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ASYMPTOTIC STABILITY OF SYSTEMS WITH
IMPULSES BY THE DIRECT METHOD OF LYAPUNOV

G.K. KULEV AND D.D. BAINOV

In the present paper the asymptotic and globally asymptotic stability of the zero solution
of systems with impulses are investigated. For this purpose piecewise continuous aux-
iliary functions are used which are analogous to Lyapunov's functions. The theorem of
Marachkov on the asymptotic stability of systems without impulses is generalised. The
results obtained are formulated in four theorems.

1. INTRODUCTION

Systems of differential equations with impulses are used as mathematical models
of various real processes and phenomens in physics, biology, control theory, etcetera,
which are subject during their evolution to short-time perturbations in the form of
impulses. That is why in recent years these systems have been an object of numerous
investigations ([1 - 4], [6 - 12]).

In this paper the asymptotic stability of the zero solution of systems with impulses
of the following form is studied:

x - X(t,x), t ^ Ti(x); Aa;/t=T.(,) - Ii(x),

where j E R " , I : I x R n - . R n , / i : R " - . Rn, / = [0,oo), Ax/t=T.{x) = x(t + 0) -
x{t-0).

The investigations are carried out by means of piecewise continuous functions which
are an analogue of Lyapunov's functions. The main result is a generalisation of the the-
orem of Marachkov (1940, [5]) on the asymptotic stability of systems without impulses.

2. PRELIMINARY NOTES AND DEFINITIONS

Let R* be a-dimensional Euclidean space with norm ||-||. Let / = [0,oo), R'H =
{x e R': ||a:|| < H}, 0 < H = constant.

Consider the following system of differential equations with impulses

j x = f(t,x)+g(t,y), y = h(t,x,y), t ^ Ti(x,y)

\ A / r i ( X i y ) = Ai(x) + Bi(y), At//t=r.(x,y) = Ci(x,y),
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114 G.K. Kulev and D.D. Bainov [2]

where x G Rn, y G Rm, / : I x Rft -+ Rn, g: I x R£J -» Rn, h: I x R£ x R]2J -*
Rm,Ai-. R£ -» Rn, Br. Rg -* R", Ci ; RJ x RJ| -> R"1,^: R^ x Rg -» R,
Aas/,=T.(,,W) - *(t + 0) - z(f - 0), Ay/t=n{.,v) = v(t + 0) - y(< - 0).

Let to G / , XQ 6 Rfl-, yo G RH- The solution of system (1) satisfying the
initial conditions x(t0 + O;t(,,xo,yo) = x0 , y(t0 + 0;t0,x0,y0) = yo is denoted by
(x(t),y(t)) = (x(t;to,x0,y(t)),y(t;to,x0,yo)). The solutions (x(t), y(t)) of system (1)
are piecewise continuous functions with points of discontinuity of the first type in which
they are left continuous, that is at the moment ij when the integral curve of the solution
(x(t), y(t)) meets the hypersurface

*i = {(*,*,y) € I x R£ x RJf: t = n{x,y)}

the following relations are satisfied

x(U - 0) = x(ti),x(ti + 0) = x{U) + Mx(ti)) + Bi(y(ti)),

y{U - 0) = y{ti),y{ti + 0) = y{U) + Ci{x{ti), y{ti)).

Together with system (1) we consider the following system with impulses

(2) x = f{t,x), t ? Ti(x,0); Ax/ t = r . ( l , o ) = Ai{x).

We shall say that conditions (A) hold if the following conditions are satisfied:

Al. The functions f(t,x), g(t,y), h(t,x,y) are continuous in their domains of

definitions and f(t,O) = 0, g(t,O) = 0, h(t,0,0) = 0 for t G / ;

A2. There exists a constant L > 0 such that

IIM*.*»»)II ^ £> C.*»y) G / x R^ x RS;

A3. There exists a continuous function P: I —* I such that F(0) = 0 and

ll<K*,y)ll ^ ( N l ) for ( < , y ) e / x R E ,
A4. The functions Ai(x), Bi(y), Ci(x,y) are continuous in their domains of

definition, Ai(0) = 0, fl,-(0), Cf(0,0) = 0;

A5. If xe RJf and y £ R« , then y + Ci{x,y) G R%,i = 1,2,...,

A6. The functions Tt(x,y) are continuous and for (x,y) G R^ x R̂ J the following

relations hold

0 < r^x^y) < r2(x,y) < . . . , lira (x,y) = oo
t—KX)

uniformly in R J x R J ,

, y ) - sup Ti(x,j/)>tf > 0 , t = 1,2,...
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A7. For each point (to,zo,Jfo) G / x R^ x RJj Cl the solution
(x(t;tQ,x0,y0), y(t;to,xo,yo)) of system (1) is unique and denned in (t0,oo).

A8. For each point (to,xo) € -fxR^ the solution x(t;to,xo) of system (2) satisfying
x(<o + O;<O)̂ o) = £o is unique and exists for all (<o,oo).

We shall say that condition (B) is satisfied if the following condition holds:
B. The integral curve of each solution of system (1) meets each of the hypersurfaces

{<Ji} at most once.
Condition (B) means that for system (1) the phenomenon called "beating" is not

observed. It is clear that in this case the integral curve of each solution of system (2)
meets each of the hypersurfaces Si = {{t,%) G / x RJf : t = TJ(X,0)} at most once, that
is for system (2) the phenomenon of "beating" is not observed either. We shall point
out that efficient sufficient conditions which guarantee the absence of the phenomenon
"beating" are given in [1] and [2].

We shall give definitions of some types of stability of the zero solution of system

DEFINITION 1: The zero solution of system (1) is called:
a) stable if

(Ve>0)(Vt0 El){36 = 6{t0,e)>0)

(V(zo,2/o) € Rn
H x RJJ, | |zo | | + ||yo|| < 6){Vt > t 0 ) :

b) uniformly stable if the number 6 from a) does not depend on <o 6 J ;

c) attractive if

(V<0 G /)(3A = A(<0) > 0)(Ve > 0)

€ R« x R£, ||go|| + ||yo|| < X)(3a = <r{t0,x0,y0,e) > 0)

^ t0 + a): ||x(<;<o,K

d) equi-attractive if the number <r from c) does not depend on (x0, y0) g RĴ  x R£J;
e) asymptotically stable if it is stable and attractive;
f) equi-asymptotically stable if it is stable and equi-attractive.

In the following considerations we shall use classes Vo, and Wo of piecewise con-
tinuous functions which are analogous to Lyapunov's functions.

Let ro{x,y) - 0 for (x,y) € R£ x R£. Consider the sets

Gi - {(t,x,y) e /xR^xR^: n^{x,y) < t < Ti(x,y)}
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DEFINITION 2.: We say that the function V: I x R^ x R$ -* R belongs to class

Vo if the following conditions hold:

1. the function V is continuous in \J^° G{ and is locally Lipschitz with respect to

x and y in each of the sets Gi;

2. V(t,0,0) = 0 for t £l;

3. For each i — 1,2, . . . and for any point (to,x0,yo) € er; the limits

V(<o-O,a:o,2/o)= lim
(t,z,y)->( t0. a=o. Vo)

y(<o+O,a;o,yo)=
( t )

exist and are finite, and the equality V(<o — 0,10,3/0) = ^(*0)^0)2/o) holds;

4. For any point (<,x,y) £ CTJ the following inequality holds

(3) V(t + 0, x + Ai{x) + jffi(y), y + Ci(x,y)) < V(t, x,y).

DEFINITION 3: We say that the function W: I x R^ -> R belongs to class Wo if

the following conditions hold:
00

1. The function W is continuous in (jn< and is locally Lipschitz with respect to
1

x in each of the sets ili;
2. W(t,0) = 0 for t e I;

3. the following limits exist and are finite:

W(t0 -O,sco)= Hm W{t,x),
( t i ) > ( t i )

W(t,x)+ , 0 )
(t,x)-»(to,io)
(t,i)€nj+1

for each i = 1 , 2 , . . . and any point (to,xo) £ Si, and the equality W(t0 — 0 , . T 0 ) =

W(to,xo) holds;

4. for any point (t,x) G Sj the following inequality holds:

(4) W(t + 0, x+Ai(x)) < W(t,x).

Let V eV0. For (<, x, y) 6 U Gi we set
1

Vw{t, x,y) = lim sup -[V(t + s, x + sf(t, x) + sg{t,y),y + sh{t,x,y)) - V(t, x,y)}.
+ s
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Note that if x = x(t), y = y(t) is any solution of system (1), then V^f(t,x,y) =
D+V(t,x,y), where D+V(t,x,y) is the upper right Dini derivative of the function
V(t,x(t),y(t)).

Analogously one can define the function W(2)(t,x) f°r a n arbitrary function W £

Wo for ( < , x ) [

We shall denote by K the class of all functions a: I —* I which are continuous,
strictly increasing and such that o(0) — 0.

3. MAIN RESULTS

We shall prove that the existence of functions of classes Vo and Wo with certain
properties is a sufficient condition for the asymptotic and equi-asymptotic stability of
the zero solution of system (1).

THEOREM 1. Let the following conditions be fulfilled:

1. Conditions (A) and (B) hold;

2. There exist functions V € Vo and <z, c £ K such that

(5) a(\\x\\ + \\y\\) < V(t,x,y), (t,x,y) eIxRn
HxR%

oo

(6) V{1)(t,x,y)<-c(\\y\\) for (t,x,y) £ (J G<;
l

3. there exist functions W £ Wo and aj , cj £ K such that

(7) ai(\\x\\)<W(t,x),(t,x)eIxRn
H,

(8)
1

(9) \W(t,Xl) - W{t,x2)\ <, d\\Xl - x2\\ ,t€l, xux2 £ R£,

0 < d — constant.

Then the zero solution of system (1) is asymptotically stable.

PROOF: Let 0 < e < H and t0 £ I. Without loss of generality we can assume that
t0 < Ti(x,y) for (x,y) £ R^ x RJJ . From the condition V(t0,0,0) = 0 and Definition 2
if follows that there exists a number 6 = 6(to,s) > 0 such that if ||a;|| + ||y|| < 6(to,e),
then V(t0 +0,x,y) < a ( e ) .

Let x0 £ R £ , t/0 £ RJ?, | |xo | | + ||yo|| < d(to,e) and x(t) = z(t;t0,x0}y0), y(t) =

y(t;to,xo,yo) be a solution of (1). From (3) and (6) it follows that the function
V(t,x(t),y(t)) is monotonic decreasing hi (f0)oo), whence in view of (5) we obtain

^ V{t,x(t),y(t)) ^ V(t0 + 0,xQ,y0) < a(e)
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for t S (<o,oo). Hence the zero solution of system (1) is stable.

Then we can choose a number A = A(i0) > 0 such that if ||a;o|| + ||j/o|| < A, then

||«(t)||+||3/(<)ll < H for any t > t0 • We shall prove that in this case lim y(t;to,xo,yo) =

0.

If we suppose that this is not true, then for some £o > 0 there exists a sequence {£*}

tending to oo for k —> oo such that ||i/(£fc)|| ^ co> * = 1|2,. . . . If U(i = 1,2,.. .) are

the moments when the integral curve of the solution (x(t), y(t)) meets the hypersurfaces

<7j, then for l±t% using A2 we obtain

j t \W)\\ S \W)\\ = HM'»*(<).»(*))II ^ L-

We shall prove that \\y{t)\\ ^ ^ for t £ [(R - f£-6i] = TR. In fact, let 0 ^

. — t ^ ^ . Integrating the inequality Jj ||y(<)|| ^ L from t to £R , we obtain

On the other hand, each of the intervals TR, R — 1,2,... contains a finite number

of points {t i} . Let, for instance, these be the points <, , t»+i, . . . ,<a+P • Then, making

use of A5, we obtain

' -£-\\y(T)\\dT+ f j ft

^ + 0)11

Therefore,

— \\y(r)\\ dr ^ —,

whence we obtain that ||y(*)|| > ^ .

If we choose a suitable subsequence of the sequence {£*} (which we again denote by

{£*} )> w e c a n assume that the intervals Jj. do not intersect each other and t0 <ii~^-
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Then from (6) we deduce that V{1)(t,x(t), y(t)) <? - c ( f - ) in the intervals Tk and
OO

V(i)(<, x(t), y(t)) ^ 0 for the remaining values of t for which (t, x(t), y(t)) G (JG«-

Integrating and applying (3) we obtain

x(M, y(th)) < V(t0 + 0, x0, y0) - c ( ^ ) ^fc - -oo

for k —» oo which contradicts (5). Hence lim y{t;to,x0,yo) = 0.
t—>OO

Next we shall show that w(t) = W(t, x{t)) -» 0 for t -» oo .

Applying (9) we obtain

for t € / , a; G R^, 2/ G Rg, < ^ ^(x.y), t = 1,2,... whence, by (8) and A3, we have

(10)

for t^Ti(x(t
We set lirn supw(t) = a, lim inf w(t) = ft. If we assume that a > (3, then for an

t—»oo t—>oo

arbitrarily small number fi > 0 we can find sequences <?„ > pn —> oo for n-»oo such

that w(pn) = /? + M i w(9n) = a — M a nd /̂  + M < WC) < a — M f°r Pn < ^ < 9n •
Since the function P is continuous, P(0) = 0 and lim y(t) — 0, then there exists

t—•OO

a positive integer v such that for n ^ u and i ^ pn the following inequality holds

Then from (10) we have

W{1)(t,x(t)) < -Ci(ft + fi) + d"x^ ' *"' = 0
o

for n ^ «/ and < G (pn ,4n), < ̂  '•(^(Oi 2/(0)> * = 1>2»... which together with (4)
yields w(pn) > w(qn).

Hence ft + \i ^ a — n which contradicts the assumption that a > ft. This shows
that the limit lim W(t,x(t)) — a ^ 0 exists.

If we assume now that er > 0, then we can find a number T > 0 such that the
following inequalities hold:

^<W(t,x{t))^^,
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for all t ^ T. Then, applying again (10), we obtain

for t > T, whence, in virtue of (4), by integration we get

-r]-.-oo for

which contradicts (7).
Hence lim W(t, x(t;to,xo, j/o)) = 0> whence by (7) we obtain that

t—>oo

lim x(t;to,xo,yo) = 0. Having in mind that lim J/(<;<oî O)3/o) = 0 we conclude
t—»oo t—»oo

that the zero solution of system (1) is attractive. This completes the proof of Theorem

1 I
THEOREM 2. Let the conditions of Theorem 1 be satisfied and suppose there exists

a function C 6 K such that

(11) V(t + 0,x,y) ^ C(\\x\\ + \\y\\), (t,x,y) € / x Rn
H x Rg

Then the zero solution of system (1) is uniformly stable and equi-asymptotically
stable.

The proof of Theorem 2 is analogous to the proof of Theorem 1.
The method that was applied can be used for the investigation of the global stability

of the zero solution of systems with impulses. We shall give only the formulations of
the assertions since the proofs are analogous to the proofs of Theorem 1 and Theorem
2.

Next we consider a system of the form (1) for which

/ : / x FT -» Rn, g: I x Rm -> R", h: I x Rn x Rm -> Rm, An Rn -» R",

Bi: Rm -» Rn, Ci: R" x Rm -> Rm, n : Rn x Rm -> R.

DEFINITION 4: The zero solution of system (1) is called
a) globally attractive if

(Vo > 0)(Ve > 0)(V<0 6 I){V{xOtyo) £ R" x Rm, \\xo\\ + ||yo|| < a)
(3<r = <T{to,x0,yo,a,e) > 0)(V< ^ t0 + a): \\x(t to,xo,yQ)\\ + \\y(t;to,Xf,,yo)\\ < e;

b) globally equi-attractive if the number a from a) does not depend on (£o>yo) G
Rn x R m ;

c) globally asymptotically stable if it is stable and globally attractive;
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d) globally equi-asytnptotically stable if it is stable and globally equi-attractive.

We shall say that conditions (C) are satisfied if the following conditions hold:

Cl . the functions f(t,x), g(t,y) and h(t,x,y) are continuous in their domains of

definition and f(t,O) = 0, g(t,O) = 0, h(t,O,O) = 0 for t £ I;

C2. for each H > 0 there exists a constant L(H) > 0 such that ||ft(t,x,j/)|| £
L(H) for t £ I, x £ R£, y £ R£;

C3. there exists a continuous function P: I —+ I such that P(0) — 0 and
\W,y)\\ ^ P(hW) ^T t£i,yenm;

C4. the functions Ai, Bi, C{ are continuous in their definition domains, A^O) =
0, Bi(0)= 0 ,^(0,0) = 0;

C5. the functions Ti(x,y), i — 1,2,... are continuous in Rn x Rm and the relations

0 < Ti(x,y) < r2(x,y) < . . . , lim Ti(x,y) - oo
t—>oo

hold uniformly in Rn x Rm , and

inf Ti+I(x,y)- sup Ti(x,y) ^ 0 > 0, i = 1,2,...

C6. for any H > 0 from x € RJf and y G R« it follows that y + CY(:c,i/) £ R£},t =
1,2,... .

THEOREM 3. Let tie following coiiditiojis hold:
1. conditions (B) and (C);
2. there exists a function V £ Vo defined in I x Rn x Rm and functions a, c £ /C

such that

a(ll*ll + 112/11) ^ ^(<,*,y), (*,x,y) G / x R" x R"
oo

for (<,x,») £ \jGt
l

and o(r) —> oo /or r —+ oo ;

3. there exists a function W £ Wo defined in I x R " and functions Oi,ci £ K
such that

a1(\\x\\)<W(t,x),(t,z)eIxR"

W{2){t,x) ^ -Cl(W{t,x)), H,T) <=\Jtl;

1

and for each H > 0 tiiere exists a constant <f(fT) > 0 such th'at

\W(t,Xl) - W(t,x2)\ ^ d(H)\\Xl -x2\\,tel,x1,x2e Rn
H.
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Then the zero solution of system (1) is globally asymptotically stable.

THEOREM 4. Let the conditions of Theorem 3 be satisfied and suppose there exists
a function C £ K, such that

V(t + 0, x,y) ^ C(\\x\\ + \\y\\), tel,z€ R", y G Rm.

Then the zero solution of system (1) is globally equi-asymptotically stable.

Example 1. Consider the system

{ x = ax + <f{t)y

y = Cx + f(t,y),t?ti

Ax/t=ti = Ii(x{ti)), At// t = t i = Pi(y(U))

where x,y 6 R , the functions / : I x R —> R, <p: I —» R, 2j, Pi: R —» R are continuous,

f(t, 0) = 0, Ii(0) = Pi(0) = 0, 0 < U <t2... and lim U = oo .
i—*oo

Consider also the system

Let

V(t,x,y) = (Cx - ay)2 + 2 / [af(t,u) - C<p(t)u]du
Jo

W(t,x) = x2

Then

V{14)(t,x,t) = -2[Cp(t) - al^>}[a+^

! / aft(t,u)du
Jo

W(iS)(t,x) = 2ax2 for t

+ 2 aft(t, u)du for t £ t{
Jo

Let the following conditions hold:
a) a < 0 ;

b) the function <p(t) is bounded in I and for each H > 0 we have sup{|/(/,j/)| :
t£l,\y\SH}<oo;

c) a^^--Ctp{t) ^ a(y) > 0 for t € / , t/ ^ 0, where a: R -> [0,oo) is continuous
and a(0) = 0;
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d ) 2[C<p(t)-^}[a+f&£}y2-C<p(t)y*-2f0
yaft(t,u)du^f3(y)>0 for t e l ,

y ^ 0, where the function /?: R —+ [0, oo) is continuous and /?(0) = 0;

e) \aPi(y) - CIi{x)][ay - Cx + \{aP{{y) - Ch{x))) < 0, i = 1,2,...,

/y
t f+Pi (y)[a/(<)W) - Cy(t)«]dit < 0

Then the conditions of Theorem 2 hold. Hence the zero solution of system (12) is

uniformly stable and equi-asymptotically stable.

If, moreover, the following condition holds

f) J* a(u)udu —• oo for y —• oo,

then by Theorem 4 the zero solution of system (12) is globally equi-asymptotically

stable.
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