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DIAGONAL CAUCHY SPACES

D.C. KENT AND G.D. RICHARDSON

A diagonal condition is defined which internally characterises those Cauchy spaces
which have topological completions. The T? diagonal Cauchy spaces allow both a
finest and a coarsest T2 diagonal completion. The former is a completion functor,
while the latter preserves uniformisability and has an extension property relative
to ^-continuous maps.

INTRODUCTION

In 1954, Kowalsky [2] defined a diagonal axiom for convergence spaces subject to
which every pretopological space is topological. In 1967, Cook and Fischer [1] gave a
stronger version of the Kowalsky axiom relative to which a larger class of convergence
spaces was shown to be topological. In [4], we showed that any convergence space
satisfying the Cook-Fischer diagonal axiom is topological.

In this paper, we introduce a diagonal axiom for Cauchy spaces which reduces to
the Cook-Fischer axiom when the Cauchy space is complete. A diagonal Cauchy space
is one which satisfies this axiom. We show that a Cauchy space is diagonal if and only
if every Cauchy equivalence class contains a smallest Cauchy filter, and this smallest
Cauchy filter has a base of open sets. Equivalently, a Cauchy space is diagonal if and
only if it allows a diagonal (that is, topological) completion. The category of diagoaal
Cauchy spaces and Cauchy continuous maps is shown to be a topological category.

It is shown that a Ti diagonal Cauchy space has both a finest and a coarsest T2
diagonal completion. The "fine diagonal completion" determines a completion functor
on the category of T2, diagonal Cauchy spaces. The "coarse diagonal completion" is
finer than any T3 completion, and thus if a T3 , diagonal completion exists, it necessarily
coincides with the coarse diagonal completion. In particular, the coarse diagonal com-
pletion preserves uniformisability. A condition is given which is necessary and sufficient
for the coarse diagonal completion of a T3, diagonal Cauchy space to be T3, and this
is followed by an example which shows that the coarse diagonal completion of a totally
bounded, T3, diagonal Cauchy space can fail to be either T3 or totally bounded.

Finally, we show that the coarse diagonal completion, although not functorial, has
the following interesting extension property: Any Cauchy continuous map between T2 ,
diagonal Cauchy spaces has a ^-continuous extension to the respective coarse diagoaal
completions.
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256 D.C. Kent and G.D. Richardson [2]

1. DIAGONAL CAUCHY SPACES

Let X be a set, F(X) the set of all (proper) filters on X, and 2X the set of
all subsets of X. For i 6 X , let i be the fixed ultrafilter generated by {x}. For
T,G G F(X), we write T < Q if T C 0. If F l~l G ^ 0, for all F € T and G G 0, let
.F V £ denote the filter generated by {F <1 G : F e F,G E G} • If, on the other hand,
there are F G T and G e g such that Ff\ G = 0, we say that "FM Q fails to exist".

DEFINITION 1.1: A convergence structure q on a set X is a function 9 : F(X) —>
2X such that:

(a) a; G g(i)) for all x G X;
(b) ?
(c) si

The statement x G g ^ ) means "T g-converges to x," which is also written
" T —> x." If p, q are convergence structures on X, p ^ q if and only if J7 -̂ » x implies

' J7 —y x. If p ^ g, we say that "p is coarser than g" or "g is finer than p." If q is a
convergence structure on X , then (X, q) is a convergence space.

Given a convergence space (X, q) and x G X, let V?(x) denote the intersection of
all filters which g-converge to x, and for a subset A of X, let /,(;!) = {x G A : A G
Vg(x)} and clq(A) = {x G X : there is T -^ x such that A g f } . V,(x) is called the
q-neighbourhood filter at x, Iq(A) is the q-interior of A, and clg(A) is the q-closure
of A. A subset U of X is defined to be q-open if Iq(U) = U. A convergence structure
g on X is called a pretopology if Vg(x) —> x, for each x G X; a pretopology in which
every neighbourhood filter has a base of g-open sets is a topology. For any convergence
structure g on X, the set of all g-open subsets of X determines a topology rq on X,
called the topological modification of q, which is the finest topology coarser than q.

In 1967, Cook and Fischer [1] introduced a "diagonal condition" for convergence
spaces which we shall call Condition F. This condition is defined by means of a "com-
pression operator" for filters which is defined as follows: If J is any set, T G F(J) , and
a : J —> F(X) is any function, let KCTJ- = (J {\~)o-(y) : y G F). Condition F may now

be stated for a convergence space (X, g) as follows:
F: Let J be any set, rj) : J —* X, and let cr : J —» F(X) have the property

that tp(y) ^ c{y) and <r(y) -?» tp(y), for all y G J . If T G F(J) is such that
TJ)(T) —•* x, then KVT —> x .

In [4], the authors proved the following theorem.

THEOREM 1.2 . A convergence structure g on a set X is a topology if and only
if (X, g) satisfies Condition F.

We shall proceed to formulate an analogous diagonal condition for Cauchy spaces.
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[3] Cauchy spaces 257

First we must review the basic theory of Cauchy spaces.

DEFINITION 1.3: A Cauchy structure C on a set X is a collection of filters on X
satisfying:

(Ci) x G C, for all x G X;

(C2) 7 G C and T ^ Q implies Q G C;
(C3) If .F, Q G C and J7 V Q exists, then f n ^ e C .

If C\, C2 are Cauchy structures on X, we write Ci Sj C2 if and only if C2 C Ci;
in this case we say "C2 is finer than Ci" or "Ci is coarser than C2." A pair {X,C)
consisting of a set X and a Cauchy structure C on X is called a Cauchy space.

For each Cauchy space (X,C), there is an associated convergence structure qc on

X defined by T -^ s if and only if T D x £ C A Cauchy space (X,C) is T 2 (or
Hausdorff) if i fly G C implies x = y. Equivalently, (X,C) is T2 if and only if (X,qc)
is T2 in the sense that each ^-convergent filter has a unique limit. A T2 Cauchy
space {X,C) is T 3 if clqcT G C whenever T G C, complete if every filter T in C is
9C-convergent, and totally bounded if every ultrafilter on X is in C.

Let (-X\C) be a Cauchy space. An equivalence relation ~ on C is defined as follows:
For f,G £ C, T ~ Q if and only if ^ n Q 6 C. If J" 6 C, let [^]c = {Q € C : J" ~ G}

be the equivalence class determined by T \ this equivalence class is denoted simply by
\T\ if there is no ambiguity.

If (X,C) and (Y,V) are two Cauchy spaces, / : (X,C) -> (F,D) is Cauchy con-

tinuous if T G C implies / ( J 7 ) G I?. If / : (X,C) -> (Y,£>) is Cauchy continuous,

then obviously / : (X, gc) —• (F,?^) is continuous in the sense that T -^> x implies

f(F) 9-% f{x). If / : (X,C) -> (r,X>) is a bijection such that / and f'1 are both
Cauchy continuous, then / is a Cauchy isomorphism.

Let {X,C) be a Cauchy space and A C X. T G F(X) has a irace on A if
F n 4 ^ 0, for all F G T\ in this case FA = {F n A : F £ 7} denotes the trace
of J- on A. CA — \TA : T E C, T has a trace on A} is a Cauchy structure on
A, and (A,CA) is a Cauchy subspace of (JT,C). If / : (X,C) —> (Y,T>) is such that
/ : (X,C) -> ( / ( X ) , P / ( X ) ) is a Cauchy isomorphism, then / : (X,C) -» (y,2?) is
called a Cauchy embedding.

We next define the diagonal Condition D for a Cauchy space (X,C). The following
notation will be useful: He = {G G C : Q is non-gc-convergent } .

D: Let J be any set, ij> : J -> X U {[G] : G G Me}, and let a : J -> C

be such that V(j/) ^ <r{y) and o-(y) ^ V(y) if rfiv) € x and a{y) G [^] if
•0(y) = [G], where G G Me • If ^ is a filter on J such that il>(7) is finer than the filter
on X U {[G] • G G Me} generated by H D [H], for some ft G C, then /ctrj" G C.
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258 D.C. Kent and G.D. Richardson [4]

Observe that Condition D is equivalent to Condition F if (X,C) is a complete
Cauchy space (in which case C can be identified with qc ).

A Cauchy space (X,C) which satisfies Condition D will be called a diagonal Cauchy

space. We shall now estabhsh some properties of diagonal Cauchy spaces.

THEOREM 1 . 4 . If (X,C) is a diagonal Cauchy space, then qc is a topology.

PROOF: By Theorem 1.2, it is sufficient to show that (X,gc) satisfies Condition

F. If J, V>, and <r are as specified in Condition F and T is a filter on J such that

V>(.F) -^ x (which is equivalent to V'(^r) H i £ C), then we are dealing with a special

case of Condition D where i>(J) C X, and we conclude by the latter condition that

KCTT £ C. But t(>(F) ^ K<TT , and {ij)(F) H i ) V turf exists, so by Definition 1.3 (C3),

(KCTF) fl a; G C, or in other words, KCTT -^ x. Thus Condition F is satisfied. D

PROPOSITION 1 . 5 . If {X,C) is a diagonal Cauchy space and G G C, then there

is 7i £ C such that 7i ^ G and 7i has a filter base of qc -open sets.

PROOF: Let J — X and let G £ C. Let a{x) — V,c(x), the ^-neighbourhood
filter at a;, for all x £ X. Let U = KCQ. If G £ G, then f| <r(x) = f\ V,c(x) is

a filter with a base of </c-open sets by Theorem 1.4, and 7i = KOQ = U ( D °'(a;))

is likewise a filter with a base of </c-open sets. Note that 7i £ C by Condition D, and

7i ^ G is obvious from the construction of KCTG • U

THEOREM 1 . 6 . If (X,C) is a diagonal Cauchy space, then for each G £C, [G]

contains a smallest filter Gmin > and <7min has a filter base of qc -open sets.

PROOF: If G —* x, then Gmin — Vqc{x), and V,c (x) has a filter base of gc-open
sets by Theorem 1.4. Assume G G Me and let {Ga '• a G A} be a set of filters in G

s u c h t h a t f][g] = f \ { G a :a£ A } . Le t J = X U A . L e t V : J - > X U {[H] : H £ Mc}

be defined by ij){x) = x, for all x £ X, and ij>(a) — [G], for all a £ A. Let a : J —> C

be defined by <r(x) = Vgc(x), for all x G X and <r(a) = Ga, for all a £ .A. Let
.F be the filter on J with filter base {GU A : G £ G}- Then TJ}{T) is the filter
generated by {G U {[£]} : G G S } , and so by Condition D, K<TT £ C. Note that for
each GU A £ f, f) a(y) < f|{^a : a £ A} - f][G], and since KO-J" < f\[G] and

G [^], /KT/" = £min is the smallest filter in [G] • The fact that Gmin has a base of
9c-open sets follows by Proposition 1.5. U

Let DCHY be the category whose objects are diagonal Cauchy spaces and whose
morphisms are Cauchy continuous maps.

THEOREM 1 . 7 . DCHY is a topological category.

PROOF: It suffices to show that Condition D is preserved under the formation
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[5] Cauchy spaces 259

of initial structures. Let {(Xa,Ca) : a G A} be a. collection of Cauchy spaces, each
satisfying Condition D. Let X be a set and fa:X—* Xa a family of maps indexed by
A. Let C be the initial Cauchy structure on X induced by the collections {/a : a £ A}

and {(Xa,Ca) : a e A}. As is well known, T £ C if and only if fa{F) £ Ca, for all
a e A.

Let J be any set, tp : J —» X U {[G]c • G £ A/c} and tr : J —•> C such that

tf (V) ^ o-(w) and <r(y) % i>{y) if ^(y) £ X and <r(y) £ [a] if i>{y) = [G] . Let
T £ F( J ) be such that i$>{T) is finer than the filter on X U {[G]c • G £ Me} generated
by TC n [H], for some W £ C. We must show K(TT £ C.

Let a £ A be fixed. Define tj)a : J -> XQ U {[e]ca : £ £ JVca} as foUows:

2. V'aCy) = l im/ Q (£ ) if V"(y) = [5]c and fa{G) is gCa -convergent.

3- il>a(y) = [fa{G)]ca if V>(2/) = [P]c and / a ( ^ ) is not ^ - conve rgen t .

Let aa : J —» Ca be defined by: <7Q(i/) = V,c (V'a(y)) if V'a(y) is defined by 1 or
2; °"a(y) = /a(5min) if V>a(i/) is defined as in 3.

Note that for all y in J, fa(<r(y)) ^ cra(y). Let T £ F ( J ) be as above. Then for
each a £ A, ipaiJ7) is finer than the filter on Xa U {[<?]ca : G £ Nca} generated by
/a( '^ ) r i / Q (7 i ) . By the assumption that (Xa,Ca) satisfies D, we have that na^J7) £ Ca.

But since fa(cr(y)) ^ o'a(y) holds for all y £ J , it follows that faina-J7) ^ K<TaT, which
implies fa{K(r^F) £ Ca. Since a £ A is arbitrary, KGT £ C. U

2. DIAGONAL CAUCHY COMPLETIONS

Let (X,C) and (^,7?) be Cauchy spaces and 4> : X -> F . Then ((F,D),<6) is a

completion of (X,C) if:

(1) ( y , P ) is complete;
(2) <j> : (X,C) -> (y,2?) is a dense embedding.

Here, "dense" means that clqrD<f>(X) = Y, where clq denotes the g^-closure operator.
A completion ((Y,V),cf>) of (X,C) is said to be diagonal (respectively, T2 ) if (Y,T>)

is a diagonal (respectively, T2 ) Cauchy space. Since the properties of being diagonal and
T2 are both hereditary (in the former case, by Theorem 1.7), any Cauchy space having
a diagonal (or Ti) completion must itself be diagonal (or T2 ). Note that a complete
Cauchy space (Y, £>) is diagonal if and only if any one of the following equivalent
conditions holds: (1) (Y,V) satisfies Condition D; (2) (1^,9^) satisfies Condition F;
(3) (Y, qv) is a topological space.

THEOREM 2 . 1 . The following statements about a Cauchy space (X,C) are

equivalent.

(1) (X,C) is a diagonal Cauchy space.

https://doi.org/10.1017/S0004972700017718 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700017718


260 D.C. Kent and G.D. Richardson [6]

(2) Each equivalence class [!F] in C contains a smallest filter .Fmin, and ^-"min
has a base of qc -open sets.

(3) (X,C) has a diagonal Cauchy completion.

PROOF: (1)=>(2). This is Theorem 1.6.

(3)=^(1). This follows by a remark in the paragraph preceding the theorem.

(2)=»(3). Let [X,C) be a Cauchy space as described in (2). If T % X, then .Fmin -

V, (x), and it follows by (2) that qc is a topology.

Let X~ = X U {[?] : T £ Me}, and let tj) : X -» X~ be the identity injection. For
each AC X, let A~ = Al) {[f] : T £ He and A G .Fmin}. Noting that (A n B)~ =

A~ D B~, let Q £ F ( X ) , and define 0~ e F(X~) to be the filter with base {G~ :

G G Q}. Define C~ = {A £ F(X~) : 3f £ C such that A ^ ^ ~ i n } ; it is a simple
matter to verify that C~ is a Cauchy structure on X~. For T G C, ipiJ7) ^ ^ ~ and
ip~1{Jr'^') = J7; from these observations, it follows that ij} : (X,C) —> (X~,C~) is a
Cauchy embedding. Since [T\ ^ ^"~in for all T G M: , J"~in D [^] G C~, and hence

•̂ "min ~̂* I-̂ *] ^or all -^ G -A/c, where g~ denotes the convergence structure associated

with C~. Since V, (a;)~ —* X, for all z G X , it follows that (X~,C~) is complete.

Finally, T~ U [F] for all T G M: and ^(.F) ^ ^ ~ imply that clq~xj>{X) = X~, so
the embedding V' is dense.

It remains to show that (X~,C~) is a diagonal Cauchy space. First observe that
(X~ , g~) is pretopological (meaning that the neighbourhood filter at each point in X~
converges to that point). To show that each g~-neighbourhood filter has a filter base
of g~-open sets, it suffices to show that U~ is g~-open whenever U is <7c-open. If
x eU~, then U G Vqc(x), and hence U~ G V9 c(z)~ = V,~(as). If [F\ G U~, where
T eAfc, then U G .Fmin implies Z7~ G .F~in = V,~([^"]). Thus Ĉ ~ is a g~-open set,
since it is a g~-neighbourhood of each of its points, and the proof is complete. U

Observe that the implication (2)=>(1) in Theorem 2.1 is the converse of Theorem

1.6.

THEOREM 2 . 2 . If {X,C) is a Ti, diagonal Cauchy space, the diagonal comple-

tion ((A'~,C~),V>) constructed in the preceding proof is likewise T2 •

PROOF: If [j7] n [Q] G C~, where T,Q G Me, then J"min D £m i n G C, which

imphes "̂mm = Gm\n , and hence [J7] = [Q]. If x l~l y G C~ , then the intersection of the

restrictions of i and y to X is in C, and since (X,C) is T?., x = y. If [.T7] D i e C~,

where .F G A ĉ and a G X, it follows easily that "̂min -^ a:, a contradiction, and so

this case is impossible. We conclude that (X~,C~) is T%. u

Let (X,C) be any T2 Cauchy space, let X* = {[f] : T G C}, and let ; : X -* X*
be defined by j(x) = [x], for all x £ X. A T2 completion ((Y,V),<j>) of (X,C) is said
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to be in standard form if Y — X*, <j> = j and ]{T) —> [J-]. Reed, [3], showed that every
T2 completion of a Cauchy space (X,C) is equivalent to one in standard form.

In case (X,C) is a T2, diagonal Cauchy space, it will be convenient to give a
description of the preceding completion in standard form. Let C° = {T £ C : J- has a
filter base of gc-open sets }. Let X* and j be defined as in the preceding paragraph.
For A C X and G £ C°, let A* = {[f] 6 X* : A £ .Fmin} and let Q* be the filter
on X* generated by {A* : A £ Q}. Let C* = {A £ F(X*) : there is T £ C° such
that T* ^ A}. One easily verifies that ((X*,C*),j) is a T2, diagonal completion of
(X,C) in standard form, and if o~ : X ~ —> X* is defined by <r(x) = [x] for x £ X ,
and <r([.F]) = [J"] for .F £ Me, then o- : (X~,C~) -> (X*,C*) is a Cauchy isomorphism
which makes the following diagram commute:

This establishes the equivalence of the completions ((X*,C*),j) and ((X~,C~),tj>)
of a T2 , diagonal Cauchy space (X, C).

THEOREM 2 . 3 . Let {X,C) be a T2, diagonal Cauchy space. Let ((X*,C*),j)

be the T2, diagonal completion of (X,C) defined in the preceding paragraph, and let

{(X*,V),j) be any T2, diagonal completion of (X,C) in standard form. Then V C C*.

PROOF: By analogy to the proof of Theorem 2.1, we see that sets of the form U*,
where U is gc-open, form a basis for the topology q* of (X*,C*). Thus it suffices to
show that if U is gc-open, then U* is g^-open.

Let U be gc-open and let [J7] £ U*. Then U £ Fmin and ; (F m i n ) ^ Vq ([J7]),

the (/j,-neighbourhood filter at [J7]. Thus J7^^ > J~1(V? ([•?!)) , and since the latter

filter is in C, it follows from the minimality of Fmin that Tm\n = j " 1 (V, ([F])) • Since

U £ Fmin, there is a q^-open set W £ V, ([J7]) such that )~X{W) C U. To see that

W C [/*, let [0] £ W; then j(e?min) ?5 [ff], and since W is 9,,-open, r\W) £ amin ,

which imphes U £ ^ m i n , and hence [Q] £ J7*. Thus U* is g^-open. D

The preceding theorem shows that ((X*,C*),j) is (up to equivalence) the coars-
est T2, diagonal completion of a T2, diagonal Cauchy space (X,C); for this reason,
((X*,C*),j) will be called the coarse diagonal completion of (X,C). The next example
shows that a T2, diagonal Cauchy space may have T2, diagonal completions which are
not equivalent to the coarse diagonal completion.
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EXAMPLE 2.4. Let X be the set Q of rational numbers, and let C be the usual Cauchy
structure for Q. In this case, we can make the usual identification between the set Q*
and the set R of real numbers, in which case ] : Q —> R becomes the identity injection.
The Cauchy structure C* on R of the coarse diagonal completion is the usual (complete)
Cauchy structure for R which gives rise to the usual topology. Next, consider the finest
topology r on R which contains all sets open in the usual topology along with the set
Q. If y £ R\Q, Vr{y) has a filter base of open intervals of the form (y — e,y + e),
where e > 0, but if y £ Q, VT(y) has a filter base of sets of the form (y - £, y + e) D Q.
If d = {F £ F(R) : there is y 6 R such that T > VT{y)}, then ((R,C'),J) is a T2,
diagonal completion of (X,C) which is obviously not equivalent to ((R,C*),j).

Recall that a Cauchy space (X,C) is T3 if it is T2 and has the property that
clq (f) £ C wherever T € C. The next result shows that the coarse diagonal completion
is at least as fine as any T3 completion of a T2, diagonal Cauchy space.

PROPOSITION 2 . 5 . If ((X*,V),j) is any T3 completion (in standard form) of
a T2, diagonal Cauchy space (X,C), then C* CD.

Proof: UAeC*, then A > ^ i n , for some f e C . But ^ ^ clv]{Tmm), and
it follows by the T3 property that i £ P . D

The next theorem establishes that the coarse diagonal completion preserves uni-
formisability.

THEOREM 2 . 6 . Let (X,U) be a T2 uniform space, and let C = {T £ F(X) :
U ^ T x F} be the associated Cauchy structure. Let ((X*,UA),j) be the uniform
completion of (X,U) in standard form, and let CA = {A £ F(X*) : UA ^ A x A}.
Then C* = CA.

PROOF: Observe that (X,C) is a T2, diagonal Cauchy space, and ((X*,CA),j) is
the "uniformisable Cauchy completion" of (X,C). The latter completion is clearly a
Ti, diagonal completion, so CA C C* follows by Theorem 2.3. But any uniformisable
completion is also Tz, so it follows by Proposition 2.5 that C* C CA. Q

Indeed, the following more general result follows as in the preceding proof from
Theorem 2.3 and Proposition 2.5.

COROLLARY 2 . 7 . Any T3 , diagonal completion of a T3 , diagonal Cauchy space

is the coarse diagonal completion.

The next theorem gives a condition which is necessary and sufficient for the coarse
diagonal completion of a T3 , diagonal Cauchy space to be T3 .

Let {X,C) be a T2, diagonal Cauchy space, and forACI, let A*" = {[.F] £ X* :
J"min has a trace on A}. Note that A* C A** and j " 1 (>!**) = clq(,A for all A C X;
furthermore, if T £ F(X), then the filter T" generated by {F** : F £ T) is a proper
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[9] Cauchy spaces 263

filter on X*.

THEOREM 2 . 8 . Let (X,C) be a T3, diagonal Cauchy space. Then the coarse
diagonal completion of (X,C) is T3 if and only if J-^n = .T t̂n J f°r eacn F g C .

PROOF: Let q* be the convergence structure associated with (X*,C*). One easily
verifies that for any T G C, J^ = dq*(Fmiu). If (X*,C*) is T3, then ^ i n = J ^ n

follows immediately. On the other hand, if _F£in = F£in for every T G C, then J^i n

has a filter base of g*-closed sets for every J7 £ C, and therefore (X*,C*) is T3 . D

The following example shows that the coarse diagonal completion need not preserve
either the T3 property or total boundedness.

EXAMPLE 2.9. Let X be an infinite set, partitioned into infinite subsets {Xi : i 6 N},
where N is the set of natural numbers. For each i G N, let Qi be the filter on X with
filter base {Xi \ A : A a finite subset of X;}. Let C = {H <E F(X) :3ieN such that
U ^ Qi} U {T : T a free ultrafilter on X} U {x : x £ X}. Note that C is a Cauchy
structure on X and qc is discrete; hence (X,C) is a totally bounded, T3, diagonal
Cauchy space.

Let £/ be any free ultrafilter on X such that each G E Q has an infinite intersection
with infinitely many of the X{ 's. Then T = Gmm and 0£in = ]{Q) n [£], but 0£|n has
the property that for each G € Q, G** contains infinitely many of the [̂ i] 's. Thus
£m*n ^ ^min. s o by Theorem 2.8, (X*,C*) is not T3. Furthermore, (X*,C*) is not
totally bounded; otherwise, ((X*,q*),j) would be a Ti, topological compactification
of {X,qc) , which would imply that (X*,C*) is T3.

It comes as no surprise that the coarse diagonal completion for T2 , diagonal Cauchy

spaces does not behave "functorially". For if (Q,C) and (R,C j are the T2, diagonal

Cauchy spaces defined in Example 2.4 and ] : (Q,C) —> f R,C j is the identity injection,

then j is Cauchy continuous, but j obviously has no Cauchy continuous extension

There is, however, a completion functor on the category T2DCHY of T2 diagonal
Cauchy spaces and Cauchy continuous maps. This completion is, for obvious reason,
called the fine diagonal completion and is denoted (in standard form) by ((X*,C*),j).

The construction of this completion is briefly described below.

Given an arbitrary T2 Cauchy space (X,C), let {{X*,W),j) denote the Wyler

completion (see [5]) of {X,C), where W = {A G F(X*) : there is T G C such that
•4 ^ ]{F) n [T]}. The Wyler completion defines a completion functor on the category
T2CHY of all T2 Cauchy spaces, but this completion does not preserve the diago-
nal property. Let C* be the complete Cauchy structure on X* associated with the
topological modification Tq of qw .
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Now let (X, C) be a T2, diagonal Cauchy space. It is clear that C* C C* C W.
Since ; : (X,C) -> (X*,C*) and j : (X,C) -» (-X"*,VV) are both Cauchy embeddings, j :
(X,C) —> (X*,C*) is also a Cauchy embedding, and hence ((X*,C*),j) is a T2 , diagonal
completion of (X,C). Since W is the finest T2 completion structure for (X,C) in
standard form, C* is the finest diagonal completion structure for a T2 , diagonal Cauchy
space (X, C) in standard form. Furthermore, since the Wyler completion and the
topological modification are both functorial, we obtain the following extension theorem
for the fine diagonal completion.

THEOREM 2 . 1 0 . Let (X,C) and (Y, V) be T2 , diagonal Cauchy spaces, and let
f : (X,C) —* (Y,T>) be Cauchy continuous. Then there is a unique Cauchy continuous
function f* : (X*,C*) —> (Y*,T>*) such that the following diagram commutes:

(X,C) — f - ^ [Y,V)

[3Y

(X*, C*) —^-» (Y*, V*)

As noted in the remarks following Example 2.9, Theorem 2.10 is not valid for the
coarse diagonal completion. However, the latter completion does exhibit an interesting
extension property relative to a weaker type of continuity.

Let (X, q) and (Y,p) be topological spaces. / : (X, q) —> (Y,p) is said to be
6'-continuous if, for every x 6 X and every neighbourhood V of f(x), there is a
neighbourhood U of x such that f{clqU) C clp(V). If (X,C) and {Y,V) are complete
Cauchy spaces such that qc and qv are topologies, we define / : (X,C) —* {Y,T>) to
be 6-continuous if / : (X, gc) —> (Y, q^) is 0-continuous.

THEOREM 2 . 1 1 . Let (X,C) and (Y,V) be T2, diagonal Cauchy spaces and let

f : (X,C) —> (Y,T>) be Cauchy continuous. Then there is a 9-continuous function

f* : (X*,C*) -> (Y*,V*) such that the Mowing diagram commutes:

(X,C) — f - ^ (Y,V)

{X\C*) -L_» (Y*,V*)

PROOF: Let q* be the topology on X* induced by C* and p* the topology on Y*
induced by V*. If [J=]c € X*, let f*{[f\c) = [/(^)]». In particular, HT=i, then
/*([*]c) = [/(z)]l>) aQd it follows that the above diagram commutes.

Next, we show that for any A C X, f*(clq*(A*)) C clp.jY(f(A)). Given AQX,
let [T\ £ clq.(A*). Since F* D A* £ 0 for all F £ .Fmin
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and therefore /(.Fmin) has a trace on f(A). Consequently, (/(•?r))min has a trace on
jYf(A), which implies that /*([^]c) = [f(?)]v € clp.jY(f(A)).

Finally, let [^]c € X* and V £ (f(^)Tmin, where V £ (/(^))mia. Choose
U e "̂min such that f(U) C V. Then 17* is a ^-neighbourhood of [J=]c such that
r K - ^ ) ) C clp.jY(f(U)) C c/p.(F*). D
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