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Abstract

Some new oscillation criteria for higher order neutral functional differential equations of the form

d"
(x(t) + cx(t - h) + cx{t + h)) + qx(t -g) + px(t + g) = 0,

dt"

n is even, are established.
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1. Introduction

This paper deals with the even order neutral functional differential equation

(£) (x(t) + cx(t -h) + cx(t + h))M + qx(x - g) + px(t + g) = 0, n even,

where c,c, h, h, p and q are real numbers, g and g are positive constants.
Recently, the oscillatory behavior of solutions of (£) has been studied by Grace [2].

The purpose of this paper is to obtain some new easily verifiable sufficient conditions,
involving only the coefficients and the arguments, under which all solutions of (E)
are oscillatory. Our technique, differing greatly from that in [2], is based on the study
of the characteristic equation

(£*) A" (1 + ce-xh + cexh) + qe~^ + pel« = 0.
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Necessary and sufficient conditions (in terms of the characteristic equations) for
the oscillations of all solutions of higher order neutral differential equations have been
established by Bilchev, Grammatikopoulos and Stavroulakis [1], Ladas, Partheniadis
and Sficas [3] and Wang [5]. The oscillation criteria obtained in this paper improve
noticeably the results in [2] and [4].

Let f0 > 0. By a solution of (£) we mean a continuous function .v denned on the
interval [/() — r, oo), where r = max{/?, g} such that ,v(O + cx(t — h) + cx(t + h)
is /7-times continuously differentiable for all t > t{). As is customary, a solution is
called oscillatory if it has arbitrarily large zeros. Otherwise, the solution is called
non-oscillatory. Equation (£) is called oscillatory if all of its solutions are oscillatory.

2. Main results

The oscillation criteria in this paper are based on the following lemma which is
extracted from results in [1] and [5].

LEMMA. A necessary and sufficient condition for the oscillation of (E) is that its
characteristic equation (£*) has no real roots.

Like Grace [2], we study the oscillatory character of the following equations, as
some special cases of (£) ,

d"
(£,) -j-(x(t) + cx(t - /?) - cx{t + h)) = qx(t - g) + px(t + g),

dt"
d"

(£2) J 7 ( ' v ( r ) + cx(-r + //) ~ " ' ( ' + A)) = ax(-' ~ 8) + Px{t + .?)•
d"

(£,) TT( ' v ( r ) + CA'(f ~ h) + Zx{t + h)) = ax(t ~ ^ + Px(t + £')-

and

d"
(£4) ^ ( J C ) - cx({ - //) - " ' ( ' + /?)) + axC ~ 8) + Px(f + S) = °-

where n is even, c, c, g, h and h are non-negative, g, g, p and q are positive real
numbers. The characteristic equations of (£))-(£4) are respectively

(£*) F, (X) := A"(1 + ce-'A" - ce'Jl) - qe~k« - pe'^ = 0,

(£*) F2(X) : = X"(1 + ceAh - cexil) - qe~'Klt - pe'~K = 0,

( £ P F3(k) := X"(l + ce-A" + cexh) - qe~x* - pe* = 0
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and

(£4*) F4(k) := k"(\ - ce-Ah - ce'Jl) + qe^ + pex* = 0.

First of all, we consider (£)) and establish the following result for its oscillatory
character.

THEOREM 1. / /

(1)

and

(2) q{!> - h)n (-)" > \+c and g > h,
\n'

then (£]) is oscillatory.

PROOF. For k / 0, from (E*), we have that

(3) - F , (A.)/r = (<?e-"s + pek*)/kH - (1 + «"** - ceA/')

and

(4) - F , {k)e''-h/k" = {qe-"*'" + pe^+h))/k" - {exh +c- ce'A'l+h)).

Now, our strategy is to prove that F\(k) < 0 for all k € (—oo, oo) in each of the
following four cases.

Case 1. 0 < k < (p/(l + c))1/". From (3), in this case we have

-F,a) /r > (qe"" + peK*)/k" - (1 + c) > pj (y—\ " 0 + c) = °-

Thus F,(A) < OforO < k < (p/(l +c ) ) ! / " .

Case 2. k > (p/(\ + r ) ) : / " . In view of (1) and the inequality ey >fAforalLv > 0,
(3) yields

( / J \ " 1 / f n "I1''" \

e " / « V ^"( 1 + c ) + (|

which implies that F,(X) < 0 for A. > (/?/(! + c)) ' 7" .
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Case 3. A < 0. By using (2) and the inequality e" > ex for x > 0, from (4) we
obtain

>q(g-h)"(e/n)" -(\+c)>0.

Therefore, in this case F| (A.) < 0 for A. < 0.

Cases 1-3 and F, (0) < 0 imply that F, (A.) < 0 for A. € ( -oc . oo), that is , (E*) has no
real roots. By using the lemma, we conclude that (£ , ) is oscillatory. This completes
the proof.

REMARK 1. Theorem 1 improves Theorem 1 of Grace [2].

Next, we present a theorem which describes the oscillatory character of (F2).

THEOREM 2. / /

(5) p(g - h)"(e/n)" + c > 1 + c and g > h, h > h,

and

(6) qg"(-) + c e x p - - ^ — h)>l+c;

then (E2) is oscillatory.

PROOF. From the characteristic equation ( £ p of {E2), for X / 0, we get

(7) -F2(X)/X" = (qe-Xs + pex«) /X" - (l + ce'" - cV;') ,

and

(8) -F2{X)e-x"/X" = (qe~Mg+h) + peM*-h)) /X" - (e"" +c- t V ' * ' * ' ) .

As in the proof of Theorem 1, we consider the following four cases.

Case 1. 0 < A. < (p/(\ + c))l/". From (8) it follows that

-F2(X)e~kh/X" > peM«-h)/(p/(\ + c)) - ( 1 + c) > 0.

which implies F2{X) < 0 forO < A. < (p/(l + c))]"'.
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Case 2. A. > (p/(l + c)) l /". Then from (8), (5) and the fact that ex > ex for x > 0,
we have

-F2{\)e-kh/k" > pig - hf (eM*-h)/"/[k(g - h)/n])" n~" - (1 + c - c)

> p(g - hYie/n)" - (1 + c - c) > 0,

Hence, in this case, F2iX) < 0.
Case 3. -(<7/(l + c))l/" < X < 0. From (7) and (6) we get

-F2iX)/X" > c - cexp[-(<7/(l 0,

that is, F2iX) > 0 for -(q/(l + c) ) 1 / n < X < 0.

Case 4. X < — (<?/(l + c))l/n. In this case, using (7) we observe

-F,iX)/X" > qe~Xlt /— (1 + c) > 0
/ 1 + c

which implies F2iX) < 0 for A. < -(<?/(l + c))1/n.

From cases \-A and £2(0) < 0, we see that for all X e (—oo, oo), F2(^-) < 0.
By the Lemma, we conclude that (£2) is oscillatory, and the proof of the theorem is
complete.

REMARK 2. Our Theorem 2 improves Theorem 2 in [2].

The following result is concerned with the oscillatory behavior of (£3).

THEOREM 3. / /

(9)

— h)" (-) > 1 + c + cexp — (h+h) and g > h,

and

(10)

e\n
qig-hy(-) > 1 + c + c exp -(rrfe)"" (h + h) , and g > h,

then (£3) is oscillatory.

PROOF. From (£*), for A. ^ 0 we obtain

(11) - peM*+h))/Xn - (e~k~h + ce~Hh+fl) c)
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(12) -Fi{X)ekh/X" = (qe-Hg-h) + pe

Now, consider the following four cases.

Case 1. 0 < X < (p/(l + c + c))1/n. From (11), we get

MHh))/xn _{elk +c+-ceMh+h)y

c + c))-(l + c + c) = 0.

Case 2. X > (p/(l +c + c))u". In view of (11) and (9) we obtain

h/X" > p(g -h)n (-

1 + c exp ( —
l+c + c

Case 3. -(<?/(l + c + c))l / ( ' < A. < 0. From (12) it follows that

-F3(X)eXh/X" > a I (1 + c + c) = 0.
/ 1+c + c

+ c + c))] /". Then, from (12) and (10) we have

e\"

Case 4. A. < -

-F3(X)eXh/X">q(g-h)"(^J

- I 1 + c + c exp -
1 +C + C

i'n

(h + h)

From cases 1^1 and F3(0) < 0, we observe F3(A.) < 0 for all A. e (—oo, oo). By the
lemma, (£3) is oscillatory, and the proof of the theorem is complete.

REMARK 3. Theorem 3 improves Theorem 3 in [2].

Finally, we present an oscillation criterion for (EA).

THEOREM 4. Ifc + c > 0,

(13)

and

(14)

c and g > h

i / "

(h+h)\ and g > h.

then (£4) is oscillatory.
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PROOF. By the characteristic equation (£4) of (£4) we obtain

(15) F4(X)e-lh/Xn = [qe~X(g+~h) + peUg-h)]/Xn + e~xfl - ce~uh+h) - c

and

(16) F4(X)eXh/X" = [qe-X(g-h) + peX(g+h)]/X" + exh - c - ceuk+h).

Consider the following four cases.

Case 1. 0 < X < (p/(c + c))1/n. From (15) we have

F4(X)e'/Jl/Xn > p I-?— + e~xh - c - c > 0.
/ c + c

Case 2. X > (p/(c + c))1 ". In this case, from (15) and (13), it follows that

,e\» f / n V/n 1
F4(X)e-Xh/X" > p(g - h)" ( - j - c e x p - ( — ^ j (h + h)\-c>0.

Case 3. -iq/(c + c))i/n < X < 0. From (16) we get

F4iX)e'h/X" > q/-^— + exh - c - c > 0.
c + c

Case 4. X < -(q/(c + c))1 / n . By using (16) and (14) we obtain

/e\" \ ( a \l/n 1
F4(X)eXh/X">qig-hy(-) -c -cexp - ( - ^ ) (h + h) > 0.

From cases 1^4 and £4(0) > 0, it follows that F4(X) > 0 for all X e (—00, 00)
which means that (£4) is oscillatory, and the proof of the theorem is complete.

REMARK 4. Theorem 4 improves Theorem 4 in [2] and the theorem in [4].

The following examples are illustrative.

EXAMPLE 1. Consider the differential equation

(17) [xit)+xit -2n)-2xit + 2n)f]2) = 2sin(r - 8TT) + 2sin(f + n).

It is easy to check that conditions (1) and (2) are satisfied, and hence (17) is oscillatory
and x(t) = sin / and x(t) = cos t are two solutions of (17).
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EXAMPLE 2. Consider the differential equation

(18)

{t + | ) f + 3x (r - | ) + 2x (t + \n) = 0.

The conditions (13) and (14) are satisfied and hence (18) is oscillatory. One such
solution is x(t) = cos?.

REMARK 5. In the above examples we observe that conditions (1) and (22) of
Theorems 1 and 4 in [2], respectively, are violated. Hence Theorems 1 and 4 in [2]
fail to apply to (17) and (18) and we believe that the oscillatory behavior of (17) and
(18) is not deducible from known oscillation criteria.

From the proofs of Theorems 1-4 and the lemma, it is easy to prove the following
results.

COROLLARY 1. If condition (1) {respectively (5), (9) or (13)) is satisfied, then
every solution x(t) of (E\) (respectively (£2), (£3) or (£4)) is either oscillatory or
else xU)(t) -> 0 as t -» 00, j = 0, 1, . . . , n - 1.

COROLLARY 2. If only condition (2) (respectively (6), (10) or (14)) is satisfied,
then every solution x(t) of(E\) (respectively (E2), (£3) or (£4)) is either oscillatory
or else x(i)(t) —> 00 as t —>• 00, j = 0, 1 , . . . , n — 1.

REMARK 6. Our technique can be extended to odd order neutral functional differ-
ential equations.
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