* — (X, V).

LEMMA 3. If A € PNb*, then Dy, (e*) = D_g(e*) in Z[Py).

https://doi.org/10.1017/50027763000026866 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000026866

TENSOR PRODUCTS AND AFFINE DEMAZURE MODULES 183

Proof. Since A € h* we have (A, of) = (\,c—0VY) = —(\,0V). Further,
ap =0 — O, so equation (10) can be read in Z[Ps] as

(11)
A MO p MO i = (N o) = (A, —0Y) >0
Dao(ek) =40 if <)\,Oé(\)/> - <)‘? _®V> =-1
—_eMO A (In-De gy = A ag)=(\—-0Y) < -2

2.3. Demazure character formula
We want to extend the notion of a Demazure operator also to elements
of 3. We define for o € X:

~ ~

Dy : Z|P] — Z[P], D,(e") =W,
Since o(0) = d, we get an induced operator D, on Z[Piy].
LEMMA 4. D,Dg = DU(Q)DU.

Proof. Let A € P, then (A, V) = (o(A),o(B")), which implies the
claim by equation (10). 0

In the following we denote by D;, ¢ = 0,...,n the Demazure operator
D, corresponding to the simple root a;. Recall that for any reduced de-
. of w € W the operator D, = Dy, --- D;, is
independent of the choice of the decomposition (see [11, Corollary 8.2.10]).

We associate an operator to any element wo € Wt by setting

composition w = s;, -+ 8;

Do : Z]|Ps] — Z[Py]

eA RN Dw(CU(A))

By Lemma 4 we have for ow € wall = 3 x Wi

Dy - Z[Psc] — Z[Psc]

et — U(Dw(eA)) = Dawa—l(ea(A))

Let wo € WA and let A € PT be a dominant weight.
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THEOREM 1. ([11, Chapter VIII], [12], [17])
Char Vi, (0(A)) = Do (™).

Let AV be a dominant coweight. Associated to t_,)v € Wa we have

a Demazure operator Dy we write for simplicity just D_jv.

,j()\\/))

LEMMA 5. Let \Y, Ay be two dominant coweights, and set \¥V = \Y +
Y. Then
D*)‘\{D*)‘g - D,)\\/.

LEMMA 6. LetV be a finite dimensional gsc-module such that Char V €
Z[P], then

(12) D;(CharV) = CharV Vi=0,...,n; and D,(CharV) = CharV.

Proof. The character of a finite dimensional g-module is stable un-
der the Weyl group W and hence stable under D; for all ¢ = 1,...,n by
Lemma 1. It remains to consider the case ¢ = 0. Now all weights lie in h*,
so by Lemma 3 we have:

Dy(CharV) = D_g(Char V) = Char V

where the right hand side is again a consequence of Lemma 1.

Now o = yt,l,(wjv) for some minuscule fundamental coweight w}/ and

some y € W. Since t_y(wy) operates trivially on Z[P] and D,(CharV) =
Char V, the claim follows. U

83. The proofs
3.1. Proof of Theorem 1
Let AV be a dominant coweight and suppose we are given a decompo-
sition
AV =AY A N
of AV as a sum of dominant coweights. For the notation see (8) and (9).
THEOREM 1. As g-representations, the modules

V_y(mAg) and V,)\lv (mAy) ® V,)\g (mAg) @ -+ @ V_xv(mo)

are isomorphic.
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More precisely, we will show that, on the level of characters of gg.-
modules:

THEOREM 1’.

Char V_v(mAg)
— ¢ Char V,)\lv (mAg) Char V,)\zv (mAo) - - - Char V_yv (mAy).

Theorem 1’ obviously implies Theorem 1, so it suffices to prove Theo-
rem 1’.
A first step is the following lemma:

LEMMA 7. Let x € Z[Py] be a character of the form e™*° CharV,
where V is a finite dimensional g-module. Suppose \V € PV is a dominant

coweight and let t_,\vy = si, -+ 8;,0 be a reduced decomposition in Wt
Then

Dy, -+~ Dy, Dy(e™ Char V) = Dy, - - - D;, Dy (™) Char V.
Proof. The lemma is proven exactly in the same way as Lemma 2, only
using now in addition Lemma 6 for the operators Dy and D,. b

Proof of Theorem 1'. The proof is by induction on 7. Suppose r = 1
and \Y = wo where 0 € ¥ and w € W, The character of V_,v(mAg) is
the character of the Demazure submodule V,,(c(mAg)) = Vi (mAg + mw))
for some appropriate minuscule fundamental weight of g. So all gg.-weights
occuring in the module are of the form mAy + mw; 4+ a sum of roots in ®
(possibly positive and negative, see Lemma 3), and hence the character is
of the desired form €™ Char V_yv(mAy).

Suppose now r > 2 and the claim holds already for r — 1. By the
definition in equation (7) we have for ¢, _\v) = wo € et

Char V_v(mAg) = Char V,,(mo(Ay)),

by the Demazure character formula (Theorem 1) the latter is equal to
D_yv(e™), so
Char V,)\v (on) = D,)\v (emAO),

by Lemma 5 the right hand side can be rewritten as

Char V_yv (mAO) = D_Alv (D_AE/ .. 'D—)\,Y (eon))’
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by induction the right hand side can be reformulated as
Char V_\v(mAg) = D_,y (emAO Char V,)\g (mAg) - - - Char V_yv(mAy)),

by Lemma 7 this is equivalent to

Char V_,v(mAy) = (D,)\lv (emAo )) Char V,)\Qv (mAg) - -~ Char V_,v (mAo).
Now the arguments for the proof of the case r = 1 show that this implies

Char V_yv(mAy)
= ™Mo Char V_,\lv (mAg) Char V_Ag (mAg) - -~ Char V_,v (mAy),

which finishes the proof. 0

3.2. Proof of Theorem 1 A
The proof is similar to the proof above, so we give just a short sketch.
As above, we have

Char V_,v (on + 7"AZ‘) =D_yv (eonJrrAi)
= Di)\g D,)\}’/ e D*)\,Y Diw;/ (emA0+7‘Ai).
Now tvw) = t—w, = TiOi. Here 7; = wopjwoy, where wp is the longest
element in W and wo; is the longest word in the stabilizer W, of w;, and
o; is a diagram automorphism. Note that o;(A;) = Tiflt,wi (Ao +w;) =
Tiil(Ao) = AO and
oi(Ao) = 7; Htow,(Mo) = 7, M (Ag —wi) = Ao +7; ' (—wi)
=Ag+ U)()’U)o’i(—wz) Ay + wz*,

where w* denotes the highest weight of the irreducible g-representation
V(w;)*. Note that Ag + w; is again a fundamental weight (for the Kac-
Moody algebra g), and recall that

—-1 *
T = wo;wo = wo(wy  Wo;Wo) = Wowg ;,
where wyg ; is the longest word in the stabilizer Wx of w;. So

v (eon-l—rAi) _ DTi Dai (emAO—l—rAi)

7(_07‘

D
_ DT' (eonerw;" +7“A0)
(m+r)AoD ( mw:‘)

— (m+r)A0D mw:‘)

UJOUJO i (6
= M+ Char V(mw}).

Now the same induction procedure as above applies to finish the proof. []
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3.3. Proof of Theorem 2
The proof is divided into several case by case considerations. Suppose
first that w" is a minuscule coweight. In this case (for m = 1 this has
already been proved in [16]) t_, = w;owpo; and hence
CharV _,v(mAg) = D_,v emho — Dwi’owoem“*‘mw* = DwOwngemA(H'mw*
= ™00 Char V (mw)*.

In particular, this finishes the proof for the Lie algebras of type A,,. For the
next few cases we need the following:

LEMMA 8. Let wq be the longest element in the Weyl group of g, let z
be an arbitrary element of Staby (©), where © is the highest root of g, let
r € N. Then

Vwozso TAO @ V m@
as g-representations.

Proof.

D(WOZ)SO(erAO) = DwozD—G)(eer)
= Dwoz(er/\o + 6TAO+@ IS 67‘A0+r@)
= Dy, (eer + eho+0 4ot erAOJrr@)

= "(Duy (€” + D (¢9) + -+ + Dy (¢"9)))
which finishes the proof. 0

In the cases Eg, F7, Eg, Fy, G2 the highest root O is also a fundamental
weight, say w;. Let p; := %. Then v(w) = %w; = p;©. In fact, for the
adjoint representations considered here one sees that p; = 1 in all cases.
Since t_, = 5950, it follows by Lemma 8:

—wY v(rAg) ~ @ V(mw;).

Next we consider the types B, and D,, with the Bourbaki indexing of the
simple roots, i.e., we consider the root system as embedded in R™ with the
canonical basis {€1,...,€,} and the standard scalar product. The basis of
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the root system is given by the simple roots a; = ¢; — €41, 0 =1,...,n—1
and a,, = €, (type By, n > 3) respectively a,, = €,-1 + €, (type Dy, n > 4),
the highest root is €1 + €2 in both cases. We have

t—wg = Se14€250

:(52"‘Sn’"SQ)Sl(SQ"'Sn"'SQ)SO.

In the following we consider only the non-minuscule fundamental coweights.
We get for 2i < n (case B,,) respectively 2i < n — 2 (case D,):

(13)
tywy) = l-er—eat—es—es = " tmecni1—en;
=t_w, ((82818352)t,w2(52818382)) i ((SQi,g - 8981)
(S2i—1 - 5352)t—wp (5253 - -+ 52i-1) (5152 - - $2i-2))
= Sey+¢2505es+es ((82818382)30(82313382))s€5+€6 C - Segi g teni

((822'72 o 5281)(827;71 o 5382)80(8283 o 52171)(5182 o 527;72))
- [861+62863+64 e 3621',14’621'] |:80((82818382)80(82818382)) e

((s2i—2 - 5251)(s2i—1 - 8352)80(s283 - - S2i-1) (5182 - - 821-_2))].

We see that we can write the word as a product wiws of two words, the
first being an element of the Weyl group W and the second being a word in
the subgroup of W generated by the simple reflections sg, s1, ..., S2i—1,
this is (in the B,, as well as in the D,, case) a group of type Dy;.

Since we look for a character of a g-module, we know the character is
stable under the operators D;, 1 < i < n. So to determine the character
of V_yy. (mAyp), it suffices to get a reduced decomposition of the word wo
above modulo the right and left action of W, the character of V__y (mAo)
can be reconstructed by applying the Demazure operators D;, 1 <1 < n.

The strategy is the following. We show that the decomposition above of
wy is a reduced decomposition. Further, we show that 7 = s1s3 - s9;_1w2
is the longest word of the Weyl group of the subgroup of W2 of type Dy;.

Before we give a more detailed account on how to prove this, let us
show how this solves the problem. Let ? C g be the semisimple Lie algebra
of type Dy; associated to the simple roots «p, ..., a1, then V.(mAy) is
an irreducible d9-module. More precisely, it is the irreducible m-th spin

representation (associated to the node of ag). Let ' be the semisimple
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subalgebra of ? corresponding to the simple roots aq,...,as_1, then ?’ is
also the semisimple part of a Levi subalgebra of g. Since V.(mAp) is a
/b\—module, it is hence a b and a ?’-module. By the Borel-Weil-Bott theorem
we know that the induced g-module (which is the module V_,y (mAo)) has
the same direct sum decomposition as V- (mAg) has as o-module. Since the
latter has been already given in [15], this finishes the proof.

We come now back to the proof of the first claim. We make the calcu-
lations in the following modulo J, so the set of positive roots for the type

Dg;-subdiagram (modulo §) is the set
{es—€e |1 <s<t<2i}U{—es—¢€|1<s<t<2i}

In these terms the decomposition of wy as the second part in the square
brackets in (13), reads as

W2 = S—ej—exS—ez—eq " " S—ezi_1—e€i-

and all positive roots above are sent to negative by ws roots except ai, as,
...,9i—1. This implies that the decomposition above of length 4i? — 3i is
reduced, and

T — 8183... 821'_180((82818382)80(82818382)) e

((522'72 T 5251)(521‘71 T 5352)50(5253 T 52171)(5152 T 521‘72))

is a reduced decomposition of the longest word of the Weyl group of the
subgroup of type Dy;. This shows that 7 a subword of t_,,,, and V_,y (mAy)
is the g-module generated by the b-0’-submodule V;(mAy).

It has been already pointed out above that the decomposition of
V,wzvi (mAp) as g-module is completely determined by the h-module struc-
ture of V:(mAg) and the decomposition of V (mAg) as ?-module. So
it remains to describe the decomposition of the m-th spin-representation
V:(mAp) with respect to the subalgebra d’, and to describe the highest
weights as weights for the Cartan subalgebra b.

The decomposition of the m-th spin-representation V;(mAg) with re-
spect to the subalgebra ?’ can be found in [15] (see Section 1.4). The
description of the possible highest weights occuring ([15, Proposition 3.2])
in the decomposition implies for 2i < n (case B,) respectively 2i < n — 2
(case Dy):

Char V _,v (mAg) = Z Char V(ajwa + - - - + a;w),

Y
2%
a1++a;=m
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and for 2 = n in the case B,:

CharV_wx (mAy) = Z Char V(ajwa+- - -+a(,—2)/2Wn—2+2anwy).

a1+-tan/2=m

The calculation for the odd case is similar. We assume 2¢ + 1 < n in the
case B, and 2¢ +1 < n — 2 in the case D,,

t—wg/H_l =loc—e e i—eil—e2ia
=1 ;- (52515352 _¢) ¢, 52535182) * +
($2i—2 51821 $2t_c;—e; 52+ 20151+~ $2i-2)
(82581t ;51" 52;)
= Se1+eaS0Sesteq (525153525052535182) - - -
Sea;14en; (S2i—2 51821 528082 S2i_151 """ 52i—2)
Senii1(82i - 810181+ 52;)
= [SerteaSestes " Seni1+eniSenisr) [50(525153525052535159) - -
(822" 8182i—1 " 828082+ ** 82151 """ 52i—2)
(s2i--- 515082+ - - $2i)01] .
It follows as above that the second part of the word is reduced. In fact, after
multiplying the word with sqs3 - - - s9;_1, we obtain a reduced decomposition
of the longest word

T =85183""" 522‘7150(525153525052535152) T

(S2i—2 - S152i—1 - S25082 - - $2i—151 - - - S2i—2)(S2i - - - S15052 - - - 52i)

in the Weyl group of the semisimple Lie algebra 0 C g of type Dg;y1 asso-
ciated to the simple roots «y,...,a9;. The Demazure module V., (mAy)
is an irreducible 0-module, it is the m-th spin representation, associated to
the node corresponding to «. Consider the decomposition of V.5, (mAg)
as an bh- and a d’-module, where 0" C 0 is the semisimple Lie subalgebra
associated to the simple roots aq,...,as. By [15], we get as d'-h-module
the decomposition (2i + 1 < n in the B,, case):

Vg (mhg) = Vo (mAy) = @ V(awr + arws + -+ + ajwait1)
ai+-+a;=m

and, again by the Borel-Weil-Bott theorem, the same decomposition holds
for the Demazure module V_,y | (mAp) as g-module. The case n = 2i + 1
is treated similarly.
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Next we consider the Lie algebra of type C,,. We have for j =1,...,n—1
(w,/ is minuscule)

t—w}/ - thwj - t7261t7262 T t726j
=t_0c, (81t—26;51) -+ (Sj—1 -+ S1t—26, 51+ Sj—1)-
Replacing t_o., by S2¢, S0 We get
t_wy = 526, 50(5152¢501) (525182¢508152) -+ (81 -+ 5182¢ 5081 -+~ 8j-1)
= 82¢,5052¢, (515051) 5265 (5251505152) * * * 82¢,;(Sj-1 - 515081 85-1)
= [52¢;52¢,52¢5 S2ej] [s0(s15051)(5251508182) - - -

(8]71 .. ‘318081 “ee 5]71)]'

We proceed now with the same strategy as before. For the moment we omit
the reflections s, S2¢,52¢5 - - - S2¢;- The second part, the word

T = 80(818081)(8281808182) e (Sj_l 815081 Sj_l),

is a reduced decomposition of the longest word of the semisimple subalgebra

0 C g of type C; associated to the simple roots ay, ..., ;1.
The Demazure module V;(mAy) is, as 9-module, irreducible. Let 2" C d
be the semisimple Lie algebra associated to the simple roots aq,...,a;_1,

it follows again from [15] that the restriction of V:(mAg) decomposes as ?’-
and h-module

Vi(mAg) ~ @ V(2ajwy + -+ - + 2ajw;),

a1+-+a;<m

which, as above, implies the corresponding decomposition as g-module.

Fot g of type Fy and w) we use the same strategy as above. Using
the same notation as in [1], one sees 2wy = 2€1 = (€1 + €2) + (€1 — €2) =
O+ 5182838281(@), SO

t—u(w}) =t 2w =l-e-el-cate
= (5@30)(5152535251565152535251)

= (SOSe;—ey)(505152535251505152535251).

Again we decompose the translation into a product of two words wr such
that w € W and 7 is a subword of a reduced decomposition of the longest
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word of the Weyl group of type B4 corresponding to the roots {ag, a1, a2, as}.
For the corresponding Levi subalgebra of g we have V-(mAg) is the Cartan
component in the m-th symmetric power of the action of the orthogonal
Lie algebra on C". Now by looking at the decomposition of this space
with respect to the Levi subalgebra of g corresponding to the simple roots
{a1, a9, a3} (using again the tables in [15]), we obtain the desired formula.

3.4. Proof of Theorem 3
We will need the following simple:

LEMMA 9. Let AV be a dominant, integral coweight of g, let wo be the
longest element of the Weyl group of g, then:

l(t_)\v’wo) = l(t_)\v) + l(wo).

So reduced decompositions of ¢t _ v and wy give a reduced decomposition
of t_ AV Wo.

LEMMA 10. Let W be the g-module W :=V _gv(rAg), then there exists
a unique one-dimensional submodule in W .

Proof. The proof is by case by case consideration.

e For type A, we have 0¥ = w) +w,’, so by Theorem 2
V_gv(rho) = V(rwi) ® V(rwy,)

contains an unique one-dimensional submodule.

e For type B, and D, ¥ = wy. By Theorem 2 V_w2v (rAg) contains a
unique one-dimensional submodule.

e For type Cy,, 0V = wy and 6 = 2wy, so again by Theorem 2 V _yv (rAo)
contains a unique one-dimensional submodule.

e If g is of type Eg, E7, Eg, Fy, Go, then 0¥ = wy, wy, wy, w, wy
respectively and the claim follows again by Theorem 2.

0

We come to the proof of the theorem:

Proof. Let W be the g-module Vs, (rAg). Consider the following
sequence of Weyl group elements:

wo < SgSowy < (8980)211)0 < (5950)3100 < e,
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Note that the length is additive (recall t_y = sgsp and Lemma 9), and in a
reduced decomposition of sy every simple reflection s;, ¢ = 1,...,n, has to
occur. So given an arbitrary element £ € W2 there exists an N € N such
that w < (sgso)Nwp. Hence:

Write A = rAg + A, then we obtain (using the Demazure operator)

(G(TAOJF)\)) = D(seso)NDwo (G(TAOJF)\))
= D(y,50)~ (€"° Char V(X))

= "2 (Char W)™ Char V()).

D (s550)Nwo

This shows that in the sequence of inclusions
VIA) =W VA =WaWa V() —---

the submodules W®N @V (\) are, as g-modules, isomorphic to Visgs0)Nwo (M)
Now the same arguments as in [16, Chapter 3], prove the theorem.

84. The twisted case

In this section we would like to extend the results to twisted affine
Kac-Moody algebras and by the way to so called special vertices. Let xﬁf)
be Dynkin diagram of affine type, r the order of the automorphism, in this
section we consider only r > 1. A vertex k of the Dynkin diagram is called
special if § — agqy is a positive root, here 9, ay, o and so on are defined
in the same way as in Chapter 2. For example, 0 is always special vertex,
one has ag = 2 for Ag) and ag = 1 for the other case.

Suppose k is a special vertex. Set 0, = 0 — arax, we have the finite
Weyl group Wy = (s; | ¢ # k) and let M} be the Z-lattice spanned by
v(Wi(6Y)) (see [7] for more details). One knows ([7]) that the affine Weyl
group of x§f) is isomorphic to Wy, X ty, , the semi-direct product of W}, with
the translations (modulo §) by M. The following Lemma holds:

LEMMA 11. Let k be a special vertex, then syse, = t,(3vy modulo 9.
For \ with (\, K) = 0 it follows:

skse, (A) = A
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Proof.
s150,(A) = sk (A — A(0))0)
= si(A = A(O)(0 — axar))
=X — (May) + axA(0)))ar — A(0))6.
So the lemma follows, because A(a) + ax8)/) = 0, since A\(K) = 0. [

In Section 2 we have defined the Demazure operator Dg for every real
root B, with Lemma 1 and Lemma 11 it follows:

LEMMA 12. Let x € Z[ﬁ N b*]. If sp, (x) = x, then Dq, (x) = x.

If one deletes in the Dynkin diagram of x,({") the zero node, then one gets
the diagram (let us call it Y,) of a simple Lie Algebra. The following list
shows which diagram one gets after removing the zero node, and further, it

shows that the positive root § — agayg is a root of Y,,.

e for A§2): Ay and § — agag = a1 = 6, the highest root of Ay
for Ag): C; and 6 — agag = 6, the highest long root of C;

for Ag)—f C; and § — agag = 0%, the highest short root of C;

for Dl(f_)lz

e for E((f): F4 and § — agag = 0%, the highest short root of Fy

B; and 0 — agag = 6%, the highest short root of B;

o for Df): Gy and § — agag = 6%, the highest short root of G

More generally, a vertex k is special if and only if there exists an automor-
phism o of the Dynkin diagram, such that o(k) = 0. In the untwisted case
s;()e)cial is tl%e) same as minuscule. In the twisted case, there are only for

2 2
Ay’ and D)\
twisted case, we delete a special vertex k # 0.

nontrivial automorphisms. We make a new list now for the

e for A(21) ; deleting 1: C; and 0 — aja; = 67, the highest short root of C;

e for D( )

i1 deleting I: B; and d — ajay = 0}, the highest short root of B;

We get an analog of Lemma 6. Let g be the affine Kac-Moody algebra
associated to xﬁf), let a be the simple Lie algebra associated to Y, and
denote P the weight lattice of a.
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LEMMA 13. LetV be a finite dimensional a module such that CharV €
Z|P], then

(14) D;(CharV) = CharV Vi=0,...,n.

Proof. CharV is stable under D; , ¢ > 1. In fact, CharV is stable
under Dg for all roots of the Lie algebra a. So only the case i = 0 has
to be considered. Now all weights in V' are of level 0, so Dy = D_g,p,
0o = § — agayg, on these weights, which finishes the proof. This suffices to
prove this, because if x is stable under Dg, then it is stable under Dz,
even if it is not a root. []

Recall P is the Z-lattice spanned by the fundamental weights of a.
One can now formulate a statement analogous to Theorem 1. Let AV be a
dominant element of M} C Py, where P are the integral, dominant weights
of a. Let AV = XY + Ay +--- + \Y be a decomposition of A" as a sum of
dominant elements of M.

THEOREM 2. Let k be a special vertex of a twisted affine Kac-Moody
algebra of type Xg), and let a,... be as above. For all m > 1, we have an
isomorphism of a-modules between the Demazure module V _yv(mAy) and

the tensor product of Demazure modules:
Voawv(mAg) = V_yy(mAg) @ V_sy(mAg) @ - @ V_xy (mAy).

With the Lemma above, the proof is the same as in the untwisted case.
As in the untwisted case we can now look in more detail at the smallest
Demazure modules V_,, (IAg), where w; is a fundamental weight for a. The
decompositions listed below have been partially calculated (or conjectured)
in [4], the remaining cases (and the proofs of the conjectured decomposi-
tions) have been calculated by Naito and Sagaki (unpublished result) as in
[19]. With a bar we denote again the a-module, where a denotes the simple
Lie algebra associated to diagram obtained after removing the zero node.
Let ¢ =1 for ¢ odd and 0 for i even.

2)

° Agn, a is of type C,

Vo (ho)~ B Visiwr + -+ + siw;)
s1+-+s; <1
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° A(Qi)_l, a is of type C,
V*wz'(lAO) = @ V(Spiwpi + SpioWp42 o F Siwi)
Sp;T8p;+2++si=l
° Dﬁl}rl, a is of type B,

i=mn: V_y,(IAo) = V(lwy)

i #n: Voy,(IAg) >~ @ V(siwr + -+ + siw;)
s1+-+s5;<1

° Eg), a is of type Fy
i=1: V_, le @ V(swy)

0<s<l
1 =4: V,wi(le) ~ @ V(81w1 + 54w4)
0<s1+s4<l

Df), a is of type Go

i=1: Voy,(lAg) ~ @ V(swy)
0<s<l

For the other special vertices the decompositions can be computed by taking
automorphisms.

Theorem 3 holds in the same way, for the basic module W of the di-
rect limit one choose V,gz (rAg). Then the direct sum decomposition of W
contains obviously an one dimensional module, namely the one who corre-
sponds in the Demazure module V_gy (rAy) to the weight rAg. Again let
V5 be the direct limit constructed above. Then it follows

THEOREM 3. For any integral dominant weight A of g, A = rA; + A,
the a-modules V5. and V(rAy) are isomorphic.
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