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Let f be a positive definite binary quadratic form with 
2 

rational coefficients. We shall call a point (x, y) in E with 
2 

integers x and y a Pythagorean point of f when f(x, y) = z 
is satisfied with some integer z, and shall prove the following 
theorem. 

2 
THEOREM. Inside a region in E bounded by two 

parallel lines one of which passes through the origin and a 
Pythagorean point of f, there are at most a finite number of 
Pythagorean points. 

First of all, we shall reduce the general form to a simple 

one. It is well known that by a linear transformation 

x1 = a x + a y and y' = a9,ix + a
9 9 Y a f°rm f(x, y) can be 

2 2 
changed to a form F(x\ yf) = rx1 + sy' with positive rational 
numbers r and s. Here we may assume that all a . are 

i j 

integers. Then a Pythagorean point of f is changed to a 
Pythagorean point of F. We also note that the region stated 
in Theorem is changed to a region of the same type. Here r 
and s are not necessarily integers. In that case, we multiply 

2 2 
F by t where t is a suitable integer such that t F has 
integer coefficients. A Pythagorean point of F is naturally a 

2 
Pythagorean point of t F. Thus, it is sufficient to prove the 

2 2 
theorem under the assumption f(x, y) = rx + sy where r and 
s are positive integers. Then consider a linear transformation 

1/2 1/2 2 2 
X = r x and Y = s y. f(x, y) is changed to a form X + Y . 

A Pythagorean point (x, y) of f is changed to a point 
1/2 1/2 

(r x, s y) in the X-Y plane, the distance from w 
origin is an integer. So, we consider such points. 
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LEMMA. Let a, b, c and d be r e a l n u m b e r s and put 

i = ( a 2 + b 2 ) 1 / 2 , m - ( c 2 + d Z ) 1 / 2 , A = a c + b d and B = a d - b c . 
2 

If I , m and A a r e i n t e g e r s and B 4- 0, then B > 21 m - 1. 

2 2 2 
Proof . F r o m (i m) = A + B and B i 0, it fol lows that 

2 2 2 2 2 2 
A < (i m) . Now suppose B < 2i m - 1 . Then A = (i m) - B 

2 
> (i m - 1 ) , which i s i m p o s s i b l e s ince A i s an i n t e g e r . 

PROPOSITION. Let (a, b) and (c, d) be two po in t s such 
that a l l a s s u m p t i o n s in L e m m a a r e s a t i s f i ed . Denote by D 
the d i s t a n c e f r o m (c, d) to a l ine p a s s i n g th rough the o r i g i n 

2 2 
and ( a , b ) . Then D > Zm/1 - 1 /I . 

P roof . C l e a r l y D = | B ] / i . Hence , by L e m m a , we have 
the r e s u l t i m m e d i a t e l y . 

The proof of T h e o r e m is now a l m o s t c l e a r . We take 

/ 1 / 2 1 / 2 \ A I 1 / 2 1 / 2 ^ f / M A l A\ 

(r x , s y ) and (r x , s y ) for (a, b) and ( c , d ) 
w h e r e (x , y ) and (x , y ) a r e two P y t h a g o r e a n po in t s not 

lying on the s a m e line p a s s i n g th rough the o r i g i n . Then by 
2 2 

P r o p o s i t i o n m<Ci(D +1/1 ) / 2 , which i m p l i e s m cannot be 
big if we r e s t r i c t the d i s t a n c e D and fix I . Th i s p r o v e s 
T h e o r e m . 

Las t ly , t h e r e a r e s o m e ques t i ons a r i s i n g f r o m what we 
have d i s c u s s e d . In T h e o r e m , we a s s u m e d that a l ine p a s s e s 
t h rough a P y t h a g o r e a n po in t . What can we say if we d r o p th i s 
cond i t ion? We a l so a s s u m e d f i s de f in i t e . Can we d i s c u s s the 
p r o b l e m without th i s cond i t ion? Is it p o s s i b l e to g e n e r a l i z e 
the r e s u l t to a c a s e of a q u a d r a t i c f o r m with m o r e than two 
v a r i a b l e s ? 

U n i v e r s i t y of C a l g a r y and 
U n i v e r s i t y of Rhode Is land 
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