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Centralizers involving

Mathieu groups

M.J. Curran

A simple group G cannot contain a central involution t with

CAt) - < t> x M , where M is isomorphic to a simple Mathieu
u

group.

There have been investigations of groups G which contain a central

involution t such that C(t) has the form <i> x M where M i s a

simple non-abelian group ( [ 7 ] , [ 4 ] , [5 ] ) . In th i s note, the case where M

i s isomorphic to a Mathieu group i s considered.

THEOREM. Let G be a finite group with a central involution t such,

that C{t) = (t) x A? where M is isomorphio to any one of the simple

Mathieu groups. Then G = O(G).C{t) .

Proof. Since t i s c e n t r a l , C(t) contains an 5 -subgroup S of

G with t (. Z(S) . We show t i s not conjugate in G to any other

involution in S and the resu l t then follows by Glauberman's Z^-theorem

( [ 2 ] ) .

(a) F i r s t suppose M i s isomorphic to M . , #„„ , or A/ . Then M

has only one c lass of involutions with representa t ive z say. Since z

i s the square of an element of order k in M , i t follows from the

st ructure of C(t) tha t t cannot be conjugate to z in G . If t ~ tz

in G , say (tz)a = t for some a € G , then t € C(tz) . So ta £ C(t)

and without l o s s of general i ty we may suppose t = tz . Thus a
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n o r m a l i z e s C { t , z ) w i t h a € C { t , z ) , s o \ < C ( t , z ) , a > \ = 2 \ C ( t , z ) \ .

This con t rad ic t s the fact that C(t, z) contains a S -subgroup of G .

Thus t i s not conjugate to tz in G .

(b) Suppose Af i s isomorphic to M or M , . Then Af has two

c las ses of involu t ions ; a central c lass with representa t ive z say (which

i s again the square of an element of order h in Af ) , and a non-central

c l a s s with represen ta t ive y say. (When Af Pi Af take z = TT and y = T

in [ 6 ] , and when A/ Pi Af , take 3 = 3 and y = 2_TT in [3] . )

( i ) As in (a) above, t cannot be conjugate to z or tz .

( i i ) Suppose y ~ £ in G , say 1/ = t for b d G . Then

t € C(i) and we may suppose t = y or ty . In e i ther case , b

cen t r a l i ze s C(t, y) .

Wow C{t, y) = <t> x C (y) and S = <t> x G (y, 2) i s an

Sp-subgroup of C( t , i/) (see [3 ] , [ 6 ] ) . Since £> i s also an

5 -subgroup of C(t, y) , a = S9 for some g € C(t, y) .

Thus S^ = < £> x C [y, zm) where g- = tam ; a = 0 or a = 1 and

m i M . However S' = < s > when Af ~ M.' , and S" = < z > when Af Rs Af ,

(Lemma 1 in [6J , Lemma 2.3 in [3 ] ) ; so b conjugates <3> to <s > .

Replacing b by a = bm we have y = t and s = z .

However a ca l cu la t ion shows yz ~ y in Af . Conjugating th i s

r e l a t i o n by a we have tz ~ t in G , which contradic ts ( i ) above. Thus

y i s not conjugate to t in G .

( i i i ) F ina l ly suppose ty ~ t in G , say (tj/) = t for some

d d G . Then, as above, we may assume t = ty and fur ther , as in ( i i ) ,

we may find an e € G such tha t t = ty and s = z . Thus

( i s ) = tyz ~ ty in G , again contradict ing ( i ) . So t i s not conjugate

to ty in G and the r e su l t now follows from Gl auberman ' s Z*-theorem.
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