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Abstract

Hardy’s uncertainty principle for the Gabor transform is proved for locally compact abelian groups
having noncompact identity component and groups of the form R" X K, where K is a compact group
having irreducible representations of bounded dimension. We also show that Hardy’s theorem fails for a
connected nilpotent Lie group G which admits a square integrable irreducible representation. Further, a
similar conclusion is made for groups of the form G X D, where D is a discrete group.
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1. Introduction

Hardy’s uncertainty principle states that a nonzero integrable function f on R and its
Fourier transform f cannot both be compactly supported. For f € L*(R), the Fourier
transform f is given by

e = fR Fooe 2 gy,

The following theorem of Hardy (see [7] for the proof) makes the above statement
more precise.

TueorEM 1.1. Let f be a measurable function on R such that:

1 |Ifx)l < Ceone forall x e R;
() 1f(©| < Ce™ forall é €R,

where a, b and C are positive constants. If ab > 1, then f = 0 a.e. (almost everywhere).
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Hardy’s theorem has been proved for the Fourier transform in the setting of R” and
the Heisenberg group H,, (see [16]), locally compact abelian groups and some classes
of solvable Lie groups (see [2]), the Euclidean motion group (see [15, 17]), nilpotent
Lie groups (see [1, 9, 12, 13, 18]) and noncompact connected semisimple Lie groups
with finite centre (see [14]). For a detailed survey of the uncertainty principles for the
Fourier transform, refer to [5].

In recent decades, the Fourier transform was an indispensable tool in applied
mathematics, especially in signal processing. It has also been recognised that the
global Fourier transform is of little practical value in analysing the frequency spectrum
of a long signal. So, there is a necessity of the notion of frequency analysis that
is local in time, in other words, a joint time—frequency analysis. In recent times,
the Gabor transform is one of the tools that has established itself in this direction.
The approach used in this technique is cutting the signal into segments using a
smooth window function (usually a square integrable function) and then computing the
Fourier transform separately on each smaller segment. It results in a two-dimensional
representation of the signal.

Let € L*(R) be a fixed function usually called a window function. The Gabor
transform of a function f € L*(R) with respect to the window function ¢ is defined by
Gyf :RxR—Cas

Gyf(1.6) = fR SO (x = 1e™ dx

forall (1,&) e R x R.

Hardy’s theorem for the Gabor transform on R” has been established in [6]. In
Section 3, Hardy’s theorem for the Gabor transform on a second countable, locally
compact, abelian group having noncompact identity component is established. In the
next section, we show that Hardy’s theorem holds for groups of the form R” x K, where
K is a compact group having irreducible unitary representations of bounded dimension.
Section 5 deals with connected nilpotent Lie groups for which Hardy’s theorem does
not hold. Finally, some auxiliary results regarding groups having discrete part and
quotient group are proved, thereby showing that Hardy’s theorem fails for groups of
the form G x D, where G is a connected nilpotent Lie group with a square integrable
irreducible representation and D is a discrete group.

2. Continuous Gabor transform

Let G be a second countable, unimodular group of type I. Let dx denote the Haar
measure on G and dr the Plancherel measure on G. For each (x,m) e GX G we define

7—{(x,n) = n-(x)HS(q—{ﬂ)s

where m(x)HS(Hy) = {n(x)T : T € HS(H,)}. It can be easily seen that H(, ) forms a
Hilbert space with the inner product given by

()T, w(x)S Y., = tr (S*T) = (T, S Yus(x,)-
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Also, Hyry = HS(H,) for all (x,7m) € G X G. The family {ﬂ(xs”)}(x,ﬂ)era of Hilbert

spaces indexed by G X G is a field of Hilbert spaces over G X G.Let H?(G x 5) denote

the direct integral of {H(xm}, neoxg With respect to the product measure dix dr, that

is, the space of all measurable vector fields F on G x G such that
2 - 2
1N o) = LX6||F(X» Ty dx dr < 0.

One can observe that H2(G x G) forms a Hilbert space with the inner product given
by

<F’K>w2(6x5):f _tr[F(x,m)K(x,m)" ] dxdn.
GxG

Let f € C(G), the set of all continuous complex-valued functions on G with compact
supports, and let ¢ be a fixed function in L*(G). For (x,7) € G X G, the continuous
Gabor transform of f with respect to the window function  can be defined as a
measurable field of operators on G X G by

Gy fxm) = fc FOW TR dy. @.1)

The operator-valued integral (2.1) is considered in the weak sense, that is, for each
(x,m) e GXGand &1 € Hy,

(G f (e ) = fc FOWETN () Em) dy.

One can verify that G, f(x, n) is a Hilbert—Schmidt operator for all x € G and for
almost all 7 € G. We can extend G,, uniquely to a bounded linear operator from L*(G)

into a closed subspace H of 7—(2(G X 5), which we still denote by G. As in [4], for
fi, e L*(G) and window functions Y1 and ¥,

<G¢1f1’Gl//2f2> = <lﬂ2’ lp1><f17f2>‘ (22)

3. Locally compact abelian groups

Throughout this section, G will be a second countable, locally compact, abelian
group and G the dual group of G. For z € G and w € G, we define the translation
operator T, on L*(G) as

(TNH) = f&'y)

and the modulation operator M,, on L*(G) as

Mo )Y) = fMw),

where f € L*(G) and y € G. In the next lemma, we list some properties of the Gabor
transform which can be verified easily, so we omit the proofs.
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Levma 3.1. Let £, € L*(G). For x,z7 € G and y,w € G, we have:

(i) Gyflxy) =y HG(xty
(i) Gy(MuTPx,y) = (@ 'NE NG fZ " % 0™ly);
(i) G, r.py (Mo T (X, ) = ()Y NGy f(x, 7).

Levvia 3.2. Let f,y € LX(G) and F : G x G — C be defined as
F(x,7) = y0Gy f(, Gy f(x7! v,

where (x,7) € G X G. For (w,2) € G X G, the Fourier transform F of F is given by
F(w,?) = F(z™", w), where z in F(w, ) is identified with T. via the isomorphism z — T

of G onto G (see [8, Theorem 24.2]).

Proor. Forze G and w € 5,
Flw,?) = f fA F(x,pox Yy dxdy
G JG

= LLV(X)GWC(X, VYOG Dy @) dx dy
[by Lemma 3.1(i)]

= L fG;wa(x, NGwm, 1 p(MoT 1) (x,y)dxdy

[by Lemma 3.1(iii)]
=Gy f. G, 1, (Mo T-19h))
= (f. MoT U)W, MU T f) [using (2.2)]

- fG FOOM T dx fG FOIM, T f(3) dy

= fc FOY(zx)w(x) dx fG v f(zy)w(y) dy
=Gy f(Z" w) fG (@Y fw(Ey) dy

= Gy o) fG FOETw) dy

= w(@ Gy, WG fz, w™)
= Fz ' w). 0

The structure theory of locally compact abelian groups asserts that G decomposes
into a direct product G = R" X H, where n > 0 and H contains a compact open
subgroup. So, the connected component of the identity of G is noncompact if and
only if n > 1 (see [8]). Let G be a locally compact abelian group such that the
connected component of the identity is noncompact. We can write G = R X K, where
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K=R""xH, and G =R x K. We now prove the following analogue of Hardy’s
theorem for the Gabor transform.

TueOREM 3.3. Let G be a locally compact abelian group such that the connected
component of the identity is noncompact. Let f,y € L*(G) be such that

Gy f(x, k, &, 7)| < € @2 (fyn(y)

forall (x,k)e G=RXK, (£,7)€ G=Rx E, vgftere a, b are positive real numbers;
¢ and n are bounded functions in L*(K) and L*(K), respectively. If ab > 1, then either
f=0ae ory=0a.e.

Proor. For (x,k),(z,t) e Rx K and (£,y),({,x) € R x I?, we define
Fierga (k. €,y) = ey (0Gy (Mg, oo f)(x. K, €.7)
X Gy(My o Torf) (=2, k7" =€y,
The function F ., is continuous and belongs to L'(R X K x R x K). By Lemma 3.2,
F(z,z)()(w, 6, ¥, V) = Fo1 0=, vl w,o).
Using Lemma 3.1(ii),

Florcn(k &7) = e y(k)e ™ ()G f(x — 2.tk = L x7'y)
X e E0 Ty Y YGy f(—x — 2 T KL == LTy,

which implies that

IFcagoo (X k. &, 7)l
= 1Gyf(x =217k = X PNGuf(-x =27k =6 = Ly
< e—n’[a(x—z)2+b(§—{)2 12 (p(t—l oom( X—l ¥) e—ﬂ[a(—x—z)2+b(—§—§)z 12 (p(t—l k! m( X—l ,y—l)
= ™D E Do (e ek Gy
= ¢ Brug k. £.7),
where B, ;) is the function on K x RxK=S (say) given by
Benca (k&) = e e Do (e e k(e 'y ™.
Using the Cauchy—Schwarz inequality, B, € L'(S) N L*(S). Also,
Fetza0(@. 8,3V = Fagan (3" w,6)]
< ™D gy (e ) vm(x e
= ¢ Pagn @ y.V),

where p(. ;) is the function on S=KxRxK given by

Peain) (@3, v) = €D (=L S (T s,
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Again, using the Cauchy—Schwarz inequality, we have p(;; ) € L1(§) n L? (§) and it
is also bounded.

Thus, by [2, Theorem 1.1], we have F(,,,,) =0 for all (z,7,{, x) whenever ab > 1.

Since F(_ ;1 _z,1)(0,€,0,1) = e y()*(Gy f (2,1, £, X)), it follows that Gy f = 0
whenever ab > 1.

By (2.2), we have ||y/l2||f]l. = O, which implies that either f =0 a.e. or ¢y =0 a.e.
whenever ab > 1. O

4. R" x K, K a compact group

In this section, we shall prove Hardy’s theorem for the Gabor transform for the
groups of the form R” X K when K is a compact group with irreducible unitary
representations of bounded dimension, that is, there exists a positive integer M such
that d, < M for every o € K.

A well-known theorem of Moore [10] implies that compact groups with all
irreducible representations of bounded dimension are precisely the compact groups
with an abelian subgroup of finite index. Thus, groups of the form N > F, where N
is a compact abelian group and F is a finite group, are examples of such groups. In
particular, T2 > {1, —1} with multiplication given by

(ei[l, e”z, 01) . (eit'l’ eilé’az) — (ei(tl+<1|t'l)’ eiozﬂnt;),ala{Z)-

Tueorem 4.1. Let f,y € L*(R" x K), where K is a compact group with all irreducible
unitary representations of bounded dimension such that

Gy f(x, ks &, 0)lls < Ce ™ EMIF+PIER/2 o o (4.1)

Jor all (x,k) eR" X K, (§,0) € R x E, where a, b and C are positive real numbers
and ¢ is a function in L*(K). If ab > 1, then either f =0 a.e. or y =0 a.e.

Proor. Assume that ¢ # 0. For w,y € K, let H, and ‘H, be the Hilbert spaces of
dY
=1

dimensions d,, and d,, with orthonormal bases {e?’}?gl and {eiy}
For fixed e}, e}, we define 7 : R” — C by

respectively.

() = f wr el el di.
K

Using Holder’s inequality, it follows that 7 € L*(R™). We fix y € K for which 7 # 0. For
o € K, we can write

dY
Y _ k Y
ykyel = Y ch el

J=1

and

y®o = Z mso, (4.2)
6eK,,

where K, is a finite subset of K and the CI;J’ mg are scalars (see [8]).
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For fixed ¢}, ¢/, we define g : R" — C such that

gx) = ff(x, kXw(k)y ey, eq) dk.
K
Clearly, g € L>(R"). Consider a function ¢ : R" x K — C defined by

@(x, k) = yx, by kel ef).

Then ¢ € L>(R"” x K) and G, f(x,k,&, o) is a Hilbert—Schmidt operator for all (x, k) €
R"x K andior almost all (¢, 0) € R" X K.
For o € K and fixed ¢] , e,

(Gof(x,k,& 0)e] ,ey)

= O = X k)™ vy el ede T (o (v) €] ) dy dv
R'xK

= FOWG - x, ke (y @ ) (1) (y(k)e)) @ ¢ , e} @ ey dy dv
RixK

=).C f FOMWO =XV @ ) e @ € €] ® ) dydy
= ’ RxK

d,
Z i f FOWO = 2 W)™ N (5 (el e, ) dy dv

o€k,

N

Z er6<wa(x k,&, 6)611’ ms>
€K,

Let M, = max {ms : 6 € K }; then, using (4.1) and the Cauchy—Schwarz inequality, we
can write

dy
IGof O k&0l = Y Ko f(x k&, 0r)el . el

I,m=1

dy | dy 2

DD D, Chms(Gyfxk.£.0)e . eh, )

Lm=1"j=1 6eK,

d,  dy
< Z (Z Z ICSms(Gy f(x, k. €,0)e] efm>|)2

Im=1 " j=1 6€K,

dy dy
< ) MK 3 KGuf (ko &,0)e] b, OF

Lm=1 j=1 6K,
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dy dy
< > M2Kold, D D NGy fx ko £ 0)s

Im=1 j=1 6K,

< EMIKAC2 T S ()P,
oK,

So,
Gy f(x, k. &, iFs < d2M2IKId2C ][3I+, 4.3)

Now, from (4.2), we have dim(y ® o) = d,d,, s0 |K,;| < d,d; < M?.
Also, M, = max {m; : 6 € K,} < M (see [8, Corollary 27.31]).
It follows that (4.3) can be written as

— 2 2
1G o f(x, k, & s < M*Cllgllpe P +H1EP)2
_ ¢ yemaliP bR 2 (4.4)

where C; = M*Cll¢ll>.
Also,

Gg(x, &) = f f f SO — x. ke (k) €], el w(v)* e, ) dy dk dv
n K K
= f f f S = x, ke Oy (kT vye), el w(v) e?, e2) dy dk dv
nJK JK

= f(G¢,f(x, k. & we,, ;) dk.
K

Using (4.4),
2
Gg(x. &) = ‘ fK (Gof(x. k. w)es, ey dk

< fK (G f (x,k,& w)et, e dk

2
S “chf(-x» ks é:’ a))“HS
< Cye el +bIER)

By Hardy’s theorem for the Gabor transform on R", we have g = 0 a.e.
Since w € K is arbitrary, f = 0 a.e. O

5. Connected nilpotent Lie groups

In this section, we shall prove that Hardy’s theorem fails for a connected nilpotent
Lie group G having a square integrable irreducible representation. We shall use the
notation of [1].

Let G be a connected nilpotent Lie group and G be its simply connected covering
group. Let I be a discrete subgroup of G such that G = G G/T. Let g be the Lie algebra
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of G and G. The exponential maps of G and G are denoted by exp; : ¢ = G and
expg : g — G, respectively.

Let B ={X}, X>, ..., X,} be a strong Malcev basis of g through the ascending central
series of g. The norm function on g is defined as the Euclidean norm of X with respect
to the basis B, that is, for X = Z;?zl xjXjeg, xj€R,

n

i=(Y) "

=1
Define a ‘norm function’ on G by setting
||lxl| = inf {||X]| : X € g such that exp; X = x}.

The composed map

R" > g— G,
given as
n n
X150y Xp) = Z X Xj— expg(z ij,-),
j=1 Jj=1

is a diffeomorphism and maps the Lebesgue measure on R" to the Haar measure on G.
In this manner, we shall always identi~fy g, and sometimes G, as sets with R”. Thus,
measurable (integrable) functions on G can be viewed as such functions on R”.

Let g* denote the vector space dual of g and {X7, ..., X} the basis of g* which is dual
to {X1,...,X,}. Then {X7,..., X} is a Jordan—Holder basis for the coadjoint action of
G on g*. We shall identify g* with R" via the map

E=(E1, ) > D LEX
J=1

and on g* we introduce the Euclidean norm relative to the basis {X7, ..., X} }, that is,

HZ X = (Z cfi)m = Jigl.
=1 =1

Let % denote the Zariski open subset of g* of generic elements under the coadjoint
action of G with respect to the basis {X],...,X;}. Let S be the set of jump indices,
T ={1,...,n}\S and V7 = R-span{X} : i € T}. Then W = % N Vr is a cross-section
for the generic orbits and W supports the Plancherel measure on G.

We now state Hardy’s theorem for the Gabor transform on connected nilpotent Lie
groups.

Harpy’s THEOREM (CoNJECTURE). Let £,y € L?(G) be such that
||G¢,f(x, s < Ce—?f(allxl\2+b||‘r||2)/2

for all (x,7) € G X ‘W, where a, b and C are positive real numbers. If ab > 1, then
either f =0a.e.oryy =0a.e.
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The following theorem shows that Hardy’s theorem for the Gabor transform
fails for a connected nilpotent Lie group G having a square integrable irreducible
representation.

THeOREM 5.1. Let G be a connected nilpotent Lie group having a square integrable
irreducible representation o-. Then there exist nonzero functions f,y € L*(G) such that

||G,/,f(x, Dllgs < Ce—ﬂ(allid|2+17HT||2)/2

forallxe G, e G, where a, b and C are positive real numbers with ab > 1.

Proor. Given that G has a square integrable irreducible representation o, the centre
Z(G) of G is compact. It implies that Z(G) = T¢ for some d € N. Let y be the character
of Z(G) such that oz is a multiple of y(. Suppose that y is given by

d

—m

Xo(Zl,Zz,-..,Zd)=| |Zj 7,
j=1

where (my, my, ..., my) € Z¢. Given a > 0, we define functions f and ¥ on G as
n d
fexpg X) = exp (—azr Z xf) exp (—Zm' Z xjmj)
j=d+1 =1
and

n

Y(expg X) = exp (—aﬂ Z x?),

Jj=d+1
where X = 37, x;X; € g. For x = expg (X}_; x;X)),

n

d
||x||2 - ( Z x§)+inf{2y§ :yj—xj€Zforl sjsd}
j=d+1 =1

n

<d+ Y i 5.1)

Jj=d+1

It implies that

n

exp (—an||x|[?) > exp (—azr Z xi) exp (—and).
Jj=d+1

For C’ = exp (and), we can write

n

/00l = exp(-ar ), %) < C exp(~anlalP)

Jj=d+1
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and
n

[ (x)| = exp (—an’ Z x?) < C’ exp (—an|x|?).

Jj=d+1

So, f, ¥ € L*(G) and are both nonzero functions.

Let ¢: G — G be the quotient homomorphism; then the irreducible representation
nr=0oqofGis square integrable modulo Z(G).

By [3, Corollary 4.5.4 and Theorem 3.2.3], it follows that the induced representation
indg@(ﬂlz@) is a multiple of x. Since Z(G) = q(Z(C~;)), it follows that indg(c)(0'|z((;))
is a multiple of o.

Let 7 be an irreducible representation of G and y € Z/((\?) be such that 7|z¢) is a
multiple of y. We normalise the Haar measures on G, Z(G) and G/Z(G) so that Z(G)
has measure one and Weil’s formula holds. Let H; denote the Hilbert space of 7. Then,
for any £, n € H.,

(Gof D) = fG FOETINT0) ) dy
= f FO Yy ) (@) () Ly dy dz
G/Z(G) JZ(G)
- f ([ oo yox@d)aoremas. (2
Gz \Jz©6)

If y = expg (X1, y;X;) € G and z = expg (T4, 2,;X;) € Z(G), then

n

Floz) = f(eXPG (zd: 0+ )X+ ijj))
=1

j=d+1
n d

= exp (—aﬂ Z y?) exp (—Zm' Z (O + Zj)mj)
Jj=d+1 J=1

d
= f(y) exp (—ZHiZ Zjm j)
=1
and

n

d
Y(xlyz) = tl/(eXPc (Z (=xj +yj +2)X; + Z (=x; + Yj)Xj))

Jj=1 Jj=d+1

n

exp (—an Z (=x; + y/-)z)

Jj=d+1

= y(x7"y).
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This implies that

d
f FOW (G y2)x(2) dz = f S exp (—Zﬂisz'm/)w(x‘ly)X(z) dz
2G) 2(G)

J=1

= fowe'y) | xolex()dz

7(G)
_ffow(xly) i x = xo,
B { 0 otherwise. (53)

On combining (5.2) and (5.3),

FOWCT W) & nydy  if Tl is a multiple of yo,
(Gyf(x, 1)) = fC;/Z(G) Z(G) p 0

0 otherwise,

which implies that |Gy f(x, 7)llus = 0 for all T # 0.
Let {e;} be an orthonormal basis of the Hilbert space H,.. Then

Gy f(x,0)er, e5) = f FOWE oG e, e dy

G/Z(G)
n d
= f exp (—mr Z yf) exp (—27ri Z yjmj)
G/Z(G) j=d+1 Jj=1

X exp (—aﬂ i ) —xj)2)<0(y)*€r»€s> dy

Jj=d+1

j=d+1 j=1

n

“ d
= f €xp (_”77 Z D’? + (- x/)z]) exp (—2m’ Z yjmj)(o-(y)*er, es)dy
d
- fG/Z(G) exp (_% Z [x? +(2y; - xj)z]) exp (—27Ti Z y,-m,-)(a(y)*er, es)dy

Jj=d+1 Jj=1
an < an
= exp (—7 x?)f exp (—7 Z Q2y; — xj)z)
j=d+1 G/Z(G) j=d+1
d
X exp (—2m’ yjmj)<a'(y)*er, es)dy. (5.4)
=1
Let
an n d
g(y) =exp (—7 Z (Zyj)z) exp (—Zm' Z yjmj)
Jj=d+1 j=1
and
_ SR
t= exp(‘z EXj)’
j=d+1
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so that

n

d
&) = g(r™") = exp (—%r Z 2yj - X/)Z)exp (—27”' Z y,m,).

j=d+1 Jj=1

Therefore,

(g es) = f LONTO) ey, e5) dy

fexp(—— Z (2y; - x])z)exp( ZNlZmeJ)(O'(y) e, es)dy

Jj=d+1

n
an
[ Lol S
G/Z(G) JZ(G) j=d+1

d
X exp (—Zm' Z (vj+ uj)mj)(a(yu)*e,, esydudy
—1

an n
f f exp( (2y/'—xj)2)
G/2(G) J7G)

j=d+1

.

Jj=1
an "
B o
L/Z(G) 2 dejfl s
d
X exp (—2m' 3 yim j)<a(y)*e,, e ds. (5.5)
=1

Hence, (5.1), (5.4) and (5.5) imply that

KGyf(x,0)er e5)l < eXP(%T(d - IIXIIZ))

aﬂ' n 2
exp (-5 Y @-x7)
L/Z(G) 2 Z / /

Jj=d+1
d
X exp (—27ri Z yjmj)<a'(y)*e,, es) dy‘
=1

= C1e ™2 9)e,, e4)l.
Thus,

n 172
1Go £ s = (D KGu fx, lers e

rs=1

n 12
< Cle R ) Kotglers e

r,s=1
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— 2 2
= C1e” ™21 0(,0) | lus
< €y e NP2 7B 12) o1 |2 s
— Ce™allP+blirlP)/2
where C = C,e™7I"2||(g)|lus. O

Remark. Hardy’s theorem for the Gabor transform does not hold for Gs;/Z, Gs3/Z
and Gsg/Z, since each of these groups admits a square integrable irreducible
representation. See [11] for relevant data about these low-dimensional connected
nilpotent Lie groups. The same conclusion can be made for the reduced Weyl-
Heisenberg group.

6. Auxiliary results

In this section, we shall establish some auxiliary results related to Hardy’s theorem
for the Gabor transform.

TueorREM 6.1. Let H be a separable unimodular locally compact group of type I and
D be a unimodular discrete group of type 1. If Hardy’s theorem holds for the Gabor
transform on R" X H X D, then it also holds for the Gabor transform on R" X H.

Proor. Let f, € L*(R" x H) be such that
Gy f(x, b, & )lns < e ™20 By, (o) (6.1)

for all (x,h) e R" X H, (¢£,0) € Rix H , where a and b are positive real numbers; ¢,
and ¢, are bounded functions in L>(H) and L>(H), respectively.

We show that either f = 0 a.e. or ¢y = 0 a.e. whenever ab > 1.

Define a function g : R* X H X D — C by setting

8(x, h, 1) = f(x, h)x(ey(1)
and a function 7 : R” X H X D — C by
7(x, b, 1) = Y(x, )y ey (1)

for all (x,h,t) € R" x H x D. Here . denotes the characteristic function of {e}, e
being the identity of D.
Since

f Zlg(x, h,t)2 dxdh = f \f(x, W) dxdh < oo
RxH D

R"xH

and

f ZIT(x, h, 0 dxdh = f W (x, h)[> dx dh < oo,
R*xH teD

R"xH

we have g, 7 € L>(R" x H x D).
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For (x,h,1) € R" x H X D and (¢, 0, 6) € R" X H x D,

Gog(x, h,1.£,0,0) = f Z 80,k wt(y — x, bk, - wye o (ko) dy dk

R'H ,eD

= FORWG = x, )y (e ™o (k™) dy dk

R'xH
= Gy f(x, h, & o g™).

Using (6.1), we can write

IG8(x, h 1., O)llns = Gy f(x, &, s (™)
< e M@ 2 50 () or (1) ()
< M NPBIED 2 (b oo (o7, 6), (6.2)
where p; : Hx D — Cand p, : H x D — C are defined by

pi(h,t) = o1(Wx (")

and

02(0,6) = p2(0).

It is easy to see that p; € L>(H x D) and p, € L*(H x D), where H x D is equipped
with a product of Plancherel measures.

Also, p; and p, are bounded functions as ¢; and ¢, are bounded functions.

From (6.2), it is clear that g and 7 satisfy the conditions of Hardy’s theorem for the
Gabor transform on R"” X H X D. So, either g = 0 a.e. or 7 = 0 a.e. whenever ab > 1.

If g =0 a.e., then there exists M CR" X H X D = G such that m(M) =0 and
g(x, h,t) =0 forall (x,h,t) € G\M.

Let p(M) denote the projection of M on R" x H. Then

(mgn X mp)(p(M)) < f ﬂ D xm(x,h,1ydxdh = m(M) = 0.

XH %ep
Also, (x, k) ¢ p(M) implies that f(x,k) =0,s0o f =0a.e.
Similarly, if 7 = 0 a.e., then ¢y = 0 a.e. O

RemArk. We can conclude from the proof of the above theorem that if G is a
connected nilpotent Lie group and Hardy’s theorem for the Gabor transform holds
for G x D, where D is a discrete group of type I, then Hardy’s theorem for the Gabor
transform holds for G. In particular, by Theorem 5.1, if G has a square integrable
representation, then Hardy’s theorem for the Gabor transform fails for G X D also. A
similar conclusion can be made in case of groups of the form G X K, where K is a
compact group.

THEOREM 6.2. Let H be a separable unimodular locally compact group of type L. If
Hardy’s theorem for the Gabor transform holds for R" X H, then it also holds for
R™ X (H/K), where K is a compact normal subgroup of H.
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Proor. Let f, € L>(R" x (H/K)) be such that
Gy f(x, 1, &, 0)llus < e ™A+ (1), (o) (6.3)

forall (x,u) e R" X (H/K), (£,0) € R7 x ﬁ/\K , where a and b are positive real numbers;
¢1 and ¢ are bounded functions in L2(H/K) and L*(H/K), respectively.

We show that either f = 0 a.e. or ¢y = 0 a.e. whenever ab > 1.

Let g : H — H/K be the quotient map. Define g : R” X H — C by

g(x, k) = f(x,q(k))
and7:R" X H — Cby
7(x, k) = Y(x, q(k))

for all (x,k) e R" x H. _
One can verify that g, 7 € L>(R X H). For (x,h) e R" x H, (£,7) € R" x H and
gs 77 G 7—{(7"

(Gg(x, h, &, 7)) = f f / f g, V(Y — x, = 1vk)e ™ (y(vk)* £, ) dy dv dk
"JH|/K JK

- f f f FOL gD = 3 g T)e 2 (K y (v L. ) dy div ik
» JHIK JK

{<G¢f(x, h& )¢ m) ifyeAKK, H),
0

otherwise,
where A(K, H) = {y € H : y(k) = 14, for all k € K}. Using (6.3),
”GTg(-x» h9 §7 V)HHS = ||Glﬁf(xa h7 67 V)HHS

< e ™aPHBIER 2, (i) ()
= ¢ MANPDIER 2 (4 (h))pa(y).

By Hardy’s theorem for the Gabor transform on R” X H, we have either g = 0 a.e. or
¢ =0 a.e. Hence, either f =0 a.e. oryy =0 a.e. O
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