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THE CARDINALITY OF THE SET OF LEFT INVARIANT
MEANS ON TOPOLOGICAL SEMIGROUPS

HENERI A.M. DZINOTYIWEYI

For a very large class of topological semigroups, we establish lower and upper bounds for
ihe cardinality of the set of left invariant means on the space of left uniformly continuous

. . . . . b .
functions. In certain cases we show that such a cardinality is exactly 22", where b is the
smallest cardinality of the covering of the underlying topological semigroup by compact
sets.

1 INTRODUCTION

Let G be a non-compact locally compact topological group such that L*®(G)
admits a topologically left invariant mean, and let TLIM(G) be the set of all such
means. Various studies have looked at the size of such a set. In particular when G is
o-compact, Chou [1] showed that card(TLIM(G)) > 2¢, and when G is discrete, he
[2] showed that card(TLIM(G)) = 921! (Here ¢ is the cardinality of the continuum
and |G| is the cardinality of G.) Generalising the latter result, Lau and Paterson
[10] proved that card(TLIM(G)) = 22" , where b(G) is the smallest cardinality of
a covering of G by compact sets. (The idea of employing b(G) has been used earlier
by Liu and van Rooij [11}.) Also for certain discrete semigroups, S, Klawe [9] showed
that one may have the cardinality of the set of left invariant means on the bounded
functions equal to 9211

Now let S be a topological semigroup, LU C(S) the space of left uniformly contin-
uous functions on S and M(S) the space of bounded Radon measures on S. Let b(S5)
(or d(S)) be the cardinality of a covering of § by compact (or respectively, relatively
neo-compact) sets. (For definitions see section 2.) In this paper, for a large class of
S, for which groups G (as mentioned above) are a very special case, we show that the
cardinality of the set of left invariant means on LUC(S), and that of topologically left
invariant means on M(S)", lies between 22*) and 22“® . For many cases we also

have b(S) = d(S5).
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In section 2, we collect together some definitions and preliminary results, and then
formally state our results in section 3. Some results employed at critical points of our
proofs are collected into lemmas in section 4. Sections 5 to 7 contain proofs of the
results stated in section 3. We give a more detailed proof in section 5 upon which later
proofs are moulded. We conclude the paper with a few remarks in section 8.

For other results on sizes of sets of invariant means, the interested reader is referred
to [1], {2], [5], [9], [10], [12] and to the references mentioned therein.

2 PRELIMINARIES

2.1 Terminology. By topological semigroup, we mean a semigroup S endowed with a
Hausdorff topology with respect to which the semigroup operation (z,y) — zy defines
a jointly continuous mapping of § x S into S.

Let S be a topological semigroup throughout this section.

For any subsets A, B and {z} of S, we employ the following notation:

A™'B:={y€ S: ay€ B for some a € A}
¢ 'B:={z}"'B
A7z = A7z}

By symmetry, one similarly defines right handed versions BA~!, Bz~! and zA™!.

In particular, if Ay, A;,..., A, are subsets of S, we write

Al @Ag = {A]Az,Al_lAz,AlAz_l}
A DA ®A; i =[U{A1®B: BeE A, ® A3} U[U{BB A3: B€ A; ® Az}

and hence inductively define A, @ 4, @ ... H A,,.

Following [5] and [B], a subset B of S is said to be relatively neo-compact if
B is contained in a (finite) union of setsin A; ® A, @ --- @ A,,, for some compact
sets Ay, As,..., A, of S. In particular if C—1D and DC~! are compact sets, for all
compact subsets C and D of S, then relatively neo-compact subsets are precisely the
relatively compact subsets. For brevity, we write B for the closure of a set B and |B|
for its cardinality.

Recall that b(S) (respectively, d(S)) is the smallest possible cardinality of a cover-
ing of S by compact (respectively, relatively neo-compact) subsets of S. We thus have
d(5) < b(S) always. Also the following result is evident; we quote it for easy reference.

2.2 PROPOSITION. Let S be non-relatively neo-compact. Then
(a) if S is o-compact, we have that b(S) = d(S) = N,.
(b) if the sets CD~' and DC~? are compact for all compact subsets C and
D of S, then b(S) = d(S).
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2.3 Notation. Let C(S) denote the space of all bounded continuous complez-valued
functionson S, and M(S) the set of all bounded complez-valued regular Borel measures
on S.

For every function f in C(S) and point z in S, we have the functions . f and
f= in C(S) given by

=f(y) = f(=y) and fa(y) := f(yz) (y € )
The space of left uniformly continuous functionson S is
LUC(S):={f € C(S): the map ¢ — . f of S into C(S) is norm-continuous}

Following [4] we say that S is C -distinguished if the real-valued functions in C(S5)
separate points.
For a C-distinguished S we have M(S) a Banach algebra under the usual total

variation norm ||-|| and with convolution multiplication given by

viu(A) = // xa(zy)dv(z)du(y)

for all v, p € M(S) and Borel subsets A of S; where x4 denotes the characteristic
function of the set A. For h in M(S)" and v, u in M(S), we may then define voh,
hop and vohop in M(S) by
voh(n) := h(v*n), hou(n) := h(n*u)
and vohou(n) := h(v*n*p) for all n € M(S).

In particular for z € S and f € C(S) we have that

b0f == f,
where 6, denotes the point mass of z and f is identified with the functional in M(S)*
given by v — [ f(y)dv(y), for all v € M(S).

We define supp(p) := {z € §: |u|(V) > 0 for every open neighbourhood V of z},
for all & in M(S). In particular, for every subset My of M(S), by the foundation of
My , we mean the closure of the set U{supp(p): u € Mp}.

For any S, we define the set of absolutely continuous measures, M,(S), by

My(S) :={n € M(S): the maps z — |u| (z7'K) and z — |u| (Kz~') of §
into R are continuous, for all compact K C S}.
(Here || denotes the measure arising from the total variation of p.)

For semigroups S, M,(S) plays a role analogous to that played by the group
algebra L'(G) for locally compact groups G. A comprehensive study of M,(S) can
be found in [5].

The following definition is of particular importance in our paper:
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2.4 Definition. Let S be a topological semigroup with an identity element 1 and such
that, for every neighbourhood U of 1, we have

(a) ze€intlU ' (Uz)n(zU)U"?] forall z in S,

(b) 1eint(U'vNwU~!) forsome w and v in U.
Following [13],if S is also locally compact, we say S is a stip.

The class of semigroups called stips is very large—see for example [5] and [15].
Their importance partly arises from the fact that every topological semigroup, 5, with
an identity element and such that S coincides with the foundation of M,(S), satisfies
items (a) and (b) of Definition 2.4—see for example [5, Chapter 3, Theorem 1.2].

2.5 Some aspects of stips. For ease of reference we briefly list some results on stips.
Full details on these can be found in {13] and [5]. Let S be a stip with an identity
element 1, throughout this section.

(i) If W is a compact neighbourhood of 1, we can find a sequence of open
neighbourhoods of 1, {W;}, and a pseudometric, p, such that

Wil i(Wigaz) € {y € S+ p(y,z) <27% C W (Wia),

and p(zz,yz) < p(z,y)
for all z,y,2€ S and k€ N.

(ii) One can employ a standard argument to show that, for a function f in

C(S) we have that
f € LUC(S) if and only if, given € > 0 we can find a neighbourhood 0
of 1 such that 0z N0y # @ implies |f(z) — f(y)l<e (z,y€S).

(iii) Let E be the set of all idempotent elements of S. For every e in E, we
have that eSe is a stip with identity element e. We say e is a §-tsolated
idempotent if {e} is a Gs-set in eSeN E.

2.6 Definitions. Let S be a C -distinguished topological semigroup.

P(5):={p € M(S): |lpll = u(S) =1}
P.(S):={v € P(S): supp(v) is compact}

and let A be a subspace of M(S)* such that poh € A for all 1 in M(S) and h in A.

We say m € A* is a meanon A if
|lm|l = m(e) = 1 and m(f) > 0 for every non-negative f in A.
A left invariant mean (LIM) on A is a mean on A such that

m(ézoh) =m(h) forall z € S and h € A.
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A topologically left invariant mean (I'LIM) on A is a mean m on A such that
m(uoh) = m(h) (k€ P(S) and h € A).

We denote the set of all LIM s (respectively, TLIM s on A by LIM(A) (respectively
TLIM(A)).

3 STATEMENT OF RESULTS

3.1 THEOREM. Let S be a non-relatively neo-compact stip with LUC(S) admit-

ting a left invariant mean. Then
2d(5)
card(LIM(LUC(S))) =2 2 .

For certain stips we improve the preceding result as follows:

3.2 THEOREM. Let S be a non-relatively neo-compact stip with LUC(S) admit-
ting a left invariant mean. Then
() 22 > card(LIM(LUC(S))) = 22*®) if § is either commutative or has
a é-isolated identity;
(i1) card(LIM(LUC(S))) = 22 if S is either o -compact or as in (i) but
with C~1D and DC™! compact, for all compact subsets C and D of
S.

For semigroups admitting absolutely continuous measures, we have the following
Theorem for more general topological semigroups—including cases where the semigroup

may not be locally compact.

3.3 THEOREM. Let S be a non-relatively neo-compact C -distinguished topologi-
cal semigroup such that M,(S) is non-zero. Then

(i) if LUC(S) admits a left invariant mean we have that
22?5 card(LIM(LUC(S))) > 22°°;

(ii) if M(S)" admits a left topologically invariant mean, we have that

22" > card(TLIM(M(S)")) > 22°°.

In particular the inequalities in both (i) and (i) reduce to equalities if, in addition,

either

(a) S is o-compact;
or (b) S is such that C™'D and DC~! are compact, whenever C' and D are
compact subsets of S.
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3.4 COROLLARY. Let S be a non-compact topological semigroup with an identity
element such that S coincides with the foundation of M,(S), the sets C~'D and
DC ! are compact whenever C and D are compact subsets of S. If LUC(S) admits

a left invariant mean, then

24(8)

card(TLIM(M(S*))) = card(TLIM (My(S)*)) = card(LIM(LUC(S))) = 2

In particular we have the following corollary which also contains the result of Lau
and Paterson [10].

3.5 COROLLARY. Let G be a non-compact locally compact group such that
LUC(G) admits a left invariant mean. Then

_ 224(0)

card(TLIM (M(G)")) = card(TLIM(L™(G))) = card(LIM(LUC(G)))

The next result is of particular interest for situations where the underlying topolog-
ical semigroup 5 does not support absolutely continuous measures and does not have

the “nice” topological structure of a stip.

3.6 THEOREM. Let S be a C -distinguished topological semigroup that is o -
compact and not relatively neo-compact. Then, if M(S)" admits a topologically left

invariant mean, we have that
card(TLI]l/I(M(S)*)) > 2°,

where ¢ denotes the cardinality of the continuum.

4 SOME KEY LEMMAS

A proof of the following lemma can be found in [3] for the case of a locally compact
semigroup. However, one can easily note that the proof also holds for our case.

4.1 LEMMA. Let T be a Borel subset of a C -distinguished topological semigroup,
S, and suppose that M(S)"* admits a TLIM . Then the following items are equivalent:

(i) there exists a TLIM, m, on M(S)" such that m(xr) =1;
(ii) for each v in P(S) and ¢ > 0, we can find a point = in S such that
v (T)>1—¢.

A mild adjustment (which we omit) of the argument given in [3] yields the following
analogue of Lemma 4.1 for LIM on LUC(S).
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4.2 LEMMA. Let T be a subset of a C -distinguished topological semigroup S and
suppose that LUC(S) admits a LIM . Then the following are equivalent:
(1) there exists a TLIM, m, on LUC(S) such that m(f) = 1, for every
feLUC(S) with0< f<1and f=1o0onT;
(i) for each v in P.(S) and € > 0, we can find z in S such that v*6,(f) >
1—-¢e,forevery fe LUC(S) with 0 f<1 and f=1o0n T.

Our next two lemmas together generalise [10, Lemma 1 and Proposition 1].

4.3 LEMMA. Let S be a non-relatively neo-compact C -distinguished topological
semigroup and V be a compact subset. Let a be the smallest ordinal having cardinality
d(S) and {Cg: 1 < f < a} be a family of relatively neo-compact neighbourhoods
covering S and closed under finite unions. Then

(i) there exists a subset {zgy, : 1 < 8 < v < a} of S such that the sets
{V-YVCyzgy): 1 < B <7 <a} are pairwise disjoint;

(i) if Tp := U{Cyzg, : B < v < a}, we have that T satisfies item (ii) of
both Lemma 4.1 and 4.2.

PROOF: (i) (see [10]). We employ a transfinite inductive argument based on the
well-ordered set {(v,8): 1 < 8 <+v < a} where

(71,41) < (72,B2) means y1 < 42 or 71 = 72 and f; < ;.

Let 11 be an arbitarily chosen element of S. By the inductive hypothesis, suppose
that zg, has been chosen for all pairs (7,8) < (70,80) with 1 < 8 < 7. Setting
H = W{VCyzgy : (7,8) < (70,80)} we have that H := (VC,O)_I(VH) admits
a covering, by relatively neo-compact sets, of cardinality less than d(S). So we can

choose zg,q, in S\H, which gives our inductive step and the result follows
(ii) Let v be any measure in P.(S) and choose v with 8 < v < a such that
supp(v) C Cy. Then for z = zg, we have

supp(v*8;) C closure(Cyz) C Tg and so v*6,(T) = 1.

This completes our proof. 1

4.4 LEMMA. Assume the notation of Lemma 4.3 and let T :=
{B: B is an ordinal with1 < 8 < a}. Then if S is either

(a) astip
or (b) such that M,(S) is non-zero,
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the subset V can be chosen so that for every T'y C ', defining T(r,) :=U{Tp: B €T}

we get:

(i) T(r‘l) = U{Tp : ,3 S F]},‘
(11) there exists a function fr, in LUC(S) such that 0 < fr, <1, fr, =1
on T(r,y and for T, CT with T1NT, =0, we have fr, o fr, = 0.

PRrRooF: Let 'y C T be fixed.

(a) We now prove (i) and (ii) for the case where § is a stip. First, by [5, Chapter 3,

Theorem 2.6] or [13], we can choose sets V and W as follows:
Let Z and W be compact neighbourhoods of the identity
of S and z € Z such that
WcCZzZ1'znz.
We fix V := Z? and W to be the set stated in 2.5(i).

(*)

To prove (i), let = be an element of T(pl). By definition of a stip, V~!(Vz) is a
neighbourhood of = and so, there exists n € I'; with V= (Vz)NT, # 0. So for some
v with 7 <7 < @, we have V=1(Vz) N Cyzy, # 0. Consequently

(1) z € V_I(VCW:,H).
From (1) and Lemma 4.3(i), we must have
V-1 (Vz)NCrzp, =0 for B #7

and so

VY (Va) N Ty =0 for § # 1.
Thus, if 0(z) denotes the interior of V=1(Vz), then
Tr\iap € S\0(z)

and so we must have
zeT,.

Hence T(pl) C U{Tps: B €T1}. The reverse inclusion follows trivially. This proves (i).
Next we prove (ii). Consider the function fr, defined by

fry(z) := 1~ min (p(w,T(pl)),l) (z €5)

where p is the pseudometric introduced in item 2.5(i). Trivially, we have that fr, is
continuous, 0 < fr, <1 and fr, =1 on T(pl).
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To show that fr, is LUC(S), let ¢ > 0 be given. By 2.5(i) and {13] (or (5,
Chapter 3]) we can choose open neighbourhoods of the identity, 0 and U, such that

0CUCW,
(2) 0~-1(0z) C u~Y(Uz) for some u € U,
and 0y N0z # O implies p(z,y) < e(z,y € S)

Now suppose 0yN0z # 0, and consider the case where fr,(z) # 0. Then p(z, T r,)) <
1 and so p(z,Tp) < 1 for some § € I'y. So we can find a v with § < v < a and
p(z,Cyz,) < 1. By 2.5(1) and (*), we get

(3) z € WY (WCyapy) C 27 (ZWCxpy) C 27 (VCyzpy).
Since 0z N 0y # O, we have (by (2) and (*)) that

y € 0710z) Cu~Y(Uz) Cu ' ((Z27'2)z) C (Zu) ' (22).
So there exists z; € Z such that
(4) nuy = zz.

From (3) and (4) we get zjuy € VC,zg, and, since zyu € ZU C Z2? = V, we thus

have
(5) y € V_I(VC.YQ:[.).’).

Hence (3) and (5) say that both = and y arein V~!(VC,zg,). Consequently, recalling
Lemma 4.3, if p(y,Cyzgy) < 1 we get

|fre, (=) = fr, ()] = |p(z, Cyzpy) — p(y, Crzpy)l < p(2,y) < &
and if p(y,Cyza4) 2 1, we get fr,(y) =0 and
|frl(:c) - fr(y)l = 1 — p(z,Cyzpy)l < |p(y, Cyzpy) — p(z,C7:c37)| < p(z,y) <e.

Therefore 0z N0y # @ and fr,(z) # 0 imply that |fr (z)— fr,(¥)| <e.

Now suppose 0z N0y # @ and fr,(z) = 0. If fr,(y) = O, there is nothing to
prove, while if fr (y) # 0 then (as noted above) we can find 7 € Ty, and suitable 7
such that p(y,C,z,,) < 1; leading to

|fe,(2) = fro ()l = 1 = oy, Cran, )l < p(2,) <.
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Hence 0z N Oy # @ implies |fr,(z) — fr,(y)| < e(z,y € §); and so fr, € LUC(S), by
item 2.5(ii).
Next we consider the function fr, e fr, where I'y and I'; are given disjoint subsets

of I'. Suppose

(fro @ fry)(2) = fr: (2)fry (2) # O for some z € .
Then one can find 8 € I'; and 5 € T'; such that
p(z,Tp) < 1and p(z,T;) < 1.
This would lead to
(6) ze VI (VC,a5,) NV (VC,a,,)

for some v and 7 with 8 < v < a and 7 < 7 < . But (6) contradicts Lemma 4.3.
By this contradiction we conclude that the function fr, e fr, isidentically equal to the
zero function.

This completes our proof when S is a stip.

(b) Now we consider the case where M,(S) is non-zero. By [5, Chapter 2, Theorems
1.14 and 2.3] or (4], we can find a measure v in P.(S)N M,(S) such that the mapping
z — v*é, of § into M,(S) is norm continuous. Let D := supp(v) and note that D is
compact.

We define V := D?. By (4] or [5, Chapter 2, Lemma 1.9], we have V=!(Vz) a
neighbourhood of z, for all z € §. Hence, with our newly defined V', item (i) can be
proved as done in case (a) and so we omit the details.

To prove (ii), we define the function fr, by
frl(:l:) = v, (ﬁ(rl)) (.’B € S)
For any z,y € S we have that

l=(fry) = o (fr)ll < flv*62 — w76yl

and so, by the norm continuity of the map s — v*6, of S into M(S), we have fr, in
LUC(S). It is also evident that 0 < fr, <1 and fr, =1 on T(pl).

To complete the proof we now show that fr, e fr, =0 where I'; C T is disjoint
from I'y. To this end, suppose on the contrary there exists an z in S such that

frl (:C)frz(:l:) > 0.
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That fr,(z) > 0 means

v's, (ﬁ“—(pl)) =v*é, (D:‘C ﬂﬁ([\l)) >0,

since supp(v*8,) = Dz. By [4] or [5] (as similarly noted above) we have that
D~!(D?z) is a neighbourhood of Dz and so D~!'(D%z) N DT(r,) # O which implies
that

(7) v € D7D ry) =V (VTir,))-

Similarly, that fr,(z) > 0 implies
(8) z € V7 (VTiry))-

By Lemma 4.3, we have
V-1 (VT(FI)) ny-! (VT(FZ)) = @—contrary to (7) and (8). By this contradiction,

we conclude that fr, e fr, is the zero function on §. ]
5 PROOF OF THEOREMS 3.1 AND 3.2

Throughout this section, S denotes a stip that is not relatively neo-compact.

5.1 ProoF oF THEOREM 3.1: We employ an argument along lines given in [9}].
Let T be as stated in Lemma 4.4 and let U be the class of ultrafilters on T'.
Corresponding to each A € U we claim that there exists a LIM on LUC(S),

m 4, such that
(1) ma(fr,)=1forevery 'y € A

where fr, is as in Lemma 4.4. To verify our claim, we first note that for each 3 € I’
we can find mg € LIM(LUC(S)) such that

mg (f{ﬁ}) =1, by Lemmas 4.2 and 4.4.

So for each T'; € A we can choose mr, € LIM(LUC(S)) (for example mp, = mg for
any 3 € I'y) such that
mr, (frl ) =1.

Since LIM(LUC(S)) is a weak*-compact subset of LUC(S)", there exists a weak *-
limit point, m € LIM(LUC(S)), of the net (mFI)PIEA’ where the ordering on 4 is
backwards inclusion. One can easily note that m satisfies (1) and so we take m 4 : = m

and our claim is proved.
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Next we show that, for distinct ultrafilters A; and A; in U, we have my4, # my,.
To this end, fix disjoint subsets I'; and I'; of T with I'; € A; and T'; € A;. Let fp,
and fr, be asin Lemma 4.4 and note that 0 < fr, + fr, < 1. Soitem (1) and Lemma
4.4 (ii) give

12 mAl(fFl + sz) = mAl(frl) +mA1(sz) =1 +mA1(f1"z)

and so my, (fr,) =0, while m4,(fr,) =1.
It follows that card(LIM(LUC(S))) > card(U). It is well-known that card(U) >
22!"! (see for example [7]). As |I'| = d(S), we have

card(LIM(LUC(S))) > 22°°.

|
5.2 PROOF OF THEOREM 3.2: (i) By Theorem 3.1 we only need to show that

card( LIM(LUC(S))) < 22™°.

First we consider the case where the identity or S is §-isolated. By {14] or {15, Chapter
3, Proposition 3.8(1)] we can find a compact subgroup G of S such that every compact

subset C of S contains a countable subset Bg such that
C CGBeg.

Let m be normalised Haar measure on G and define the space

N(S) :={mof: f € LUC(S)}.
For g € G and b€ B¢, we have (by invariance of 7)

rof(gb) = mof (b).
So each function in N(S) is uniquely determined by its value on
B:=U{B¢,: 1<y <a'}

where o' is the smallest ordinal having cardinality 5(S) and {C,: 1 <7y <a'} isa

covering of S by compact sets. Hence

IB| < Ro 0 b(S) = b(S).
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Therefore

IN(S)| < Bl < H5) = 2b(S)
and
(1) IN(s)"| < 227,

Now for each m € LIM(LUC(S)), we have that m is a TLIM by [5, Chapter 4,

Lemma 2.3}, and so

m(f) = m(wof)  (f € LUC(S)).

Thus m can be viewed as an element of N(S)" and, recalling (1), we get
card(LIM(LUC(S))) < card(N(5)") < 92"(5)

For the case where S is commutative, let e be a é-isolated idempotent and note
that m € LIM(LUC(S)) gives m € LIM(LUC(eSe)) since ofe = f and m(.f) =
m(f). Since eSe is a stip (see [5] or [13]) with §-isolated identity e, our result follows

from the above argument.
(ii) If S is o-compact, by [13] or [5, Chapter 3, Lemma 3.4] we can find z € S and
a §-isolated idempotent, e, such that

zS C eSe

and so each m € LIM(LUC(S)) gives rise to m € LIM(LUC(eSe)), leading to

b(s)

card(LIM(LUC(S))) < 2°
as noted above.
Recalling (i) and Proposition 2.2, our result follows. (]

6 PROOF OF THEOREM 3.3 AND COROLLARIES 3.4 AND 3.5

6.1 PROOF OF THEOREM 3.3: (i) The proof of Theorem 3.1 gives

card(LIM(LUC(S))) > 2°°
for our present semigroup S, and so we omit details.

To show that card(LIM(LUC(S))) < 22" we first develop a background that
would enable one to argue in a similar manner to the proof of Theorem 3.2(i). By (4]
or [5], we can find a measure v in P,(S)N M,(S) such that the mapping z — v*§, of
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S into M(S) is norm continuous. Hence each compact subset C contains a countable
subset B¢ such that

{v*é6:: =z € C} C cdlosure{v*6, : = € Bc}.
Consequently, noting that vof(z) = v*6,(f), we have for all f € LUC(S),
(1) {vof(z): = € C} C closure{vof(z): z € B¢},

Let
N(S):={vof: fe LUC(S)}

and note that m(vof) = m(f) for all f € LUC(S) and m € LIM(LUC(S)). With
this and (1) in mind, the reader can mimic the argument in the proof of Theorem 3.2(i)

to complete the proof.

(ii) Note that for A € M(S)" and v asin the proof of (i), voh, viewed as a function
on S (given by voh(z) = voh(6,)) is in LUC(S) since

= (voh) — y(woh)| <Al 762 = v*éll  (z,y € 5).

So each TLIM on M(S)" can be viewed as a LIM on LUC(S) and hence

b( S)

card(TLIM (M(S)")) < 2
by (i). Also the proof of Theorem 3.1 can be mildly amended to give

card(TLIM (M(S)")) > 227,
/
by using Lemma 4.1 in place of 4.2 and replacing the functions fr, € LUC(S) by
functionals fr, € M(S)* given by fr (p) = ,u(T(pl)) for all p € M(S). (We omit
the details.)

Recalling Proposition 2.2, the proof of our Theorem is complete. 1

6.2 PROOF OF COROLLARY 3.4: By restriction each TLIM on M(S)" gives rise
toa TLIM on M,(S)" and on LUC(S). By [5, Chapter 4, Theorem 2.4] each LIM
on LUC(S) gives rise to a TLIM on M(S)". With this in mind, the result follows

from Theorem 3.3. [

6.3 PROOF OF COROLLARY 3.5: Recalling that M,(G) is identifiable with L(G)
and hence M,(G)" with L%(G)—see for example [8], the result is a special case of
Corollary 3.4. ]
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7 PROOF OF THEOREM 3.6

Since § is o-compact, we have b(S) = d(S) = Ry and the sets C, mentioned in
Lemma 4.3 can thus be chosen to be compact, giving ¢ -compact sets Tg for 1 8 < .
Hence mimicing the proof of Theorem 3.1, using Lemma 4.1 in place of 4.2 and replacing
functions fr, by functionals given by fr, () := p.(T(pl)) forall p€ M(S)and I'y CT,
we get

card(TLIM (M(5)")) > 22" = 22" = 2¢,

(We omit details.) ]

8 SOME REMARKS

8.1. As noted in 2.4, interest in stips arose from the fact that every locally compact
topological semigroup, S, with an identity element and coinciding with the foundation
of M,(S), is a stip. However, it is still not known whether every stip supports an
absolutely continuous measure—see [5] and [13]. Recently a number of studies have
shown that many results one can obtain for locally compact topological semigroups
supporting absolutely continuous measures remain valid for stips—see for example |5,
Chapter 3, Section 4] and {14]. To some extent out Theorems 3.1 and 3.2 belong to the

same sphere.

8.2. We strongly believe that Theorem 3.2(i) holds for all stips. A reader interested in
persuing this problem may find the studies in [5] and [13] of some use.

8.3. There are many semigroups satisfying the hypothesis of Theorem 3.6 which are
not stips and do not support absolutely continuous measures. One simple example is
S :=[0,00) with the relative line topology and maximum operation. We also feel that
Theorem 3.6 may be extendable to left invariant means on left uniformly continuous

functions as follows:

CONIECTURE. If S is a C -distinguished topological semigroup that is ¢ -compact
but not relatively neo-compact, and such that LUC(S) admits a left invariant mean,

then

card(LIM{LUC(S))) = 2°.
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