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Abstract . The hitherto known essentials of the present-day dynamo theory of the galactic mag-
netic fields are reported. The vertical stratification of the interstellar turbulence is exclusively 
considered as the source of the «-effect. New expressions for this tensorial effect and its quench-
ing by the field are applied. Although its anisotropy and the influence of the halo easily yield 
the excitation of non-axisymmetric magnetic configurations of diverse equatorial symmetry, the 
galactic differential rotation finally leads to axisymmetric and quadrupolar solutions. The magnetic 
strength of the dynamo fields slightly exceeds the equipartition value while its angular momentum 
transport (into the intergalactic space) is very small. 

For increasingly steep vertical gradients of the turbulence intensity a saturation of the field 
strength is found since the eddy diffusivity grows with the ar-effect. Only beyond the maximum of 
the field the equatorial symmetry changes to an equatorial antisymmetry, i.e. to dipolar solutions. 

In order to produce the observed values of the pitch angles one has only to choose correlation 
times of the turbulence slightly exceeding the usually accepted 107 yrs. 

1. Introduction 

This report intends to continue the article "Key problems of flat object dynamo 
theory and ways to their solution" given in the Proceedings of the IAU sympo-
sium Nr. 140 (Krause etal. 1990). We want to answer, in particular, the old key 
question (non-axisymmetric modes in axisymmetric configurations?) and we shall 
formulate some new ones such as: i) how strong are the fields? ii) how much angular 
momentum do they transport? and iii) what is the field geometry? 

Our answers have been obtained with a computer code for models "without 
sharp boundaries" (Stepinski & Levi 1988, Elstner etal. 1990). The first relevant 
findings for "flat" models have been obtained applying this code for linear, kine-
matic dynamos (Meinel etal. 1990, Elstner etal. 1992). It was found that the galac-
tic differential rotation always prevents the excitation of non-axisymmetric mag-
netic field configurations. Such a magnetic "BSS" structure is observed in one case 
(M81, M.Krause et al. 1989), but its coexistence with differential rotation is hard to 
understand. A detailed analyses of the interaction of anisotropic α-effect and dif-
ferential rotation in stellar cases has recently been presented by Rüdiger L· Elstner 
(1993). 

A few years ago, the standard procedure was to form the α-effect with the 
observed characteristics of giant molecular clouds, hence α < 5 km/s and eddy 
diffusivity ητ < 1026cm2/s so that the dynamo number Ca = αΗ/ητ ~ 1-10 with 
Η ~ 1 kpc as the thickness of the galaxy: enough for dynamo excitation. Only 
density stratification was considered as the source of the α-effect, its anisotropy 
was ignored. On the other hand, Rüdiger (1990) and Ferrière (1992) have started to 
derive the α-tensor as due to the action of random supernova (SN) explosions. The 
turbulence in galaxies has been replaced by the explosion flow pattern of a field of 
random SN explosions under the common influence of global rotation and a large-
scale magnetic field. This concept allowed the unified derivation of the complete 
turbulent EMF, ί = < u' χ Β' >, on the basis of one and the same turbulence flow 
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field. For the first time in the history of the mean-field dynamo theory the series 
expansion 

Si = ocijBi - ijijkBkj + .... (1) 

became fully tractable. Considering that the internal rotation law in galaxies is 
also (empirically) known, the observation of large-scale magnetic fields in galaxies 
(Sofue et al. 1988) opened a very promising chapter in the theory of the turbulent 
dynamo. 

2. Alpha and alpha-quciicliing 

The α-effect only exists in a distributed turbulent rotating medium. Density strat-
ification as well as intensity stratification of the turbulence field are known as a-
sources. In contrast to stellar convection zones the galactic disks arc sclf-gravitating 
layers hence there arc only smooth density stratifications. It is thus not trivial to 
compute the α-efTect numerically but in any case it makes no sense simply to iden-
tify turbulence with the a-effcct. 

Ferrièrc (1992, also these proceedings) proposed to loeate SN explosions at the 
galactic midplane ignoring the density stratification. This is confirmed by numer-
ical simulations of SN explosions where the stratification only plays a minor role 
(Kaisig eial. 1993, also these proceedings). In both approaches the medium has 
been considered as perfect conductor, subject to the global galactic rotation and a 
homogeneous, large-scale magnetic field. The resulting EMF is represented by the 
relatively small numerical values 

|a | ~ 6 · 103 cm/s, ητ ~ 5 · 1024 cm2/s, (2) 

so that the normalized α for SN explosions results in 

Ca * 5. (3) 

As the value (3) is sufficiently large, it is thus shown that at least a2-dynamos 
can exist in galaxies by the action of random SN explosions. With a special flow 
field of astrophysical relcvance it is so firstly shown that in galactic dimensions 
large-scale magnetic fields can be originated. Due to the low value of the eddy 
diffusivity, however, the influence of the differential rotation in such dynamos would 
be extremely strong. Very small pitch angles were the immediate consequcncc, in 
contradiction to the observations. 

The α-efTect is a tensor (cf. Steenbeck etal. 1966, Moffatt 1970, Roberts L· 
Soward 1975, Wälder ci ai 1980, Rüdiger 1980). It was striking that for the vertical 
α-efTect (which acts on Bz) negative values appeared on the northern hemisphere 
(and positive at the southern hemisphere) in opposition to the expected positive 
(negative) values. Also numerical simulations of convection in unstable tempera-
ture stratifications led to the same result (Brandenburg etal. 1990). Obviously, the 
anisotropy of the α-tensor is so strong that it leads to different signs in different 
directions. The α-tensor for slow rotation has the simple form 

ay = a i ( U n ) i y -f a2(C/tQi + U j S l i ) + . . . , (4) 

https://doi.org/10.1017/S0074180900174364 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900174364


323 

with U = V log y/< u'2 > . The existing literature of the mean-field dynamo deals 
only with the application of the first coefficient, i.e. for isotropic a. We will demon-
strate, however, that it will be dominated by terms ignored so far. 

A re-discussion for the α-effect in mean-field theory is thus in order. A turbu-
lence field involving stratification was subjected to a global rotation. The resulting 
turbulence field under the influence of the large-scale magnetic field produces mag-
netic fluctuations which correlate with the velocity itself. While the rotation has 
been assumed as slow (which is true in galaxies) the magnetic field is of arbitrary 
strength. Its non-linear influence represents the back-reaction of the magnetic field 
on the turbulence (Rüdiger & Kichatinov 1993). 

Our turbulence model has special properties: i) the anclastic approximation is 
adopted, ii) the cells possess a characteristic size, / c o r r , and iii) a correlation time, 
r c o r r , is introduced only via a background eddy viscosity, = i]t: 

12 
_ corr ^ ι / / / r \ Tcorr — — ' c o r r / u ) Vx 

(" r-approximation", Kichatinov 1987,1991). Additionally, of course, the quasilincar 
approximation is used to derive the a-tensor, which we developed for the case 
of uniform density. Recall that numerical simulations of SN-explosions revealed, 
indeed, that the influence of density stratification is extremely small. The resulting 
expressions are 

4 2 d < u'2 > ( , . 15 B2 

a r r = αψφ = - _ r c o r r — l φ + 1 Ω 

8 2 d<u,2>{ lb Β2 \ 
15 r r ~dz \ ~~ 16 B2 / 

1 d < u'2 > 
Οίτφ — —Οίφν — —Tcorr — ψάία (bj 

(in cylindrical polar coordinates, the a r e normalized to unity for Β —> 0). As 
usual the ratio of the diagonal terms and the off-diagonal terms of the α-tensor 
strongly depends on the rotational rate, Ω, or the turnover time r c o r r , resp. For too 
short turnover times, e.g., the advection terms can really dominate. The dynamo 
cannot survive a too dominating advection. The quenching functions φ) which at 
present are only known for the given stratification U can be found in Rüdiger L· 
Kichatinov (1993). 

One can take from Eqs. (6) that the vertical a, aZ 2 } has the opposite sign as the 
horizontal one. The consequences of this behaviour are presented in the following 
section. 

With respect to the eddy diffusivity, we are still forced to work with the tradi-
tional scalar expression 

τ f r = cv < u ' 2 > T c o r r ) c,} ~ 1 / 3 , ( 7 ) 

which, for slow rotation, should not be too wrong. For rapid rotation and strong 
magnetic fields, of course, the scalar quantity ητ will loose its sense and a tensor 
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Fig. 1. Eddy diiTusivity and horizontal a-effect for two different -profiles of the turbulence 
velocity. Density stratification is excluded. Note (.he different signs of (.lie a-cffcct for· the 
different profiles 

appears. Magnetic quenching of the diffusivity tensor is not considered in galac-
tic dynamos so far. On the other hand, the exclusive involution of the magnetic 
feedback in only one part of the turbulent EMF is of a very restricted value. 

In Fig. 1 the eddy diiTusivity and the horizontal α-effect, αψψ, for a model with 
uniform density and diverse profiles of the turbulence intensity are given. The first 
one describes a turbulence field with an rms intensity of 10 km/s reducing to 5 krn/s 
in a height of 500 pc. The horizontal α peaks in the middle of this region, is positive 
and vanishes outside. The eddy diiTusivity (7) is large around the midplane and is 
reduced outside by a factor of 4. Throughout the present report wc arc working 
with a uniform correlation time of the eddies of rcorv > 107 yrs ( ~ lifetime of giant 
molecular clouds). 

There arc suggestions that the turbulent velocity may grow with increasing 
galactic heights (Brandenburg etal. 1993). Without the density stratification, the 
related a-cffect proved to be negative. The density stratification is probably not 
strong enough to overcompensate this behaviour. With the typical density stratifi-
cation, 

included, we obtain zero, or negative values for the a unless the scalc of the turbu-
lence intensity is very large. When normalized with the eddy diffusivity, we observe 
the typical picturc of a "halo-dynamo" with very negative a in the disk and positive 
a in the outer regions (cf. Fig. 2). Also the "cscapc velocity" αψΓ changes its sign 
and turns toward the midplane. There is certainly more work needed to formulate 
the interesting interplay between α-effect, density stratification and the distribution 
of the turbulence intensity. 
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Fig. 2. Horizontal α-efTect divided by the eddy diiTusivity for turbulence intensities growing 
with galactic height (M,„ = 10 k m / s , uout = 100 km/s , density scale height 500 pc). The 
α-effect in the galactic disks tends to vanish or becomes even negative 

In this section we will examine the kinematic dynamo theory for disk configurations. 
The disks are defined by corresponding profiles of the turbulence parameters: 

Strict vacuum does not exist. The α-layer is embedded in a medium of prescribed 
conductivity. The aspect ratio of the disk is chosen as 1:10. In terms of the stabil-
ity analysis of Krause L· Meinel (1988) only the magnetic modes with the lowest 
eigenvalues for Ca are discussed, (Tab. I). We observe two important results: i) 
anisotropic α clearly favours non-axisymmetric modes with the azimuthal "quan-
tum number" m = l and ii) the "halo" conductivity plays a big part. The corners of 
Tab. I are occupied by four completely different magnetic configurations. 

The SO mode plays a particularly important role. It bifurcates first in the ma-
jority of models with isotropic α if the outer conductivity is not too small (cf. Moss 
& Brandenburg 1992). Dipolar solutions only occur for weak differential rotation 
and/or α-effect with special radial profiles (see below). 

One could believe that there are no longer difficulties in fitting the observations 
to the physical conditions described in Tab. I. The existence of BSS modes in M81 
gives strong evidence for the existence of the anisotropic α-tensor. For example, 
if non-axisymmetric quadrujiolcs were observed then the outer medium cannot be 
a hot plasma. However, the strong action of the differential rotation disturbs the 
simple picture. As known, beyond a rigidly rotating "core" with r — ra , the rotation 
rate is no longer uniform: 

3. Modes and models 

α = a(r,2), ητ = nr(r,z). (9) 

(10) 

The well-defined uniform linear velocity of the outer galactic part is V = 7'ωΩ0. If 
we leave it constant for a set of models (e.g. 200 km/s ) then the rotation rate of the 
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TABLE I 
The leading modes for c*2-disk dynamos, i.e. without differential rotation. The α-effect 
can be anisotropic, the halo has diverse electrical features. If more than 1 mode is given 
in a box then the eigenvalues lie very close together 

disk embedded in Οίζζ — Οίφφ Οίζζ — 0 Οίζζ < 0 

''vacuum" A0(A1) SI SI 
(^ halo < & disk ) 

"plasma" S0(S1) A0(A1) Λ1 
(&halo > Vdisk) 

axis, Ωο, depends on the turnover radius rn. The smaller 7*n, the more differential 
rotation we have. 

The question is, how effectively the differential rotation inhibits the appearance 
of non-axisymmetric modes. To this end, we apply a sequence of rotation laws de-
fined with various rn to the AO and SI mode from the upper ("vacuum"-)linc of 
Tab. I. The results are shown in Fig. 3. The eigenvalues in αφφ are computed for 
a set of ra- For small rn the SO-mode is first bifurcating while for larger the 
non-axisymmetry prevails. Both regimes are separated at 7*n — 8 kpc. If the rigidly 
rotating core is larger than 8 times the galaxy thickness, the non-axisymmetric 
Sl-mode bifurcates first. Thus we expect very thin disks as good candidates for 
magnetic BSS-modcs. Similar behaviour is shown by the modes for the isotropic 
α-effect. In any case the differential rotation favours the quadrupolar and axisym-
metric symmetries. All the special interesting features of the Tab. I are overcome 
by the dominating differential rotation. 

The consideration of radial profiles of the α-cffcct is an interesting extension of 
the kinematic dynamo theory. So far wc have only involved the radius-dependcnce of 
the angùlar velocity which the α-effect depends on. Donner & Brandenburg (1990) 
have argued that an additional radial profile results from the preferred location of 
the star formation. They consider both a core model and a ring model depending 
on whether the turbulence is also active in the centre. The ring-model is obviously 
similar to the torus dynamo (Schmitt 1990, Deinzcr ci ai 1993), reproducing the 
known SO mode. The core model, on the other hand, is so close to a spherical 
a2-dynamo that the resultant dipolar mode AO is no surprise (Elstner etal. 1992). 

4. Tlie angular momentum transport 

Another point of interest is the angular momentum transport by the dynamo-
excited magnetic fields. If this transport is outwards then an accretion flow can 
develop which brings material to the galactic ccnter. Critical for that concept is the 
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Fig. 3. Critical a-cigenvalucs for the "vacuum^-modcls of Tab. 1 and large or small 
rigidly-rotating cores of the galaxy (linear rotation velocity V = 100 km/s ). The radius of 
the core is given in units of the galaxy thickness. Note the dominance of the SO-modc 

relation of the flow to the local speed of sound. In Rüdiger cl al. (1993) it is shown 
that the local Mach number M of the accretion flow is 

(IIχ in kpc, Kioo hi 100 km/s , m in solar masses pcr ycax). Λ Mach number of 
order unity would thus allow a remarkable amount of mass accrction — enough to 
yield the observed quasar brightness. 

The dynamo with which wc have determined the (maximal) Mach number of 
the accretion flow operated with a rms velocity of 15 km/s at the galactic midplane 
reducing to 8 km/s above and below. The halo diffusivity behaves like (8/15)2 in 
relation to the central value. In order to study the influcncc of the halo, however, 
its (eddy) diffusivity has been used as a free parameter (cf Tab. If). For increas-
ing conductivity ("plasma") wc find an increase in the maximum magnetic field 
(normalised to the equipartition value at the midplane). Nevertheless the angular 
momentum transport is more complicated as it possesses a maximum for medium 
halo conductivities. Obviously, there is a complicated interplay between magnetic 
strength, pitch angle and contribution of the halo to the angular momentum trans-
port. In summary, it can be stressed that the absolute amount of the magnetically 
produced Mach number is, by far, too slow for driving a substantial accretion flow. 

(11) 

The Mach number directs the accrction flow: 

m ~ 5 III "ιοο M ~ 1 - 1 0 M (12) 

5. The model "U 55 

The strength and the geometry of the induced largc-scale magnetic fields arc the 
main results in the nonlinear dynamo theory. For the axisymmctric galactic dynamo, 
in particular, it is the symmetry with rcspcct to the equator which must be derived 
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TABLE II 
The influence of the halo diffusivity on the induced magnetic field strength and the Mach 
number of the accretion flow (V = 200 km/s , rn = 2 H ) 

disk embedded in Bmax /Beq,c 1 0 4 λΛγηαχ 

("vacuum") 
35 2.02 6.08 
3.5 2.03 6.44 

0.35 2.28 5.72 
0.035 3.1 5.12 

("plasma") 

TABLE III 
The influence of the intensity gradient of the interstellar turbulence on the induced mag-
netic field strength (V = 200 km/s , rn = 2H). Also shown is the parity parameter, 
Ρ 

Umax [ k m / s ] 9 10 15 25 50 

Bmax /Beq,c 1.9 2.3 2.4 1.9 0.4 

Β max [μΓ] 6 8 13 17 7 

Ρ 1 1 1 1 -1 

from the dynamo equation. Quadrupolar modes (S) can occur with dipolar modes 
(A) - in case of mixing, the parity Ρ may be used as a good representation of the 
equatorial symmetry (Brandenburg etal 1989). The angular momentum transport 
of only quadrupolar modes allows an accretion flow which is directed inwards. 

The magnetic field strength can be measured with respect to the "equipartition 
field" Beq =-yfipy/< u'2 > . As the turbulence intensity here is non-uniform we 
have always taken its midplane value. 

The model "U" works only with the α-effect due to the vertical stratifica-
tion of the turbulence intensity. The turbulence intensity is assumed to be radius-
independent, which is still a drastic restriction. 
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RADIUS [kpc] 

Fig. 4. T h e dynamo-induced magnetic field (left: toroidal, right: poloidal). The radius of 
the core is given. T h e inner turbulence rms velocity is 15 k m / s , while the outer velocity 
is 8 k m / s 

The halo value of the rms velocity is fixed to 8 km/s while the midplane value 
("ttmaa?") is varied as a free parameter. The eddy diffusivity is maximal at the 
galactic midplane where the α-effect vanishes. The α-cffect appears in the region 
between 0.2—0.4 II, where the turbulent diffusivity is smaller. For > 0.4 I i the 
velocity-profile is again flat hence the α-ciTect vanishes. 

The increase of umax simultaneously amplifies the eddy diffusivity at the galactic 
midplane and the α-effect in the α-region. The consequences for both the inducing 
effects (a and differential rotation) are quite different. For growing umax it is 

Ca ~ TC0rrn, Cn ~ M'r~2—i-, (13) 
Tcorr\L 

with Mrr as the Mach number of the turbulence at the midplane. For growing Μύ 
the efTect of the differential rotation is basically reduced. The ratio of both inducing 
effects is 

^ ~ (rcorrQ)2 M T \ (14) 
On 

so that for supersonic turbulence, as well as faster rotating galaxies, the differential 
rotation looses its meaning. The galaxy then changes to an a2-dynamo with the 
properties described in Section 3. Its dynamo number C2 is smaller than the dynamo 
number of αΩ-dynamos hence the magnetic field strength is reduced. The numbers 
in Tab. Ill confirm such statements. We find a maximum of the field strength for 
tim/ir W 25 km/s . For steeper profiles there is indeed indication for a change of the 
equatorial parity from quadrupoles to clipoles. 

For the discussion of the field configuration the model with umax — 15 km/s 
is selected. From Figs. 4 and 5 we find that the characteristic properties of such 
models are: 

- the fields are confined to the galactic disk, 
- the fields have a ringlikc structure, 
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RADIUS [kpc] 

Fig. 5. T h e p i tch angle tan<p = ΒΓ/Βφ for the same model a s in Fig. 4 

- the ring is attached at the turnover radius 7in, 
- the pitch angle is very small except at rn· 
The agreement with the observations is not perfect. In contrast to the observed 

characteristics of the magnetic field the model is still too close to a pure αΩ,-dynamo. 
There are several possibilities to overcome the dominating influence of the dif-

ferential rotation. The most powerful one is suggested by Eq. (14). An increasing 
of the lifetime Tcorr should amplify the action of the a-eifaet and also reducc the 
action of the Ω-elfect. (The dynamo number C a C a is not influenced!) The present 
computations confirm this idea (Fig. 6). For example, the pitch angle for a galactic 
dynamo with r c o r r = 2-10' yrs increases to values close to that observed. Thus it is 
possible to find a lifetime Tcorry with which the dynamo exhibits the correct values. 
Only the radial profile of the pitch angle is still in error, i.e. the computed angles 
grow outwards in opposition to the observations (cf. Beck 1993). We suggest that 
a variation in the radial profile of the lifetimes helps in resolving this remaining 
problem. 

There is another problem with differential rotation reaching far into the halo. 
If the latter consists on plasma with a certain conductivity, the differential rota-
tion will induce strong toroidal magnetic belts in the halo which, however, are not 
observed. This observational fact excludes the existence of too high halo conduc-
tivities. Low conductivity or even a vacuum prevent the galaxies from becoming 
solar-type dynamos. The same result could also be readied with rather high tur-
bulent halo velocities (Brandenburg ci al. 1993) but in that case one cannot avoid 
the difficulties with the resulting small or even negative α-values in the disk itself. 
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RADIUS [ k p c ] 

Fig. 6. The pitch angle tan<p = Β Γ /Βφ for the same model as in Fig. 5 but for twice the 
lifetime r c o r r 
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