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ABSTRACT. A solution for the steady flow of a fold ice sheet is recalled, which takes account of the lical 
released by deformation. As this strain heal ing increases the strain velocity, the bot tom t empera tu re may be 
unstable. A set of five equat ions with five unknowns is wri t ten, which allows the surface profile a n d ' t h e 
bo t tom temperature to be computed step by step by an iterative process. This has been done by computer 
lor three very different models of ice sheets, a n d in each case with three distinct values of the constant B in 
Glen a ice flow law. It was found in every case that steady-state t empera tu re profiles could aol be computed 
beyond a modera te distance Ironi the ice divide. T h e correct value of B for bot tom ice may be deduced from 
the actual surface profile. At the bottom of Green land ice sheet, B = a.ifj bar ! v e a r 1 ' . Th is is about 
thirteen times bagger than for the bulk of the alpine glaciers. 

RESUME Temperatures de regime a la base des nappes de glace, el ioi ds filings de la glace profaiide deduite dii profit de 
lasurjace. O n rappcl le la solution de I 'ecotuemeni pe rmanen t d ' t ine nappe de glace iroide. compte tenu de la 
chalenr due a la deformation. La chaleur He deformation faisant augrnenter la vitesse de deformation la 
t empcra lu re basale pent elrc instable. O n eeril un systemc de 5 equations a 5 ineonnues pe rmet t an t de 
calculer pas a pas et par approximat ions successives le profil de la surface el la t empera tu re basale. Cela a ete 
(ait a 1 o r d m a t c u r pour 3 modelcs tr-es diuercnts de nappes de glace, ct dans chaque cas pour 3 valeurs ties 
differentes de la constante R de la loi de Glen tie fluage de la glace. O n trouve dans lous ies cas que la 
t empera tu re basale ne correspond plus a un e ta l de regime a n dela d ' une distance moderee de la lignc de 
par tagc des giaces. La valeur correcte de B, pour la glare basale. peut se dedui re des profils de la surface 
reellement observes. A la base de I'indlandsis du Green land B = 2.18 bar ' a n ! . O'est environ [3 fois plus 
q u e dans le corps des glaciers alpins. 

ZUSAMMF.N'FASSL'NO. Statinnuie Temperatnren am Untergrimdes ion Eisscliilden und Bertehmng des Eisfiiewetet'e* 
am Intergnmd aus dem Oberfitekmpnfil Es wird an cine Erklarung fiir die pe rmanen le Hcwegung eines kalten 
Eisschildes ennner t , welche die bei der Deformation freiwerdende W'arme heriicksichtigt. Da dicse Deforma-
t ionswarme die Dclormaiionsgeschwindigkeii erhoht . kann die T e m p e r a t u r am Unie rg r imd instabil sein 
ES lasst. sieb em System von 5 Gleichimgen mit 5 L n b e k a n n t e n angeben . das die schrittweise und iterative 
l iercchnung des Oberl lachenprofi ls und der Hodcntempera tur crmoglicht . Mit einer Rechenanlage wurde 
dies fur 3 weilgehend verschiedene Model le vun Eisschilden und j e w e l s mit 3 verschiedenen Werten fur die 
Konstante B in Glen 's Kislliessgesetz durchgefi ihrt . In kcinem der Falle konnten s ta t ionare T c m p e r a t u r -
pronle un te rha lb einer massiger Entfernung von der Eisscheide berechnet werden. Der richtige Wert von B 
Oir GrundeiS kann aus dem tatsachlichen Oberflachcnprofil hergeleitet werden. A m G r a n d e rles gronlandi-
schen Inlandeises 1st B^ 2,18 bar J J a b r ' ; das ist etwa 13-mal grosser als fiir den Grossteil der alpineu 
(jjetscher. 

I. T H E T H R E E THERMAL REGIMES OF A COLD ICE SHEET 

The theoretical study of temperatures and strains in a cold ice sheet has been developed by 
Lliboutry (1963, [964-1965, 1966), with the following assumptions: 

(a) T h e flow lines lie in ver t ica l para l le l p l anes ( the p l a n e p r o b l e m ) . T h i s a s sumpt ion is 
not absolutely necessary. It is sufficient to assume thai transverse strains are small. 

(b) The bedrock topography is smooth and receives everywhere the same geotherma] heat 
flux, say A'G'o (A" is the thermal conductivity of ice = 70.3 M J / m cleg year, and G„ 
the geotherma] gradient in a motionless ice sheet, when the melting point is not 
reached at the bottom). 

(c) The ice flow law, in the restricted temperature range of concern, may be written: 

•y = y0C» cxp (kB) (!) 
y denoting the effective strain-rate, T the effective shear stress, 0 the temperature 
difference from the melting point (this latter reaches - 2 deg at the bottom of a 3 000 m 
thick ice sheet), and k a constant (k as 0.25 deg- ' ) . 'Hie bottom temperature will be 
called T. (It must be noted that in author's previous publications 0„ was used instead 
of 7", and y0 denoted what will be called here y0 exp {kT).) 
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Glen's law yflfr) = B T " with n = 3 is generally adopted, and I shall do the same. Never
theless, as any non-linear and elaborate theory ends in numerical computations, more accurate 
numerical values may be used, should we have them at hand. 

I t has been shown that three temperature regimes may exist in a steady state. 
Regime I: The ice sheet is cold throughout, including the ice-bedrock interface (T < o). 

The entire geothermal flux KGa crosses this interface. 
Regime II; The ice sheet is cold throughout, apart from the ice-bedrock interface (T = o). 

Only part of the geothermal flux, say KG, enters into the ice, the remainder K{G0-G) (some 
centimetres per year) being lost in melting ice. 

Regime III: There exists in the lower part of the ice sheet a temperate ice layer, without 
temperature gradient {the very small temperature gradient arising from the pressure-induced 
variation of the melting point is neglected). No geothermal flux enters into the ice (G = o). 
It seems that in some regions this temperate bottom layer may be several hundred metres 
thick (Lliboutry, 1966), but in many cases the thickness may be only a few metres. 

It is only when such a temperate ice layer exists that the ice sheet can slide over its bed 
(Lliboutry, 1967). . 

Thus a temperate bottom layer may exist under every definite outlet ol the polar ice 
sheets, as well as under all parts of the catchment area where the velocities increase strongly 
and very long arcuate transverse crevasses develop. Ice dynamics, with this third regime, is a 
matter of sliding theory and does not differ essentially from temperate glacier dynamics 
(Lliboutry, 1968, in press). 

2. TEMPERATURE PROFILE AT A GIVEN SITE 

Temperatures are computed following the ice in its movement (Lagrange coordinates). 
In the steadv state, the heat withdrawn to the surface through conduction and solid convection 
must balance the heat coming from the geothermal flux and the heat generated by the plastic 
deformation ofice. Each of these four processes gives rise to a term in the heat equation. 

Another phenomenon, which has been numerically computed by Jenssen and Radok 
(1963), occurs when the flow carries the ice to lower altitudes, where the air temperature is 
higher This warming is imperfectly transmitted downwards, and consequently the tempera
ture profile with depth shows a minimum. The calculations in this paper concern the centre 
of ice sheets where the surface warming remains relatively small, and its effect has therefore 
been neglected by the artifice of keeping the surface temperature constant at the lowest value, 
which it had at the ice divide. With this approximation, the problem al a given site is one of 
linear conduction, the only variable being the distance z from the bedrock. Moreover, it will 
be assumed that the parameters (thickness Z, superficial slope a, yearly balance A, etc.) 
change sufficiently slowly to allow us to take them as constants in the computation of the 
steady state. This wil l 'be called a "quasi-permanent regime". Eulerian variables and 
Lagrangian variables can then become indistinguishable. 

"The problem can be solved i rwe consider in the ice sheet two superimposed layers (in the 
thermal regimes I and I I ) . Above there is a colder and thus more rigid layer, where the 
deviatoric stresses are lower; in this layer the heal generation is negligible. Below we have a 
thin bottom shear layer, where heat generation is important, but where solid convection 
becomes negligible. 

Let us prove this statement. In the upper layer, the rate of vertical strain is -*UfZ, where 
U denotes the horizontal velocity. The rate of horizontal strain is about +*UJZ and the 
effective shear strain y Ss 2aU/Z- The energy dissipated per unit volume and unit time is 
^ T _ ->4/3 jpn With the values given later, this is of the order ol 10 ' I /m ' year. In the 
bottom shear layer, the effective shear stress r differs very little f rom/ , the friction per unit 
area over t h e ' bedrock. The energy dissipated per unit volume and unit time is 

https://doi.org/10.3189/S002214300002058X Published online by Cambridge University Press

https://doi.org/10.3189/S002214300002058X


- ] n
 g g ' (6) 

STEADY-STATE TEMPERATURES AT THE BOTTOM OF ICE SHEETS 365 

yf—Bfexp{kff). With the values given later, it amounts to about i o - ' J / m 5 year, a 
million times more. 

In the bottom shear layer, the heat* equation reduces to 
K6?Bj6zz f /yuexp(A#) = o. (2) 

This equation is wrong by a factor 2 in Lliboutry {1963, 1964-65}. 
The solution of Equation (2) is 

zG> = T- 9 + * In ( g - + [g- a -3 /yoexp(A0) /AA-T^ (3) 

k \ G,+G J 
where 6', = [G'2 + a/y ucxp (kT)fkK}>^ (4) 

In the upper part of the bottom shear layer, the curve z(0) may be replaced by its asymp
tote: 

e G x = r - 0 + - l n - ^ - . (5) 
k Gi+G 

On this asymptote the value & = T is reached for Zt — Z where 

2 

kGi~~Gi+G' 
Zi is a rough estimate of the thickness of this shear layer where the temperatures are perturbed 
by the heat generation. Gz\ appears as a function of (GIG,), which reaches a maximum, 
I.16/G when GjG, - 0.460. In regime I (G = Go « 1 deg /44m) , Zi remains below 50 m. 
In regime II, z, may become large, a fact which would make the present theory inaccurate. 

Let us examine now the upper pari of the ice sheet. Replacing the firn by an ice layer of 
the same weight, the thickness of the ice sheet would be £ , and the vertical velocity of the ice 
at the surface A (positive downwards). When the ice sheet is "stat ionary" (i.e. Z is constant 
for given geographical coordinates), A equals the balance ( = specific budgetf) , but this 
equality is not necessary for the moment. 

Summer melting is assumed to be very small (or the firn layer very thin), so that mell 
water does not disturb the temperatures under the layer subjected to seasonal changes. 
This constant temperature close to the surface will be referred to as "surface temperature" 
and denoted S. When melting is absent, S is more or less equal to the mean air temperature. 

In order to compute the temperature profile upwards, the profile within the shear layer 
will be replaced by its asymptote. As the bottom shear layer is very thin, the computation is 
then the same as if all the heat of deformation were generated at the very ice-bedrock inter
face, the temperature being there Bc - T h(sjk) In (sGjj{Gt + G)) and the thermal gradient 
Gi. In this simpler case, the thermal gradient at a distance z from the bedrock is (Robin, 
'955) : 

-ddjdz = ft cxp(-Az^2hZ) (7) 
where h denotes the thermal diffusivily of ice. 

Integration of Equation (7) gives 

Bv = S^GA-nhZI^A)"- eri{AZJihy'\ 

As AZ> %h, erf (AZI^h)1'2 ss 1 and we obtain 

T - S+Gt(iihZlaA)i*-(afk) In [2ft / (Gi+<?)] . (8) 

(In previous papers, the last term was omitted. It amounts to about 1 deg in the computed 
examples.) 

* In accordance with Si-units now adopted in \he Journal of Glaciotogy. heal is considered to be measured in 
mechanical units (joules), so the mechanical equivalent of heat no longer enters these equations. 

f Balance is more pleasant than budget to foreign ears. It is the same word as in Spanish. The French word is 
Wan, budget meaning an estimate of expenditure. Nevertheless, as the balance results from a difference, the 
recently suggested term net balance is a pleonasm. By no means could it signify the yearly balance (for a calendar 
year) or the minimum value of the balance /for a balance year). 
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Equations (4) and (8) hold in both thermal regimes I (G = Go) and 11 (7 = O, 
o < G < G„). Eliminating C, they allow us to compute the adjustable parameter, T in 
regime I or G in regime II , from measurable or easily computable quantities. In the metre-
bar-year-degree system: 

K = 700 bar m3/deg year, k = o.25(deg) ', h — 38 m : /year. 

For Go, the value 1 deg/44 m may be adopted, at least for Greenland and eastern Antarctica 

which are old stable shields. 

The frict ion/is given by the classical equation, deduced from the stresses operating in the 
body of the ice sheet as 

./ = PgZa -9) 
where pg is (he weight of unit volume of ice - 1 bar/ i 1.5 m and a is the mean surface slope 

within a length of some Z-
Lastly yl may be deduced f r o m / i f the flow law for basal ice were well known quantita

tively. Unfortunately, this is not the case. We shall adopt the form 
y = yn exp (kB) = Bp exp (kd). (">) 

B remains unknown at present. It will be shown later that it may be estimated Irom the 
surface profile near the ice divide. 

3. STABILITY OF THE BASAL TEMPERATURE IN REGIME I 

The possibility that the bottom temperature may be unstable was suggested by Lliboutry 
(1964-65), according to the following heuristic considerations. 

The solid convection increases when the ice sheet becomes more active. This is the case 
when the temperatures increase. Ice flow becomes easier and a slightly smaller thickness is 
sufficient for a given discharge. This produces a cooling of the bottom. Thus there exists a 
negative feed-back. Solid convection is a factor of stability. On the other hand ice deforma
tion produces heat, and, as the temperature increases, the deformation is enhanced. This 
means a positive feedback. Ice deformation is therefore a factor of instability which can be
come more important than the stabilizing factor. 

For a quantitative study of the phenomenon, let us rewrite Equations (4) and (8), using 
Equation (10) as 

R = aiG = [1 +2/f/4 exp (kT)lkKO]^3 - <j>{'/"), (11) 
T=S+G{irkZl2Ayt*R-(9lk)ln[2&l(i+R)] - <A(/0- 0 2 ) 

In regime I, G = G0. Numerically, with the assumed values 

R = [1+22.12^/4 exp (0.25T)]1 '* = <f>(T), (13) 

T - S \ o.iy5jR(ZIA)'/i-Q\n\2RI(i+R)] =#S) . ( r4) 

Equation (11) gives the thermal gradient which, for a given bottom temperature, results 
from the heat of deformation. Any change in the bottom temperature T causes an immediate 
change in the strain-rate in the vicinity, which extends upwards and rapidly involves all the 
bottom shear layer. A change in the heat generation and in G, ensues. Thus any change in 
the bottom temperature causes an almost immediate change in R according to Equation (11). 

Equation (12) gives the change of R which follows a change in T when a new steady 
temperature profile is established throughout the entire ice sheet, that is a long time after. 

Thus, any local change in T (due for instance to a trough in the bedrock) affects R first 
according to Equation (11). The physical loop is therefore 

T ^ (<t>(T) = R) -> {T =MR)) 
described in this direction, and not in the opposite one. This loop is described slowly, and, if 
this physical process diverges, T would not rise instantaneously up to the melting point. 
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What can be said is simply that Equation (12) is no longer valid; the thermal regime is now 
unsteady and in the heat equation the term Cp d#/d/ must be taken into account. 

Now a mathematical procedure for computing T and R may be provided by the same 
loop (although described at computer velocity) and in the same direction. (The starting 
values may be R = J and 7 , = S+o.iy^y(^lA)I/2.) We assume here that the existence of a 
steady state corresponds to the mathematical stability of the iteration procedure. When 
mathematical instability appears, we may restore the stability by reversing the direction in 
the loop: 

r^^-HT) = R) -> (<f>-'(R) = T). 

While this is a purely mathematical artifice for the example quoted it could have physical 
significance in cases of dominating surface temperature effects, of the kind mentioned in 
Section 2 but neglected in this paper.* 

The mathematical convergence condition, for the iterative process here considered, is 

or kGjTThZ\ 
2 \<zA) 

d</> d<^l 

d^dr ~ ' 
•/* , 

R(i+R) 
< * (15) 
"- # - 1 ' 

Let us put 
(A /2 ) (TTA/2 )^ = 0 (l6) 

(a — 0.965 in the metre-bar-year system). Because of the modulus signs, Equation (15) gives 

1 R / < V ' = 

5(1+5)" J F ^ [I) <RU 
' , R (17) 

-R) R1-1 

In the quite distinct and realistic examples which have been worked out, Rj{Rz~i) 
> I / # ( I -fR). In this case it is only the inequality on the right which may be violated, and 
which limits stability in practice. 

We can illuminate the mathematical process in the following way. Let us define the 
function 

the roots of which are possiblr values for T, Its derivative is 

£=l'GW- 1 ( ^ - 0 , ('9) 
*(!+*). R 

According to Equation (17), d j / d T m u s t be negative in order that the root may be stable. 
Xow all the possible cases are represented in f igure 1. In both cases ai and a., there exists 
one stable solution; in case b two solutions, a stable one and an unstable one; in both cases c, 
and c2 no solution. For regime I, there may moreover be five limiting cases, shown with self-
explanatory notations in Figure 1. 

Xow at the ice divide (R = l),y(T) reduces to a straight line with negative slope. This 
means the case ai (if we assume a negative bottom temperature). While flowing off from the 
ice divide, the curvey{T) deforms in a continuous way, and two solutions are possible; 

Evolution I : ai —»-ai Ci -> d (7" is reached in a reversible way). 
Evolution I I : ai —> a12 > a, ->a2 b -H>- b (Then a second and unstable root appears. 

Nevertheless, for reasons of continuity, the bottom temperature remains the stable root on 
the left.) Next b -*> be, -*• c3, the two roots join together, and, as the double root is 
unstable to the right, the temperature starts to change. 

* I am indebted to an anonymous referee for having pointed out this possibility. 
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Fig. 1. Passible shapes of the curvey(T) (cf. Equation (/#))• 

4. SETTING THE PROBLEM 

During field traverses, measurements which can now be easily done a re : 
the distance from the ice divide X (with tellurometers), 
the surface slope a (by precise levelling), 
the thickness of the ice sheet Z ( w ' t n high-frequency depth sounders), 
the mean balance during last decades and the present surface temperature S (by coring 

(he firn). 
In order to deduce the bottom temperature, the following conditions must hold: 
(i) The ice sheet must be in a stationary state; specifically its thickness and temperature 

may have short-term fluctuations, but no long-term ones. (For polar ice sheets, a 
fluctuation extending over several centuries remains a short-term fluctuation.) 

(ii) In spite of these short-term fluctuations, the measured mean balance and mean 
surface temperature, which are both mean values for the last decades, must equal the 
means for the last millennia. In this case, the vertical velocity of ice at the surface A 
of the theory equals the measured balance (in ice height equivalent). 

With the assumption oTa steady state, Equations (11) and (12) allow us to compute the 
bottom temperatures from measurable quantities, provided the constants G„ and B are well 

known. 
Unfortunately B (defined by Equation (10)) remains an unknown quantity. Laboratory 

experiments give B x 0.17 bar ' year" ' for temperate ice, and B ss 1.0 b a r - ' year ' for cold 
ice (Lliboutry, 1964-65, p. 87-89). With cold glacier ice the same value B a 1.0 was found 
by Landauer (1959), and by Hansen and Landauer (1958). Using Soviet I.G.Y. data, I 
found B x 1.0 too for the Kupol Dzhcksona (Jackson ice cap), in Zemlya Frantsa-Iosifa 
(unpublished). Nevertheless at the very bottom of a great ice cap, B may reach bigger values, 
owing to a very strong ice fabric, as suggested by Landauer 's data at Red Rock (sec Lliboutry, 
1964-65, p. 86). 

Thus B must be inferred, from another independent equation. This equation comes, in the 
steady state, from equating the discharge of ice to the nourishment over the distance from the 
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ice divide. To do this, the flow lines of the ice sheet must be well known. It is generally 
assumed that they follow the direction of the maximum surface slope, but in most cases the 
slope of the surface as a whole is poorly known. It is a pity that during most ice cap traverses 
the slope of the surface in every azimuth was not measured at each station. 

I shall write first the whole set of equations from which both the temperature profile at a 
given site and the surface profile could be computed, if J were thoroughly known. Next I shall 
take an approximate ice-sheet model (plane horizontal bedrock, uniform balance, parallel 
flow lines in the XT coordinates) for which the computation is simpler. In this case the 
temperature profile becomes a function of the thickness <" independent of the value of B, and 
the surface profile allows a very easy estimation of the constant B. It happens thai this model 
fits pretty well the case of the 1959 E.G.I.G. profile in Greenland, and thus a pertinent value 
of B can be found. 

5. VELOCITY AND DISCHARGE OF AN ICE SHEET 

We assume that the bedrock is not too rough at the scale of some kilometres. In this case, 
the horizontal shear stress approximately equals the effective shear stress, and the horizontal 
velocity U(z) al a distance z from the bedrock is: 

r (20) 
UU) =- I y a exp{M)c te . 

Q 

As 8(z) is given by Equation (3), a numerical computation of l'{z) would be feasible. As 8 
and y = BT> diminish very much above the bottom shear layer, U{z) increases only very little 
above the top of the shear layer. A quite good approximation of the mean value of U(z) 
through the whole ice sheet is then L'(,z,), which will be called t ' . Xow from Equation (2) 

zi r., 

6' = Jy,,exp,7r#Hl,=^jd(^) 
a 

whence the first integral: 

fU-KC-KG. (a 1) 

Equation (21) means that the Newtonian energy which is dissipated per unit time and 
per unit area in the bottom shear layer, lpgZ){aU) =fU, equals the increase in the thermal 
flux as it crosses the shear layer. 

By comparing Equations (4) and (21), we find: 

Whence it follows that 

G = yovq>{kT)lkU-fUl2K,\ 
a = y„ cxp (k T) (kU+JUfaK.j <23) 

These equations may be interpreted in the following way. The heat which appears in the 
bottom shear layer produces at its two limits two opposite thermal gradients | fUj&K, On 
these gradients is superimposed a uniform gradient determined by the ice conductivity and 
the solid convection. In the steady state, the total thermal gradient must be directed upwards 
everywhere since the bedrock cannot remove heat. 

By introducing the ratio R = G,jG, already given by Equation (11), Equation (s i ) may 
be written 

fUjKG = R-x. (2 4) 
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In the thermal regime I, G = G0. Next, Equations ( n ) or (22) lead to the following 
equation, which may be used to compute U at a given site, whether the balance is stationary 
or not: 

UL = [2/yoexp<fcT)/*A-a,* + i ] l / s - i . 
ICGo 

With the assumed law for y0 (Equation (10)) and G0 - 1 deg/44 m, this may be written 

numerically: 
fUj 15.91 = [22. i2t f f4exp(o.25r) + i ] , " - i . (26) 

Let Q,be the discharge per unit width, then 

In Equations (24) and {25), JU may be substituted by its value given by Equation (27}. 
Then R and T appear as functions of the discharge Q.. However, assuming that the ice is in a 
stationary state, CLmay be computed by a quite different way. 

Let Y(X) be the distance between two neighbouring lines of flow, as drawn on a map 
from the maximum surface slopes. Let us define e(JT) by: 

dTjdx = *(x) r. (28) 

The mass balance gives 
d(QJ) = AT AX 

If for instance t and A are constants: 
A (3°) 

e 

If the flow lines are straight and converge at a distance L from the ice divide, and If A is a 

constant, e= —lf(L—X) and 

*" 2 

LJ 3 1 

In the general case, e and A are known functions of X, and &lflay be computed step by-

step. 

6. SIMULTANEOUS COMPUTATION OF ALL THE VARIABLES OF X 

Let UX) be the known altitude of the actual bedrock under an existing ice sheet (otherwise 
isostasy must be taken into account). Then the longitudinal profile £ ( Z ) can be deduced. 
This, and Equations (29), (24), (12), ( n ) and (9) give the following set: 

Z=H-\«AX+i{o)-i(X), (3*-*) 

O 

d(lldX+e(X) Q , = A(X), (32-2) 

R = 1 +pga(llKGo, (32-3) 

T = S+Ga(*hZl2Ay*R-(9lk) In [aA/ ( i+J? ) ] , (32-4) 

/ 4 = ( /2*- i ) kKGrJaBexp (kT), (32-5) 

a = / / / * £ (32-6) 

Equation (32-5) may be replaced by the following one, deduced from (32-3), (32-5} and 

( ' p = {R+l)kGaQ_i2BZ<Sip(kT). (32-7) 
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This set may be solved numerically step by step, with the following starting values: 

Z(o) = H, Q,(o) = o, R(a) - i , | 
/ ( o ) = 0, a(o) = o, (33) 
T(o) = S+Goi-nh^Y'HHjAyi- < o. J 

The procedure stops cither when T = o, or when dyjdT = o which means that the 
temperature gets unstable. Thus at eaeh step the following quantity, given by Equation (19) 
must be computed: 

dy_ _ YkGofTrhZy'* 1 VR'-i) (34) 

dT [ 2 \ iA 1 R(i-\R)\ R l' 

In order to watch for the appearance of the unstable root of j{T) = o, the following 
quantity may also be computed: 

1.2/1/ J ' * r + ( H -<iBf*lkKGfy>* [35) 

The computation has been done for the following model for the ice sheet: 
f = o (a plane horizontal bedrock) 
e = a (parallel flow lines in the (A, T) plane) 

In this case, Equations (32-1) and (32-2) reduce to: 
x 

Z=H-\a&X, (36-0 

d^ AX. (36-2) 

Next it can be proved (see Appendix) that T, ^ a n d dj-'/d T become functions of A' indepen
dent of the poorly known constant B\ the same applies to (2?/AT*), (Bfit) and aX. 

Numerically, the set (32) becomes: 
x 

Z = H- f a d A, (37-1) 
0 

R — 1 t-a.oa54.6adX, (37-2) 
T= 5+o . J 7 5 7 R(Z fA)"* - S i n [ « * / ( ! + * ) ] , (37-3) 

7 = o . i 4 i 6 ( ^ A ' / ^ ) ^ H i + ^ ) " 3 e x p { - r / i 2 ) , (37.4) 

« = " - 5 / / £ (37-5) 

± = fo.I757/IV
/: L_l *=£_, (37-6) 

_„(n) = . U n m 7 ( £ \ l h
{ l + Z 2 ,n»f*y,> s in ° ( ' + " - " » W . (37-7) 

1-4/ I + { 1 + 2 3 . 1 2 ^ 4 ) ' / " 

At each step, the 5 variables Z, R, T,f and a must be computed by an iterative process. 
Now, given fixed values for R and T, it can easily be seen that the equations giving Z> /"and a 
would lead to numerical instability. This property persists lor the whole set of five equations, 
but the computation has shown that a simple procedure allows stability to be restored: each 
new approximation of/, R and T is averaged with the old value. 

Let us write X[J\f], ZWl>f[N]> •••> f o r t l l e values at the step number JV, and Z[N,J] 
fW,J\, ... for their J t h approximation. The following quantities must be computed, in a 
cyclical way: 

ZWJ+A = - a ^ - i j - A A - ( « [ , V - i , J l + a [ A - , J ] ) / 2 , (38-1) 

P J + i ] = HrtC-VJl + i 4 o.oo54fi/lA'L¥] B[JV, .7 ]} , (38-2) 
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-81n{2/crJV,J+i]/<i+WJ+i]))}, U *' 
f[JV;j+i] - J{ftJV,J]+oa4i6{^[>Ar|/S^[JVsJ+i])l/JX , 

x ( i + « r ^ j + i ] ) , ' ^ * p ( - 7 w 7 + i ] / ' 2 ) } , ^ 4 ; 

a[JV,J+l] = I I . 5 / [ # J + l M W + * ] i (38-5) 
with the starting values 

ff[JV,i] = / i [ J V ~ i ] , 
r [ jv , i ] = i p v - i ] 3 

As Equation (32-6) (or Equation {37-5)) is only valid for a mean slope, a step AX equal to 
H has been taken. In spite of such large steps a more refined formula than (38-1) is un
necessary, as a varies very slowly with X. The accurate critical values for which y(o) = o 
or for which dyjdT = o were obtained afterwards by linear interpolation. 

7. NUMERICAL RESULTS AND DISCUSSION 

The computation has been done with the I.B.M. 7044 computer of the Centre de Mathe-
matiques Appliquees of the Universite de Grenoble, for three ice sheet models, which corre
spond more or less to the Greenland ice sheet, to east Antarctica and to Vatnajokull (Iceland). 
For each model, the computation has been done with three plausible values of B. The 
constancy of the critical values of Z> R> T> BJ*> BIX* a n d aX f o r t h e d i f f e r e n t v a l u e s o f B w a s 

used to check the computation. 
With the 3 models, the evolution of the temperature was the one referred to as "evolution 

I I " in the third section. The characteristics of the models, i.e. the assumed values of//, A, S, as 
well as the critical values independent of B are given in Table I. The subscript 2 refers to the 
first values for which _)>(o) = o, with T<i 0 (case as b of Figure 1: a second unstable root for T 
appears), and the subscript c to the second values for which ch>/d7 = o, with T <€ o (case 
bcz: the temperature instability appears). The critical values which depend on B are given 
in Table I I . 

T A B L E I . C R I T I C A L V A L U E S INDEPENDENT OF B FOR A P L A N E H O R I Z O N T A L BEDROCK AND P A R A L L E L F L O W LINES 

M, 

I 
II 

III 

H 
m 

3 0 0 0 

3 200 

8 0 0 

Assumed model 
A 

m/year 

0.07 

0.32 

2.60 

S 
°C 

-5» 

- s8 
—10 

T(o) 
°C 
21.63 

10.43 

- 6.92 

r. 
°c 

- 21.54 

- 9 3 0 

5 3 0 

Computed values 

r, 
°c 
19.11 

6.50 

- 3-27 

R. 

1 • '354 
1.3124 

3-675 

& 
m 

2 728 

3°5 ' 
668 

ttcXc 
m 

0-354 
0.179 

O.188 

T A B L E I I . CRITICAL VALUES D E P E N D E N T ON B 

Model 

U 

I I I 

B 
r~3 year • 

1 

4 
20 

1 

2.18 

2 0 

0 .2 

1 

4 

Xt 
k m 

5-°5 
7-'3 

10.35 
36.05 
3!-65 
36.84 
55-04 
4.787 
7-I52 

10.117 

X, 
k m 

75-33 
106.49 
15f>-21 

74-39 
90.30 

105.18 
557-27 

6.885 
10.281 
14-530 

ccv X IO* 

O.4703 
0.3327 
O.2226 

O.Q404 
O.193O 
0.1700 
0.1137 

2-734 
1.832 
1.297 

h 
b a r 

1.1 iG 
0.789 
0.528 

0.638 
0.525 
0.451 
0.302 

! -5 a 9 
1.064 
0.752 

Ue 

m/year 

1-93 
2-73 
4.09 
7.80 
948 

11.03 
16.50 
26.B 
40.0 
56.6 
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In Figure 2, R, T and — dyjdT (which may be called the "stability index") are given as 
functions of Z, for the three models. In Figure 3 the profiles computed with the "Greenland 
model" for B = 1 and 5 = 4 are compared with the profile Station Centrale—Station Jar t -
Joset surveyed in 1959 by the International Glaciological Expedition to Greenland (E.G.I.G.) 
(Hofmann, 1964; Malzer, 1964). This profile, which follows approximately the line of 
maximum slope, is very symmetrical and fits quite well between the two theoretical profiles. 
This would not have been the case with the profile Station Centrale-Terme Neviere (Joset 
and Holtzscherer, 1954; Tschaen, 1959), which does not follow the maximum slope on the 
western side, and is perturbed by an underlying mountain 500 m high on the eastern side. 
Figure 4 gives the location of these traverses. 

The curve {Z- XB~xl*) is the surface profile of I he ice sheet, Z being magnified 250 times when B = 1. 

Model I: H — 3 000 m, A = o.oj mjyear, S = — sH°C. 
Model II: H -3200m. A 0.32 mjyear. A' -- —s8"C. 
Model III: H = 800 m, A = 2.60 mjyear, S = — io°C. 

The computation with model II and B = 1 gives Xc = 74.39 km for H—Z.K = 149 m ' 
On the E.G.I.G. 1959 profile, the same value of {H — Z,c) is reached at two points 180.6 km 
apart. In order to have Xe = 90.3 km, as BjXc* remains constant, it follows that B = 2.18 
ba r - 3 year - 1 . This value is very credible, as it refers to very old bottom ice. 

According to these calculations the steady-state bottom temperature becomes inapplicable 
29 km before Station Centrale, the velocity being there about 9.5 m/year. It would take at 
least one thousand years for the ice to travel this distance, and it seems plausible that the 
bottom temperature would not have been raised to melting point during this time. 
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+ 100 Km. 

Station Centrale 
2961 

{ St.JarLJoset 
fijf, 3. Surface profiles for model II, and actual E.G.I.G. profile. Vertical exaggeration 500 limes, 

wo v / 

40° 
5 36" ' 

'Terme Nevien 

Fig. 4. Map of the Greenland traverse area. 
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The problem of what happens when the bottom temperature is no longer in a steady state 
remains unsolved. I suppose that the warming is not regular over the whole width of the ice 
sheet. Even with a horizontal plane bedrock, the ice flow may divide into definite currents of 
ice with the bottom at melting point, and stagnant masses with a cold bottom between these 
currents. This "kinematic" instability will be enhanced by the bedrock topography. In every 
valley ol" the bedrock, the ice is thicker, the bottom warmer, the instability reached earlier, 
and this process is a self-increasing one. (The valley may even be deepened by the erosion 
which takes place.) The surface temperature effect referred to at the beginning of Section a 
may also become important and counteract the basal warming, 

All these processes show how crude were the theories which tried to give a single formula 
for the whole profile of an ice sheet, from edge to edge. The present more elaborate theory 
must be substituted for these earlier simple models and may serve as a guide for future research 
in the field. 

MS. received 2j November rgfiy and in revised form 1 March KJ68 
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A P P E N D I X 

FOR A PLANE HORIZONTAL BEDROCK, PARALLEL F L O W LINES AND A CONSTANT A, 

THE TEMPERATURE PROFILES ARE INDEPENDENT OF B 

Under the assumed circumstances ( 1 = AX and Equation {32-3) becomes 

pg*~KG«(R-i)IAX. (39) 

Putting this value into Equation (32-6), we obtain: 

f=KGa(R-i)ZIAX. (40) 

Substituting this value into Equation (32-5), it follows that 
[KGn{R-i)ZIAXy -- (&—i) kKGJliB exp (kT). (41) 
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T is given as a function of II by Equation (32-4), in which neither B nor X appear. Conse
quently 

X = B*«F(R,ZIA), {42) 

F being a function independent of B in which only the parameters S and G'o, and the constants 
k, K and h appear. Thus BJX* = F - * is independent of B. 

According to Equations (39) and (41), Equation (36-1) may be written 
x 

pgAJ X 

a 

This relation links directly £ and R, and is independent of B. 
Next according to (40) JX and aJf are functions of R independent of B. According to 

Equation (42) j and a turn to be proportional to B^11*. 
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