
A NOTE ON A DISCRIMINANT INEQUALITY 

J . H . H . Chalk 

(received July 14, 1959) 

The following conjecture has been investigated recently 
by Mordell [l] . "Let z ^ , . . . , z n be any set of n complex num­
b e r s . Then 

<» ÏÏ1#r, „ n ; r / s K - « . | - nn { n - l i ; r ° J « r | ' J **<- !> . 

the equality sign being necessary in the case when the z 's a re 
at the vert ices of a regular n-sided polygon with center at the 
or ig in ." For brevity, we shall write 

An = T 7 u r < s * n | z r - z s | = T T l * r , s ^ n ; r / s Izr " z s | • 

By homogeneity considerations it is clear that we may assume 
that I^l^x^n | z r l *s a constant, say n. In the course of his 
paper, Professor Mordell verified the inequality (1), under the 
additional conditions 

| z r | = 1» (r = 1,2, . . . ,n ) , 

using the method of Lagrange mult ipl iers . However, Dr . Erdës 
informs me that this result is really due to Pôlya (see e .g . 
I. Schur, Math. Zeitschrift 1 (1918), 385). Since the proof is 
short, it seems worthwhile to outline the argument here . He 
considered the Vandermonde determinant 

| A | = |ZJ" | = ± T T l * r < s ^ n ( z r - *s) 

and applied Hadamard's inequality to obtain 

| A | 2 ^ ( Z l 2 ) ( E l f e r s n | Z r | 2 ) . . . ( I U r s n | Z ? - 1 l 2 ) = nn 

immediately. 
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To obtain some upper bound for An, we consider 

2-Wr, s*n; rĵ s lZr " Z s | 2 

s Z r3 fcs ( I 2 r 1 2 + lzs|2) - Z r?És Z r Z s - L/s^s 

+ 2^Ur,nN2 

2 o IV" I 2 = 2n y i z r r - 2 i y *r 
^ l^ r -cn » r | l-̂ —l̂ r̂ n r 

When expressed in this form, it is obvious that 

Z~T ! z r " 
*—*1 *r<s^n l x 

^ n 
:<s^r • -

Now, applying the inequality of the arithmetic and geometric 
means, we have 

(2) A n < (2/n(n-l) I U r < ^ |z r - zs,
 2} *»<»" D 

^ {Zn/di- l)}^1 1-1) , 

which for n = 3 gives A3 ^ 3^ with strict inequality, unless 

z l + z2 + z3 = °» lzl"z2l = | z 2 " z 3 | = | z 3 - z l | = ^ 3 • 

Thus the conjecture is true for n = 3. For n = 4 or 5, nothing 
is known but for n » 6, the following example shows that it is 
false. 

Take zn = 0 and z^ = { n/(n-l)} 1 exp { 2rûk/(n- 1) } , 
(k = 1,2,.. . ,n-l) . Then £ 1 < r ^ n | zr| 2 = n and 

^ n = l z l - V l | 2 n U r < s , n . l l z r -z s 
2 

By means of Sylvester's determinant, or otherwise, we see 
that 

TT, , 1-r-^si2 = (n-l)n-X {n/(n-l)} i(»-l><*-2> 
l^r< s^n-1 • « 

and so 

A n = nn-1 | l+l / (n-l)} l(n-l)(n-2) # 
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Since A n / n n i s an i n c r e a s i n g function of n for n > 2 , it is 
e a s y to ver i fy tha t it i s > 1 for n ^ 6 and < 1 for n = 5 . 

Th i s r a i s e s the ques t ion of how to modify the o r ig ina l 
c o n j e c t u r e , A p a p e r of Mulhol land [2] on an analogous i n t e g r a l 
inequal i ty s u g g e s t s that if ]T , | z r | 2 = n , t hen 

( A n ) l / n ( n - l ) ^ C n 

for some cons tan t c n sat isfying 

ï ï m c n = (2/ ^/e)2 = 1. 1 0 . . . . 

By cons ide r ing a m o r e compl ica ted example than the one above , 
in which the n poin ts a r e d i s t r i bu t ed on p r a y s of a c i r c l e with 
m of the points on each r ay (n = mp) and by vary ing the p a r a ­
m e t e r s su i tably s I c a n show that 

l im c n > 1. 05 . . . 

1 
F r o m (2) we know tha t l im c n <c 2^ and it would be i n t e r e s t i n g to 
d e t e r m i n e i t s exac t v a l u e . 
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