Proceedings of the Edinburgh Mathematical Society (2001) 44, 49-62 ©

BANACH SPACES OF CONTINUOUS VECTOR-VALUED
FUNCTIONS OF ORDINALS

ELOI MEDINA GALEGO

Department of Mathematics, IME, University of Sao Paulo,
Sdo Paulo 05315-970, Brazil (eloi@ime.usp.br)

(Received 5 July 1998)

Abstract  Let X be a Banach space and £ an ordinal number. We study some isomorphic classifications
of the Banach spaces X¢ of the continuous X-valued functions defined in the interval of ordinals [1,&]
and equipped with the supremum norm. More precisely, first we use the continuum hypothesis to give an
isomorphic classification of C(I)g, ¢ > wi. Then we present a characterization of the separable Banach
spaces X that are isomorphic to X¢, V€, w < € < w1. Finally, we show that the isomorphic classifications
of (C(I) ® F*)¢ and foo (N)§, where F is the space of Figiel and w < & < wy are similar to that of R¢
given by Bessaga and Pelczynski.
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1. Introduction

As in [1], X being a Banach space and ¢ an ordinal number, X¢ will indicate the Banach
space of the continuous X-valued functions defined in the interval of ordinals [1,£] and
equipped with the supremum norm. C'(I) being the Banach space of continuous functions
defined in the interval I = [0,1] of the real line R with the supremum norm, it follows
from Milutin’s Theorem (see [18, p. 379]) that

C(I)¢ is isomorphic to C(I), V¢, w <& <w. (1.1)

Initially, using the continuum hypothesis we give an isomorphic classification of the
Banach spaces C(1)¢, ¢ > w; (Theorem 3.1). Afterwards, inspired by Bourgain [15] we
exhibit a characterization of the separable Banach spaces X such that X¢, V&, w < € < w;y
is isomorphic to X (Theorem 4.1). Next, by Pisier’s Theorem, we will generalize a result
from Samuel [16], and we show that the presence of F*, where F is the space of Figiel [6],
together with C(I) annihilates (1.1), since the isomorphic classification of (C(I) ® F*)S,
w < € < wi is similar to that of RS given in [1] (Corollary 5.6). Finally, we will prove that
the same happens with the isomorphic classification of /. (N)¢, w < € < wy, where £, (N)
is the Banach space of the bounded sequences with the supremum norm (Corollary 5.8).
These results motivated the definition of wy cancellable Banach space (Definition 5.9).

2. Preliminaries

To fix the notation, let us recall some definitions. If X and Y are Banach spaces, then Y
is isomorphic to a closed subspace of X, Y < X, if there is a one-to-one bounded linear
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operator from Y into X; Y is said to be isomorphic to X, X ~ Y, provided there is a
one-to-one bounded linear operator from X onto Y, and Y is a quotient of X, X — Y,
if there is a surjective bounded linear operator from X onto Y. The notation ®n X will
indicate the injective tensor product of n isomorphic copies of X, n < w.

Let I' be a set. By Co(I', X ) we denote the Banach space of X-valued functions defined
on I' such that for any positive ¢ the set {v € I' : ||f(7)|| > &} is finite, with the
supremum norm, and by ¢; (I, X) we denote the Banach space of all absolutely summable
X-functions defined on I

If « is an ordinal number and X is a Banach space, we set X§ = {f € X : f(a) = 0}.
The cardinality of the ordinal number ¢ will be denoted by &. The notation w; will denote
the first non-denumerable ordinal. If & is a non-denumerable regular ordinal and + is any
ordinal, we will denote by AS the subset of [1,7] consisting of limit ordinals that are not
limits of sets of cardinality strictly smaller than a.

The density character dens X of a Banach space X is the smallest cardinal number §
such that there exists a set of cardinality ¢ dense in X.

Let v be an ordinal. A y-sequence in a set A is the image of a function f : [1,7[— A
and will be denoted by (xg)g<~. If A is a topological space and § is an ordinal, we will
say that the y-sequence is B-continuous if, for every f-sequence of ordinals (6¢)e<s on
[1,7] that converges to )5 when £ converges to 3, we have that xg, converges to xg,.

Let X be a Banach space. By X we will denote the set of F' € X** having the following
property: for every w-sequence (*),<, in X* such that z*(z) ——= 0, for all z € X,
we have F(z}) 27 0. X is said to have Mazur’s property (also, d-complete [9] or
uB-spaces [19]) if X = ¢X, where ¢X is the canonical image of X in X**. The class of
Banach spaces with Mazur’s property includes the weakly compactly generated (WCG)
Banach spaces and, therefore, the separable Banach spaces. See [11] for more examples
of Banach spaces having this property.

Let a be a non-denumerable regular ordinal, ¢ any ordinal, and X a Banach space.
By X¢ we will denote the set of F' € X** having the following property: for every limit

ordinal 3 < v and for every p-sequence 2" = (27(1))¢<p of B-sequences of X* such that
there exists K € R with [lz¢(n)|| < K, Vi < ¢, V€ < B and such that z¢(n)(z) LN 0,
Vo € X, uniformly in 7, we have F'(z{(n)) 25 uniformly in 7.

We say that the Banach spaces X and Y are totally incomparable if X and Y have no
isomorphic closed subspaces of infinite dimension.

If T:X — Y is a surjective bounded linear operator and Bx and By are the closed
unit balls of X and Y respectively, we define ro(T) = inf{r > 0: By C rT(Bx)}.

Other notations are standard in conformity with [18].

3. Isomorphic classification of the Banach spaces C(I)¢, & > w;

Our main aim here is to prove the following theorem, which provides the isomorphic
classification of the Banach spaces C(I)¢, ¢ > wi, and for that we will suppose the
continuum hypothesis, that is 2% = ;.
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Theorem 3.1. Let « be an initial non-denumerable ordinal and X a separable Banach
space with X¥ ~ X and dens X* = 2%o.

(1) If o is singular, then X& ~ X" with ¢ <1 and £ =) = & if and only if n < £“.
(2) If « is regular, then

(a) X%~ X withl<n<w ifand only if n < wy;
(b) X ~ X with w

<& < « if and onlyiffzm
() XS~X"  witha®<¢

<7
<nand £ =7 = a if and only if n < &Y.

We will need some auxiliary results.

Lemma 3.2. Let X be a Banach space having Mazur’s property and v be any ordinal,
then (x7)
X7
w1 w
S Ch Co(ASH, X).

Proof. This is similar to the proof of Corollary 2.8 in [7], only noticing that the
Statement (b) of the proof of Proposition 2b is also true in this case, since, if F €
(X7)g, and H is the canonical isomorphism from 1 ([1, 7], X*) onto (X7)*, then H*(F) =
(F9)9<7+1 is B-continuous, V3, f < wy. Indeed, let 3 < wy and (f¢)e<p be a B-sequence
of ordinals in [1,7] converging to 63 when £ converges to (.

Now suppose that (Fp, )¢<s does not converge to Fp, when & converges to 3. So there
is € > 0 and a strictly increasing w-sequence of ordinals (£, ), <. converging to 8 and a w-
sequence (2}, )n<w of elements of the unit ball of X* such that | Fp, (x},) — Fp,(z},)]| > €
Let P? be in (1([1,7],X™) defined by P! (0) = =z}, if 0 = 0, and P2 (0) = 0 if
0 = 0c,, Vn, m < w, so HP] (f) = 7, f(0¢,) and, therefore, [H(Pg, ~— Pg)(f)| <
sl £ (Be,) — FO)] =% 0, ¥, wniformly in n and [H(P. — P2.)| < 2| H], ¥n,
m <w. Thus, FH(Pg, —Pg) = Fy, (x3,) — Fo,(27,) 2, 0 uniformly in n, which is
absurd. |

Now, we remark that the argument presented in the proof of Lemma 2 in [1] also
proves the following result.

Lemma 3.3. Let £ be a limit ordinal and X a Banach space. If, for every < &,
R¢ o4 XB holds, then RE™ o X,
Lemma 3.4. Let £ be a non-denumerable ordinal and X a separable Banach space,

then RE” o4 X¢,

Proof. Let us suppose that (a) RE" < X¢ thus R¢ — R «— X¢ so we can
consider & = min{f : I m, m < w, RE < (©,,X)?}. Let mg, mo < w, be such that (b)
RE < (@ X )80, Tt suffices to show that & is finite to come to a contradiction, because,
in this case, (®, X )% is separable and RE is not.
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We suppose that &y is infinite and we note that (c) RS0 < (®m0+1X)5, V3, B < &.
Indeed, otherwise there exists 51, 51 < & such that by using item (b), Theorem 20.5.6
in [18] and Proposition 7 in [4, p. 225], we have

RE < (Bne X)& = ROD (B X) = (Ormg 41 X)) &(Grmp X)
= Rﬁl®(®mo+1X)émoX = (®2mo+1X)Bl7

which is absurd because of the choice of £;. We state that £y is a limit ordinal. Indeed,
if & = & + n, for some n, 0 < n < w and & infinite, then n + & = & and, from
Property IT in [1, p. 54], it follows that (&, X)& ~ (Qm, X )&, so, by the minimality of
&o, we conclude that n = 0.

We can use Lemma 3.3 and item (c) to conclude that (d) RE o4 (Q,,11X)%0. Since
&o < &, and bearing (a) and (b) in mind, we have

RS 3 RS b X = REQX < (g X)O0RX = RO (g X) @ X = (Rpng11X)%,

which is absurd because of (d).
So &y must be finite. |

Proof of Theorem 3.1.
(1) Let a be singular. If X¢ ~ X" with ¢ <7 and we also suppose & < 7, then

RS < R" < X7 ~ X€,

which is absurd by Lemma 3.4.
Conversely, if £ <7, £ =7 = & and 1 < £, then from Theorem 1 in [10] follows that
RS ~ R7, so REQX ~ R"®X, that is, X ~ X",

(2) Let « be regular.
(a) If X* ~ X with 1 < 7 < wy, then we consider two cases. If & = wy, then, from

Remark 2.3 in [7], we have
(X8, (X,

cXw1 cXwin
Then, by Lemma 3.2, Co(ALE, X) ~ Co(ALL,, X), that is X ~ Co(I', X), where I' =

[1,7] (see [10]). Since X is separable, we conclude that n < w;.
If @ > wy, then again from Remark 2.3 in [7] it follows that

(X5 (X

cX™ c XN

Since we have the hypothesis that dim X* = 2% = X; < &, we can apply Corollary 2.8
of [7] to obtain Co(AG, X) ~ Co(Ag,, X), that is X ~ Co(I', X), where I = [1,7]; the
separability of X implies n < w;.

Conversely, let n be 1 < n < wy. It suffices to prove that

X XY V0, w<h<w. (3.1)
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Indeed, if 1 < n < w, from X* ~ X* Property III in [1, p. 54] and Theorem 2
in [10], it follows that

xXon (on)n ~ (Xaw)n ~ X(aw)n ~ Xa(wn) ~ Ra(wn)®X ~ RawéX ~ XO
To see (3.1), firstly we note that
R ~ RE” ~ (RG)S ~ (R)” ~ ROGRY.

The first and the third isomorphisms are Remark 2.1 in [1, p. 55|, the second iso-
morphism follows from Corollary 3.1 in [10], and the fourth isomorphism follows from
Corollary 7.7.6 and Theorem 20.5.6 in [18].

Finally, let 6 be w < 0 < w1, thus

Xa@ ~ R“(’@@X ~ RawéX ~ (RaéRw)®X

~RYGRYQX) ~ REQXY ~ ROQX ~ X,

The second isomorphism follows from Theorem 2 in [10].

(b) If X ~ X7 with w; < &€ < 7 < a, we can suppose a > w;, because, if a = wy,
then £ = n = w; and we have nothing to prove. So as in the proof of the second case
in (a) we obtain that Co(Ag¢, X) ~ Co(AG,;, X), that is Co(I', X) ~ Co(I2, X), where
In =[1,¢] and Iy = [1, 7], thus, the separability of X implies £ = 7.

Conversely, if w; < ¢ < 7 < a with ¢ = 7, then Theorem 2 in [10] implies that
R ~ R, s0 XQR ~ X QR

(c) If X¢ ~ X" with £ < 7, then, as it was proved in the case in which « is singular,
we have 1 < £“. Conversely, if a®> < ¢ <7, £ = 7 = &, then Theorem 2 in [10] implies
that RS ~ R7, so XQRE ~ XQR". O

Question 3.5. Give an isomorphic classification of the Banach spaces C(I)¢, € > wy,
without using the continuum hypothesis.

Remark 3.6. For each v, 1 <7y < wgy1, where we4q is the first ordinal of cardinality
Rey1, we define K, = [1,w2ﬂ] x I, we being the first ordinal of cardinality R¢. It follows
from Lemma 3.4 that C(K,,) /> C(Kg,), for every 1 < & < m1 < wey1.

WE1FT

Indeed, let O, = wg’gl and 0, = w‘g“, thus 07 = wg <6, .IfC(K,,) — C(K,),
then
R% — R — O(K,,) < C(Ke,) = C(I)%:,

which is a contradiction.
So, for each N¢ > 2% there exists at least R¢4q perfect compacts K of the cardinality
R¢, such that C'(K) are isomorphically different.

Question 3.7. Under the continuum hypothesis, are there more than N perfect com-
pacts K of cardinality 2%°, such that C(K) are isomorphically different?
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4. Characterization of the separable Banach spaces satisfying X¢ ~ X, V¢,
w<E<w

If X is a Banach space and K a compact, C'(K, X) will indicate the Banach space of the
continuous X-valued functions defined on K and equipped with the supremum norm.

It follows from the Milutin’s Theorem that if X is isomorphic to C(I), then X sat-
isfies the following equation: X¢ ~ X, V€, w < € < wy. In this section we will prove
Theorem 4.1, which gives an isomorphic characterization of the separable Banach spaces
satisfying such an equation.

Theorem 4.1. Let X be a separable Banach space. X satisfies the equation X¢ ~ X,
V¢, w <€ <w, ifand only if C(I,X) ~ X.

Proof. If X is a Banach space satisfying
C(I,X)~X and ¢ w<E<uw, (4.1)

then, from Lemma 21.5.1 of [18], we have RE(?@C(I,X) ~ RE®X. Now, from Theo-
rem 20.5.6 of [18], we obtain R*@C(I)®X ~ X¢. So, from Milutin’s Theorem, C(I, X) ~
X¢. But, bearing in mind (4.1), we conclude that X ~ X¢. a

The converse follows immediately from the following proposition.

Proposition 4.2. Let X and B be separable Banach spaces with X¢ ~ B, V¢, w <
& <wiq, then C(I,X) ~ B.

Proof. (Inspired by [15].) Let 2/ be the space of all compact subsets of I endowed
with the Hausdorff metric

d(A,B) = max{rgleaj( dist(a, B), max dist(b, A)}.

LetY ={K €2/ : C(K,X) ~B}.Foreachn < w, Y, ={Ke2l :3T:C(I,X)— B
a bounded linear operator, ||T|| < 1 and L : B — C(I,X) a bounded linear operator
satistying (1/n)[i,.]| < I < Ifi, Il ¥/ € C(I,X) and TL(b) = b, W € B, || <

Firstly, we remark that ¥ = |
T : C(K,X) — B, an isomorphism onto the image (we can suppose ||T| < 1), and
L: B — C(K,X), abounded linear operator (L is the inverse of T'), satisfying T'L(b) = b,
Vb € B.

Let n < w be such that ||[L|| < n. We define T : C(I,X) — B by T(g) = T(g,) and

L:B — C(,K), by L(b) = EL(b), where E is a linear extension operator (see [18,
p- 365]), 50 [lg), [l = ILT (g1, )l < nlIT (9,0

@ W/mlgll < NT @I = 1T < llgi |l Vg € C(1, X), and

(I) TL(b) = TEL(b) = T(EL(b)|,.) = TL(b) = b, Vb € b, that is K € Y.

Y,. Indeed, supposing that K € Y, there exists

n<w
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Conversely, supposing K € Y, for some n < w, we define T : C(K,X) — B by
T = TE, where E is a linear extension operator and L : B — C(K,X) by L = RL,
where R is an operator defined by R(f) = f|,, Vf € C(I,X). Let f € C(K,X) and let
b € B, then

1n @/n)lIfll = A/mIEF) .l < ITAON = 1TEE < IEW) ) = 1f]l, that is T is

an isomorphism onto the image.

(IV) TL(b) = TERL(b) and, since L(b), = (ERL(b)), and |T(f)|| < |fi.ll, Vf €
C(I,K), it follows that T(ERL(b)) = T(L(b)) = b and, therefore, TL(b) = b,
Vb € B, so the image of T' is B, consequently B € Y.

Next we will remark that each Y, is analytic. Let A be the unit ball of L(C(I, X), B)
in the pointwise convergence topology, and let J be the ball of radius n of L(B,C(I, X))
also in the pointwise convergence topology.

We consider the Polish space Z = 27 x A x J (see [3, p. 195]). Let Q = {(K,T,L) €
Z ()l f |l < NTON < Al Vi€ €U, X) and TL(b) = b, Vb € B}. Q is a closed
subset of Z, because, if (K, Ty, Ly) is a net of @ converging to (K,T,L) in Z, it follows
that (1/n)[lf | < ITHI < Ifill, Vf € CI, X), from the pointwise convergence of T.

Next we show that TL(b) = b, Vb € B.

Let b € B, from T, — T, it follows that

(1) T,L(b) - TL(),
and, from L, — L, it follows that L. (b) — L(b) and, therefore,

(2) TL(b) — TL(D).

Now, using

[T Ly (b) = T Ly (0) || < IT5 1 12+(6) = LB)| + | T[] [ L (b) — L(O)|| + I T L(b) — TL (D)

with (1) and (2), we conclude that b = T,L,(b) — TL(b), that is TL(b) = b. So
(K,T,L) € @ and, therefore, Q is closed, consequently (see [3, p. 195]) @ is a Pol-
ish space. Since Y, is a projection of Q onto the 2! axis, Y, is analytic and, therefore, so
is Y (see [3, p. 195]).

Let D = {K € 2! : K is countable}, by the hypothesis of the proposition, it follows
that D C Y (see [18, p. 155]), and, since D is non-analytic (see [8]), there must be a
non-denumerable compact subset K of I, such that C(K, X) ~ B, and, from Milutin’s
Theorem and Corollary 21.5.2 of [18], it follows that C'(I, X) ~ B. a

Remark 4.3. Let Y be a Banach space. It follows from Milutin’s Theorem and from
properties of injective tensor products that X = C(I,Y") satisfies

O, X) ~ X. (4.2)
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It will be shown (Corollary 5.6) that there exists a separable Banach space W, C'(I) <
W, such that X = C(I) @ W does not satisfy (4.2). (To see this, bear in mind that if X
satisfies (4.2), then X¢ ~ X", V&, w < €< n < wi.)

Now, since C(I) @ C(1,Y) ~ C(I,Y), we have that X = C'(I) @Y satisfies (4.2) if and
only if

C(,Y)~CU)aY. (4.3)

If Y is isomorphic to a complemented subspace of C(I) and C(I) ¥ Y, then YV
satisfies (4.3). Indeed, from Corollary 1 of [12], we have C(I)®Y ~ C(I) and, therefore,
C(I,C(I)aY)~C(I,C(I)), that is C(1,Y) ~ C(I).

Question 4.4. Let Y be a separable Banach space, C(I) & Y, such that C(I,Y) ~
C(I) @Y. Is it true that Y is isomorphic to a complemented subspace of C(I)?

Question 4.5. Give a Banach space X such that X« ~ X.

5. w; cancellable Banach spaces

Next we present two Banach spaces X containing subspaces isomorphic to C(I) such
that the isomorphic classifications of X¢, w < € < w; are similar to that of R¢ given by
Bessaga and Pelczynski in [1]. The first space is C'(I) @ F'*, where F is the Banach space
considered by Figiel in [6] (Corollary 5.6), and the second is o (N) (Corollary 5.8).

These results will be consequences of Theorem 5.1, and, in order to prove it, we will
need some auxiliary results.

Theorem 5.1. Let X* and F be totally incomparable Banach spaces satisfying X —»
X6, V€, w < € < wy, F* uniformly convex, F"1 &5 F" V¥n, n < w. If (X @ F*)¢ —»
(X @ F*)", withw < & <n <wi, then n < &“.

Lemma 5.2. Let X, Y and Z Banach spaces, T : X ®Y — Z is a bounded linear
operator such that ¢7T* : Z* — X* is an isomorphism onto the image, where i, is the
canonical inclusion from X in X @Y. Then Ty : X — Z defined by Ty(x) = T(z,0),
Vr € X is onto Z.

Proof. From T} (z*)(x) = 2*(Ti(z)) = 2z*(T(i1(x))) = i (T*(z*(x))), Vz* € Z, and
Vo € X, it follows that T} is one-to-one and has a closed image. Then from Lemma 3
of [5, p. 488], we have that T} is onto Z. |

Lemma 5.3. Let v be a denumerable ordinal, X and Y Banach spaces and T : X &
Y — Z asurjective bounded linear operator. Let 3 < v be such that T\X5$Y : Xoﬁ@Y —
Z is not surjective and r > ro(T'), then, for every ¢, 0 < € < 1, there exists g € X] with

9(§) =0,VE, £ < B, |lgll <7 and [T(g)]| > e.

Proof. Let € be such that 0 < ¢ < 1; choosing § = 1 — ¢ and writing X] ® Y =
Xg WY, where W = {f € X] : f(§) =0, V¢, £ < 3} and indicating by iy the
canonical inclusion from Xoﬁ @Y to X] @Y, it follows from the previous lemma that
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there exists z* € Z*, ||z = 1 such that ||i3T*2*|| < (§/2r), so, for every f+y in X @Y
with | + gl < r, we have [|=*T(f + )] < 16.
Let z € Z, ||z|| = 1 such that |[2*(z)|| = 1 — 14, since T is surjective, then there exists
gt +yiin XJ @Y, |lg' + y1]] < r such that T(g" +y1) = 2. Let g1 = g‘l[[”w], thus:
1— 30 <[|2"T(g" +y0)| < I2"T(g" — g1 +y)ll + 12" T(g)ll < 50+ 1T (g0l
so [ T(gu)ll = e 0

Proposition 5.4. Let X, Y and Z be Banach spaces, Y uniformly convex, Z — Y
and o an infinite denumerable ordinal such that V3, 8 < a, Z° & X # Y. Then
Z°® X £ Y,

Proof. (Inspired by [16].) Y being uniformly convex, it follows from Pisier’s The-
orem (see [14, p. 803]) that Y admits an equivalent norm (that will be denoted by || - ||)
and there exists § > 0 and p € R, 2 < p < 400 such that if b € Ry and y, y2 € Y with
ly1]| = 1 and ||ya|| = /b, then either ||y; + ya| = ¢/1+ b or ||lys — ya|| = ¥/1 + db. So,
given y1,ys,...,yn € Y, with ||ly1|| = 1, |jwil| = ¥b, i = 2,3,..., N, there exists ¢; € R,
el =1,i=1,2,...,N, such that | c;uill = ¢/T+ (N — 1)bo.

Let @ = w*'ng +w*ng + - - - + w*ny be in the Cantor normal form (see [18, p. 153]),
so Z% ~ Z%"" (see [1]), and, therefore, Z*" & X — Z“"" — Y¥"' = Y. By the
hypothesis of the proposition, we cannot have w* < «, i.e. @ = w*!, and so « is a prime
component ordinal (see [18, p. 153]).

We also know that o = w®* and Z“"" ~ Z&"' (see [1]). Then denying the thesis
of the proposition, there will be T, a surjective bounded linear operator from Z{ful o X
onto Y™,

Let r > 7o(T) and €, 0 < € < 1; we choose s, s > 0 and N, 1 < N < w such that
e+s<land ||T||(r+e) < /1+ (N —1)ed. Let y; € Y, |ly1]| = L and h € Y defined
by h(y) = y1, V. There exists g', g* € Z&"" ® X such that ||g*| < r and T(g') = hy.
Writing ¢! = g1 + fi, with g, € foal and f1 € X, we get 71, 71 < w* such that
lgr(MII < (¢/N), Yy € [n + 1, w™].

Let us denote for every 8 € [0,w™ [, Al = [w*V=D3 4+ 1, w1V =D (8 4 1)] and writ-
ing Wy ={f ¢ YN . vp, g e [0,w*[, f is constant in Aé} Let P : V"' — W be
the bounded linear operator defined by

0, if v € [waN +1,wn],
Pi(f)(7) = AGOR iy = W (VD3 with 1< § < w,
1 7= f(wal(N—1)</3+ 1), ify= wr (=g ¢ ¢
with 0 < S <w® and 1 < € < wal(N—l),
Vfeyen.

Clearly, W} is a subspace of Y isometric to Y**!, and P, T is a surjective bounded
linear operator from Zg"' @ X to W, such that 7o(P1T) < 7o(T).
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The previous lemma applied to v, and {/z + s implies that there exists g» € Z§"", with
92(€) = 0, V€, £ <, [lgall < v and [[P1T(g2)|| < ¢/ +s; so there exists 81 € [1,w™!|
such that (1.1) [|Tg2(w** ™ =D3))|| > ¢/ + s, and we can suppose that 3; is not a limit
ordinal satisfying || Tga(w®* N =1 3| = ¥e.

Let 31 = B} + 1. Since T(g2) € Y¥™'" we can find A\, \; € [0,w® [, such that for
every 7, v € [wWV=Dg1 41 (N=2)\; 11w (N=13] we have ||Tga(7)|| = /. Since
go € Z¢"" | there exists v € [y1+1,w ] such that ||g2(7)|| < (¢/N), V7, v € [y2+1,w].
Let us denote for every 3, 3 € [A1,w™'[, A% = [werWN=Dgl L yea(N=2)g 7 yer(N-1)gl 4
w(N=2)(341)], and, writing Wy = {f € Y*"'" : V3, B € [A\;,w®'[, f is constant in A2,

and Vv, v ¢ [wo“(N_l)ﬁi—I—wal(N_Q))\l—|—1,w°‘1(N—1)ﬁ1], f(y) =0} Let Py : Yot 5w,
be the bounded linear operator defined by

0, if y ¢ wr NTYE +wn (DN 4 10 g,

fO), ity =wn W INE 4 (IR with A + 1< B < w™,

P2(f)(7) = f-(woa(Nfl)ﬂi+WO¢1(N*2)(8+1))7

if 7 = WG] 4w (V6 4
with A < A <w® and 1 < £ < wal(N_2),

Vf e YY" and Vv, v € [1,w™¥].

Since w®! is a prime component ordinal, it follows that [A;,w®!] is homeomorphic
to [1,w®!] and, therefore, W5 is a subspace of Y™ isometric to Y**! and P,T is a
surjective bounded linear operator from Z{{al @ X onto Wy such that ro(PT) < ro(T).

The previous lemma applied to v, and ¥/ + s implies that there exists g3 € Z{;‘” with
93(8) =0, Vv, v < 72, |lgs]| <7 and || P2Tgs|| < ¥/ + s; so there exists (2 € [\ +1,w*?]
such that ||T(g3)(w**N=D3! + w1 (N=2)3,|| > ¥/c + s and we can suppose that B is
not a limit ordinal satisfying ||7'(g3)(w® V=Yg + WP N =2)83,)|| > ¢/e. Let B2 = B4 + 1.
Since T(g3) € Y™, we can find \g, Ao € [1,w] such that Vv, v € [waWV=Vg; +
wN=2) g0 4 uar(N=3) )\, 4 1, wn(N=D g 4 e (N=2) g1 4 1]. We have || T(g3)|| > ¢/=.

Repeating this procedure N times, we can find g' = g1 + f1, g1 € Z(ﬁ’al, fi e X,
92,93,-.-,gN € Z(‘j’al, ordinals 71 < 712 < -+ < ynv-1 < w®', non-empty intervals
Ay = [1Lw N Ay = [warWN=D31 4 eV N 4 1w (N=Dgr 1 1] ... A, such that

(1) Ay DA DD Ap;

2) lg'll <rand gl <7 i=1,2,...,N;

3) gl < (e/N), ¥v, v € [yigr,w™], i=1,2,...,N = 1;
(4) gi(v) =0,Vy, v € [L,yi1], i =2,3,...,N;

(5) Tg (&) = y1, V€ € Ay, | Tg1()|| = ¢/, Vi=2,...,N, and Vv, v € A;;
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(6) we take vy € (N, Ay, so, by the initial remark of this proof, there exists ¢; € R, with

leil =1,4=1,2,...,N, such that [|c;T(g1) +--- +enT(gn)|| = /1 + (N — 1)d¢;
(7) llergr + -+ + engn || = max{[| fl, lcrg1 + -+ + engnll} <7 +e.

From (6) and (7) we conclude that {/1+ (N —1)ée < ||T]|(r + £), which is absurd
because of the choices of € and N. O

Corollary 5.5. Let X and F' be Banach spaces and « an infinite denumerable ordinal,
F uniformly convex. If F*@®X —» F®", then there exists n, m < w, such that F*®&X™ —»
Pt

Proof. Let ap = min{¢ : I3 m, m < w, X™ O F* — F*}. So ag < a, and if we
suppose that g > w, then there exists ng < w such that (a) X™ @ F* — F* and
(b) VB3, B < ag, FP @ X"+l Ly Feo  otherwise there exists 3, 3 < ag, such that
X2notl g Py Xmotl g FB g X0 — 0 @ X — F* which is absurd because of
the choice of . Therefore, from Proposition 5.4, it follows that F® @ X o+l £y Fov

However, from (a) and our hypothesis it follows that F@o @ Xmo+! = faog X @ Xm0 —
X @ F* — F*" — F  which is absurd. Consequently, ag < w, and again from (a) we

have X" @ Fo ¢ X — F*@ X — Fo°. O
Proof of Theorem 5.1. If £ < 7, then writing G = F*, we have
XG5 X pG ~(X0G) » (X®G)" = G" — G

From Corollary 5.5 it follows that there exists n, m < w, such that G" & X™ —»
G&” — G“. Now, bearing in mind that every uniformly convex Banach space is reflexive,
see Proposition 1.e.3 of [13], we have F"™2 — (G¥)* — F" @ (X*)™, that is there
exists T : F"™2 — F™ @ (X*)™ an isomorphism onto the image; T(F"*?) and (X*)™
being totally incomparable Banach spaces, it follows that T(F"*2) N (X*)™ =V, where
dimV = p, p < w and, therefore, T(F"*2) = Z @ V for some Banach space Z. Noticing
that Z C (X*)"@F", ZN(X*)™ = {0} and Z and X* are totally incomparable, we have
from Lemma 1.1 in [20] that Z < F™, and so T(F"™2) = Z @V « F" @ RP — FrHl
which is absurd. |

Let p be a real number, p > 2. Tt follows from the main result of [6] that there exists
finite-dimensional uniformly convex Banach spaces X;, ¢ = 1,2, ..., such that if F' is the
p sum of these spaces, then F"*! &5 F™ ¥n, 1 < n < w.

It is well known that every infinite-dimensional subspace of F' contains a subspace
isomorphic to £, and that ¢, ¥ C(I)* (see [2, p. 207]). So F and C(I)* are totally
incomparable and we have the following corollary.

Corollary 5.6. (C(I) @ F*)S ~ (C(I) ® F*)", with w < £ < 1 < wy, if and only if
n <&

Theorem 5.7. Let &, w < £ < wi, and let X be a Banach space. If X¢ — R¢” | then
X —» Rv,
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Proof. Let & = min{n > w: X7 — R"" }.If & > w, then X7 £ R VB, w < B < &,
otherwise there exists 3, w < 3 < &, such that X7 — R0,

If B < &, it follows from Theorem 1 of [1] that X? — R — R#”, which is absurd
because of the choice of &.

If 3¢ = €9, again from Theorem 1 of [1] we have X? ~ X% — R% = RS which,
again, is absurd.

From Proposition 5.4 it follows that X% - R& | which is a contradiction.

Consequently, & = w and, therefore, X* — R*” and again from Proposition 5.4 it
follows that there exists n < w such that X¥ — R, and from Theorem 2 of [17] we
have X — R“. (]

Corollary 5.8. (o (N)¢ ~ £, (N)", with w < £ <1 < wy, if and only if n < &“.

Proof. If €2 < ), then £o(N)§ = £oo(N)7 — R?” — RE”, so, by the above theorem,
lo(N) — R, which is absurd because R¥ is not reflexive, see the theorem on p. 304
in [18]. O

Our results suggest the following.

Definition 5.9. We say that the Banach space X is w; cancellable if X¢ ~ X" with
& <1 < w; implies n < ™.

Question 5.10. Give an isomorphic characterization of the separable w; cancellable
Banach spaces.

6. Remarks and questions about the Banach spaces R¢, w < £ < w;
Corollary 6.1 follows from Corollary 5.5, so we put Question 6.2.

Corollary 6.1. Let o be an infinite denumerable ordinal and X a Banach space. If
R™ @ X —» R®"| then there exists m, m < w, such that X™ — R®" .

Question 6.2. If X is a Banach space such that there exists m < w and o, w < @ < wy
with X™ —» R®” then is it true that X — R*"?

Definition 6.3. Let a be an infinite ordinal. We say that the Banach space X has the
SQ(«) property, if, for every v, w < v < «, such that X —» R?, we have X — R" @ X.

Remark 6.4. It is clear that if the Banach space X satisfies X — X2, then X has
the SQ(«) property Vo, a > w, and, if G = F*, where F' is the space of Figiel, then G
has the SQ(«) property Vo, a > w, but G /£ G2.

Question 6.5. Give a Banach space that does not have the SQ(«a) property for some
a,w < a<w.

Theorem 6.6. Let £ and n be infinite denumerable ordinals and let X be a Banach
space having the SQ(¢) property. If RS @ X — R", then either X — R" or n < &.
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Proof. We will prove by transfinite induction on n that: V¢, w < £ < wq, and for every
Banach space X having the SQ(&) property, with R & X — R", then either X —» R”
orn < &,

If n = w, then, since £ > w, we have n < &“.

Now, we suppose that this result is true for every ordinal ¢, w < ¢ < 6, and we consider
RS @ X — RY, with X having the SQ(&) property. If €2 < 6, then RS & X —» RE”. Let
y=min{f: R = R}, sow <7< & v <Y <€ <0 and, since RY — RS, it follows
that R & X — R¢ @& X — R¢” — R?”, and by Proposition 5.4 we have

X @R"™ — R” for some w < vy < 7. (6.1)

By the choice of v we conclude that R™ /4 RY, so from [1] it follows that +¥ < 7,
and, since X has the SQ(71) property, using the hypothesis of induction at (6.1) we
have that X — R” — RS, and, since X has the SQ(&) property, we conclude that
X R X —» R O

Question 6.7. Let X and Y be separable Banach spaces and &, w* < § < wy. If
X @Y —» RS, then is it true that either X — Ré or Y —» R$?

Since R @ RE ~ RS, V€, € > w, RS is isomorphic to each of its closed hyperplanes. The
following lemma gives a positive answer to the above question in the case in which either
X or Y is a finite-dimensional space.

Lemma 6.8. Let X and H be Banach spaces such that H is isomorphic to each of
its closed hyperplanes. If R ® X —» H, then X —» H.

Proof. Let T : R® X — H be a surjective bounded linear operator. If T'(1,0) = 0,
then T|x : X — H is surjective. If T(1,0) = hy # 0, then writing H = [h1] ® H; for
some closed hyperplane H; of H and indicating by P the canonical projection from H
onto Hy, we have PT(1,0) = 0, therefore PT|p, : X — H; is onto Hy, and, from the
hypothesis H ~ Hy, we have X — H. a

Question 6.9. If X and Y are Banach spaces such that R ® X — H, and H is of
infinite dimension, then is it true that X — H?

Corollary 6.10. Let o be an infinite denumerable ordinal and let X be a Banach
space. If X® — R®” | then there exists n, m < w, such that (©,X)" — R*",

Proof. It suffices to take ag = min{€ : Im, m < w, (©,,X)¢ —» R*} and to proceed
as in the Lemma 3.4 using Proposition 5.4. O

Question 6.11. If X is a Banach space such that there exists n, n < w and «,
w< o< w with ®,X —» Raw, then is it true that X — R“?

Definition 6.12. Let « be an infinite ordinal. We say that the Banach space X has
the TQ(«) property if, for every 7, w < v < «, such that X — R?, we have X — X7.

Remark 6.13. It is clear that if the Banach space X satisfies X —» XQ%X7 then X
has the TQ(«) property Vo, o > w.
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Theorem 6.14. Let £ and 7 be infinite denumerable ordinals and let X be a Banach
space having the TQ(€) property. If X¢ — R", then either X — R" or n < &“.

Proof. Analogous to that for Theorem 6.8. (|

Question 6.15. Give a Banach space that does not have the TQ(«) property for some

o, w < a<w.
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