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Abstract

We study recurrence and transience for Lévy processes induced by topological transformation groups
acting on complete Riemannian manifolds. In particular the transience–recurrence dichotomy in terms
of potential measures is established and transience is shown to be equivalent to the potential measure
having finite mass on compact sets when the group acts transitively. It is known that all bi-invariant
Lévy processes acting in irreducible Riemannian symmetric pairs of noncompact type are transient. We
show that we also have ‘harmonic transience’, that is, local integrability of the inverse of the real part of
the characteristic exponent which is associated to the process by means of Gangolli’s Lévy–Khinchine
formula.
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1. Introduction

Lévy processes in Lie groups have recently attracted considerable interest and the
monograph [28] is dedicated to their investigation. The purpose of this paper is to
develop some theoretical insight into the recurrence and transience of such processes.
Lévy processes are often considered as natural continuous-time generalisations of
random walks. It is well known that recurrence and transience of random walks in
groups is intimately related to volume growth in the group (see [5, 6, 18]). From
another point of view, a path continuous Lévy process on a group is a Brownian motion
with drift and there has been a great deal of work on transience/recurrence of Brownian
motion in the more general context of processes on Riemannian manifolds. For a nice
survey, see [17].
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The classic analysis of transience and recurrence for Lévy processes on locally
compact abelian groups involves a subtle blend of harmonic analytic and probabilistic
techniques. This work was carried out by Port and Stone [30] who showed that a
necessary and sufficient condition for transience is local integrability of the real part
of the inverse of the characteristic exponent with respect to the Plancherel measure on
the dual group. A nonprobabilistic version of this proof was given by Itô [26]—see
also [21, Section 6.2] and [24]. It relies heavily on reduction to the case where the
group is of the form Rd × Zn.

Harmonic analytic methods may, at least in principle, be applied to the
noncommutative case if we work with Gelfand pairs (G, K) (or more generally, with
hypergroups for which we refer readers to [10, Section 6.3]). Here we can take
advantage of the existence of spherical functions to develop harmonic analysis of
probability measures in the spirit of the abelian case — indeed in the important case
where G is a connected Lie group and K is a compact subgroup (so that G/K is a
symmetric space), a Lévy–Khintchine type formula which classifies bi-invariant Lévy
processes in terms of their characteristic exponent was developed by Gangolli [16].
For further developments of these ideas, see [1, 29] and the survey article [22]. An
important approach to establishing the transience of a Markov process is to prove that
the associated Dirichlet form gives rise to a transient Dirichlet space. A comprehensive
account of this approach can be found in [15, Section 1.5]. Bi-invariant Dirichlet forms
associated to Gelfand pairs (G, K) were first studied in a beautiful paper by Berg [7].
He was able to establish that if the Dirichlet space is transient then the inverse of the
characteristic exponent is locally integrable with respect to Plancherel measure on the
space of positive definite spherical functions. However he was only able to establish
the converse to this result in the case where the group was compact or of rank-one.
By using different techniques, Berg and Faraut [8] (see also the survey [23]) were
able to show that all bi-invariant Lévy processes associated to noncompact irreducible
Riemannian symmetric pairs are transient as are the associated Dirichlet spaces in
the symmetric case. One of the goals of the current paper is to show that all such
processes are harmonically transient in the sense that the inverse of the real part of the
characteristic exponent is locally integrable with respect to Plancherel measure. Note
that this is a slightly stronger result than is obtained in the Euclidean case.

The organisation of this paper is as follows. First we study Lévy processes in
a quite abstract context, namely topological transformation groups G acting on a
complete metric space M. This allows us to work with processes on the group
and then study the induced action on the space of interest. For the main part of
the paper, M will be a complete Riemannian manifold. There are three key results
here. First we establish a recurrence/transience dichotomy for the induced process in
terms of potential measures of open balls. This part of the paper closely follows the
development given in Sato [31, Section 7.35] for Euclidean spaces. Secondly we show
that such processes are always recurrent when the space is compact, and thirdly, when
the group acts transitively, we establish that transience of the process is equivalent to
the finiteness of the potential measure on compact sets. This last result (well known in
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the abelian case) is important for bridging the gaps between probabilistic and analytic
approaches to transience.

In the second half of the paper we specialise by taking the group G to be a
noncompact semisimple group having a finite centre. We fix a compact subgroup K so
that we can consider the action on the symmetric space G/K. We consider symmetric
K-bi-invariant Lévy processes within this context. Using the spherical transform, we
establish pseudo-differential operator representations of the Markov semigroup, its
generator and the associated Dirichlet form which may be of interest in their own
right (cf. [3]). We then establish the result on harmonic transience as described above.

N. If M is a topological space, B(M) is the σ-algebra of Borel measurable
subsets of M, Bb(M) is the Banach space of all bounded Borel measurable real-valued
functions on M (equipped with the supremum norm || · ||). When M is locally compact
and Hausdorff then C0(M) is the closed subspace of Bb(M) comprising continuous
functions on M which vanish at infinity and Cc(M) is the dense linear manifold in
C0(M) of continuous functions on M which have compact support. If F (M) is any
real linear space of real-valued functions on M, then F+(M) always denotes the cone
therein of nonnegative elements. Throughout this article, G is a topological group
with neutral element e. For each σ ∈G, lσ denotes left translation on G and l∗σ is its
differential. If m is a Haar measure on a locally compact group G, we write m(dσ)
simply as dσ. When G is compact, we always take m to be normalised. The reversed
measure µ̃ that is associated to each Borel measure µ on a topological group G is
defined by µ̃(A) := µ(A−1) for each A ∈ B(G). If f ∈ L1(G, µ) we will sometimes write
µ( f ) :=

∫
G

f dµ. If X and Y are G-valued random variables defined on some probability

spaces, with laws PX and PY , respectively, then X
d
= Y means PX = PY . R+ := [0,∞).

We will use Einstein summation convention throughout this paper. The complement
of a set A is Ac.

2. Transformation groups and Lévy processes

2.1. Probability on transformation groups. Let G be a topological group with
neutral element e, M be a topological space and Φ : G × M→ M be continuous. We
say that (G, M, Φ) is a transformation group if for all m ∈ M:

(T1) Φ(e, m) = m;
(T2) Φ(σ, Φ(τ, m)) = Φ(στ, m), for all σ, τ ∈G;

in other words, Φ is a left action of G on M.
For fixed m ∈ M, we will often write Φm to denote the continuous map from G to

M defined by Φm := Φ(·, m). We will be particularly interested in the case where M is
a Riemannian manifold. We then say that (G, M, Φ) is Riemannian.

The transformation group (G, M, Φ) is said to be transitive if for all m, p ∈ M there
exists σ ∈G such that p = Φ(σ, m). In this case each mapping Φm is surjective. A rich
class of transitive transformation groups is obtained by choosing a closed subgroup K
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of G and taking M to be the homogeneous space G/K of left cosets. In this case, we
will write

Φp(σ) := Φ(σ, p) = στK,

where p = τK for some τ ∈G. The canonical surjection from G to G/K will be denoted
by π.

Now let (Ω, F , P) be a probability space and X be a G-valued random variable
with law pX . For each m ∈ M we obtain an M-valued random variable XΦ,m by the
prescription XΦ,m := Φm(X). The law of XΦ,m is pΦ,m

X := pX ◦ Φ−1
m and it is clear that

if Y is another G-valued random variable then XΦ,m and YΦ,m are independent if X
and Y are. Sometimes we will work with a fixed m ∈ M and in this case we will
write XΦ = XΦ,m. In the case where M = G/K we will always take m = eK and write
Xπ := XΦ,m.

2.2. Metrically invariant transformation groups. For much of the work that we
will carry out in this paper we will need additional structure on the transformation
group (G, M, Φ). Specifically we will require the space M to be metrisable by a
complete invariant metric d. In this case we will say that (G, M, Φ) is metrically
invariant. We emphasise that invariance in this context is the requirement that

d(Φ(σ, m1), Φ(σ, m2)) = d(m1, m2),

for all m1, m2 ∈ M, σ ∈G.
Two examples will be of particular relevance for our work:

E 2.1. Compact Lie groups.

Here M = G is a compact Hausdorff Lie group and Φ is left translation. Fix an
inner product 〈·, ·〉 on g and let 〈〈X, Y〉〉 :=

∫
G
〈l∗σX, l∗σY〉dσ for all X, Y ∈ g. Then

〈〈·, ·〉〉 induces a left-invariant Riemannian metric on G and the associated distance
function inherits left invariance. Since G is compact, it is geodesically complete
and so is a complete metric space by the Hopf–Rinow theorem (see, for example,
[12, pages 26–27]).

E 2.2. Symmetric spaces [19, 32].

Let G be a Lie group that is equipped with an involutive automorphism Θ and
let K be a compact subgroup of G such that Θ(K) ⊆ K. M = G/K is then a C∞-
manifold and we take m = π(e) = eK. Let g be the Lie algebra of G. We may write
g = l ⊕ p, where l and p are the +1 and −1 eigenspaces of Θ∗, respectively, and we
have π∗(p) = Tm(M). Every positive definite Ad(K)-invariant inner product defines a
G-invariant Riemannian metric on M under which M becomes a globally Riemannian
symmetric space (with geodesic symmetries induced by Θ). Integral curves of left-
invariant vector fields on G project to geodesics on M and completeness follows by
the same argument as in Example 2.1.

In particular, if G is semi-simple then l = k where k is the Lie algebra of K
and g = k ⊕ p is a Cartan decomposition of g. Using the fact that any tangent

https://doi.org/10.1017/S1446788713000062 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788713000062


308 D. Applebaum [5]

vector Yq ∈ Tq(M) (where q = τK for τ ∈G) is of the form l∗τ ◦ π
∗(Y) for some Y ∈ p,

the required metric is given by

〈Yq, Zq〉 = B(Y, Z),

where Zq = l∗τ ◦ π
∗(Z) and B is the Killing form on g.

A third important class of examples is obtained by taking M to be an arbitrary
geodesically complete Riemannian manifold and G to be the group of all isometries
of M.

3. Lévy processes in groups

Let Z = (Z(t), t ≥ 0) be a stochastic process defined on (Ω, F , P) and taking values
in the topological group G. The right increment of Z between s and t where s ≤ t is the
random variable Z(s)−1Z(t).

We say that Z is a Lévy process in G if it satisfies the following:

1. Z has stationary and independent right increments;
2. Z(0) = e (a.s.);
3. Z is stochastically continuous, that is, lims↓t P(Z(s)−1Z(t) ∈ A) = 0 for all A ∈

B(G) with e < Ā and all t ≥ 0.

Note that Z is called a left Lévy process in [28]. The corresponding notion of
right Lévy process is obtained by using left instead of right increments, where the left
increment of Z between s and t, s ≤ t, is the random variable Z(t)Z(s)−1.

Now let (µt, t ≥ 0) be the law of the Lévy process Z, then it follows from the
definition that (µt, t ≥ 0) is a weakly continuous convolution semigroup of probability
measures on G, where the convolution operation is defined for probability measures µ
and ν on G to be the unique probability measure µ ∗ ν such that∫

G
f (σ)(µ ∗ ν)(dσ) =

∫
G

∫
G

f (στ)µ(dσ)ν(dτ),

for each f ∈ Bb(G). In particular, we have, for all s, t ≥ 0,

µs+t = µs ∗ µt and lim
t→0

µt = µ0 = δe,

where δe is the Dirac measure concentrated at e, and the limit is taken in the weak
topology of measures.

We obtain a contraction semigroup of linear operators (Tt, t ≥ 0) on Bb(G) by the
prescription

(Tt f )(σ) = E( f (σZ(t))) =

∫
G

f (στ)µt(dτ), (3.1)

for each t ≥ 0, f ∈ Bb(G), σ ∈G. The semigroup is left-invariant in that LσTt = TtLσ
for each t ≥ 0, σ ∈G, where Lσ f (τ) = f (σ−1τ) for all f ∈ Bb(G), τ ∈G.
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Conversely, given any weakly continuous convolution semigroup of probability
measures (µt, t ≥ 0) on G, we can always construct a Lévy process Z = (Z(t), t ≥ 0)
such that each Z(t) has law µt by taking Ω to be the space of all mappings from R+ to G
and F to be the σ-algebra generated by cylinder sets. The existence of P then follows
by Kolmogorov’s construction, and the time-ordered finite-dimensional distributions
have the form

P(Z(t1) ∈ A1, Z(t2) ∈ A2, . . . , Z(tn) ∈ An)

=

∫
G

∫
G
· · ·

∫
G

1A1 (σ1)1A2 (σ1σ2) · · · 1An (σ1σ2 · · · σn)µt1 (dσ1)

× µt2−t1 (dσ2) · · · µtn−tn−1 (dσn),

for all A1, A2, . . . , An ∈ B(G), 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn <∞. For a proof in the case
G = Rd, see [31, Theorem 10.4 on pages 55–57]. The extension to arbitrary G is
straightforward. The Lévy process Z that is constructed by these means is called a
canonical Lévy process.

If G is a locally compact Hausdorff group then (Tt, t ≥ 0) is a left-invariant Feller
semigroup in that

Tt(C0(G)) ⊆C0(G) and lim
t↓0
||Tt f − f || = 0

for each f ∈C0(G). The infinitesimal generator of (Tt, t ≥ 0) is denoted by A. A
characterisation of A can be found in [11] (see [25, 28] for the Lie group case.) It
follows from the argument in [28, page 10] that if (Z(t), t ≥ 0) is a G-valued Markov
process with left-invariant Feller transition semigroup then it is a Lévy process.
Moreover, if G is separable and metrisable as well as being locally compact then by
[14, Theorem 2.7 in Ch. 4, page 169], the process has a càdlàg modification (that is one
that is almost surely right continuous with left limits.)

Let (G, M, Φ) be a transformation group and (Z(t), t ≥ 0) be a Lévy process on
G. Then for each m ∈ M, t ≥ 0 we define ZΦ,m(t) := Φm(Z(t)). The M-valued process
ZΦ,m = (ZΦ,m(t), t ≥ 0) will be called a Lévy process on M starting at m. This is to
some extent an abuse of terminology as the one-point motion ZΦ,m is not, in general, a
Markov process if Z is (as we have assumed) a left Lévy process. However, this will
be the case when M is a symmetric space as in Section 5. Note that (as is shown in [28,
Proposition 2.1 on page 33]), the left action always produces a Markov process on M
when Z is a right Lévy process and the reader can check that all the results that we
obtain in the next section are also valid in this case.

4. Criteria for recurrence and transience

Throughout this section, (G, M, Φ) will be a metrically invariant transformation
group and d will denote the complete metric on M, Z will be a Lévy process on G and
ZΦ,m will be the associated Lévy process on M starting at m.
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We say that Z is recurrent at m if

lim inf
t→∞

d(ZΦ,m(t), m) = 0 (a.s.),

and transient at m if
lim
t→∞

d(ZΦ,m(t), m) =∞ (a.s.).

If (G, M, Φ) is also transitive, it follows easily from the invariance of d that if
Z is recurrent (respectively, transient) at any given point of M then it is recurrent
(respectively, transient) at every point of M.

Define the potential measure V associated to Z by

V(A) =

∫ ∞

0
µs(A) ds,

so that V(B) ∈ [0,∞], for each B ∈ B(G). For each m ∈ M, the induced potential
measure on B(M) is defined by

VΦ,m := V ◦ Φ−1
m .

In the following, we will frequently apply VΦ,m to open balls of the form Br(m) =

{p ∈ M : d(p, m) < r} for some r > 0. When m ∈ M is fixed, we will write VΦ := VΦ,m.
The following transience–recurrence dichotomy gives a characterisation in terms of

the behaviour of potential measures in the case where M is a (complete) Riemannian
manifold.

T 4.1. If Z = (Z(t), t ≥ 0) is a Lévy process in a group G and (G, M, Φ) is a
metrically invariant Riemannian transformation group then for fixed m ∈ M:

(1) Z is either recurrent or transient at m;
(2) Z is recurrent if and only if VΦ(Br(m)) =∞ for all r > 0;
(3) Z is recurrent if and only if

∫ ∞
0

1Br(m)(ZΦ(t)) dt =∞ (a.s.), for all r > 0;
(4) Z is transient if and only if VΦ(Br(m)) <∞, for all r > 0;
(5) Z is transient if and only if

∫ ∞
0

1Br(m)(ZΦ(t)) dt <∞ (a.s.), for all r > 0.

P. We omit the full details, as this proof is carried out in the same way as the
analogous proof for the case G = M = Rd, which can be found in [31, pages 237–242].
The main difference is that we systematically replace the Euclidean norm | · | with
d(m, ·) in all arguments. So analogues of (1), (2) and (3) are first established for
G-valued random walks (see also [18, pages 19–20]). Observe that for each h > 0,
(Z(nh), n ∈ Z+) is a random walk on G since for each n ∈ N,

Z(nh) = Z(h).Z(h)−1Z(2h) · · · Z((n − 2)h)−1Z((n − 1)h).Z((n − 1)h)−1Z(nh)

is the composition of n i.i.d. G-valued random variables.
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Another important step in the proof which we emphasise is the generalisation of
the following inequality, due to Kingman [27] in the case G = Rd, that is, there exists
γ : R+→ R with limε↓0 γ(ε) = 1, such that for all r, ε, t > 0,

P
(∫ ∞

t
1B2r(m)(ZΦ(s)) ds > ε

)
≥ γ(ε)P(d(ZΦ(s + t), m) < r, for some s > 0).

To illustrate how the arguments work we present the proof of (4). First observe that
by (1) if Z is transient it is not recurrent and so (2) fails to hold, hence (4) holds.
Conversely assume that VΦ(Br(m)) <∞, for all r > 0 and choose ε so that γ(ε) > 1

2 .
By the Markov and Kingman inequalities we find that for all t ≥ 0,

E
[∫ ∞

t
1B2r(m)(ZΦ(s)) ds

]
≥ εP

[∫ ∞

t
1B2r(m)(ZΦ(s)) ds > ε

]
>
ε

2
P(d(ZΦ(s + t), m) < r, for some s > 0).

By Fubini’s theorem,

VΦ(B2r(m)) = E
[∫ ∞

0
1B2r(m)(ZΦ(s)) ds

]
,

and so by our assumption,
∫ ∞

t
1B2r(m)(ZΦ(s)) ds <∞ (a.s.). By a similar argument we

find that

lim
t→∞
E
[∫ ∞

t
1B2r(m)(ZΦ(s)) ds

]
= 0,

and hence limt→∞ P(d(ZΦ(s + t), m) < r, for some s > 0) = 0. Transience at m then
follows from the observation that

{lim
t→∞

d(ZΦ(t), m) =∞} =

∞⋂
k=1

∞⋃
n=1

{d(ZΦ(s + n), m) ≥ k for all s > 0}.

This completes the proof of the theorem. �

We now show that, just as in the case G = Rd, the recurrence or transience of Lévy
processes is related to that of certain embedded random walks. Again the proof of this
theorem follows along the same lines as that in Sato [31, page 242]. This time, we
give more of the details.

T 4.2. If the G-valued random walk (Z(nh), n ∈ Z+) is recurrent at m ∈ M for
some h > 0, then so is the Lévy process Z. Conversely, if Z is a càdlàg G-valued Lévy
process that is recurrent at m ∈ M, then there exists h > 0 such that the random walk
(Z(nh), n ∈ Z+) is recurrent at m.

P. Suppose the random walk is recurrent at m, then lim infn→∞ d(ZΦ(nh), m) = 0
(a.s.). Since

0 ≤ lim inf
t→∞

d(ZΦ(t), m) ≤ lim inf
n→∞

d(ZΦ(nh), m) = 0,

we see that Z is recurrent.
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Conversely, suppose that Z is recurrent at m. First note that sups∈[0,h] d(ZΦ(s), m) <
∞ (a.s.) for each h > 0 since Z is càdlàg and d is continuous. It follows that there
exists h > 0, r > 0 such that P(sups∈[0,h] d(ZΦ(s), m) < r) > 1

2 . By the argument of [31,
page 241] ((3)⇒ (4) therein), we deduce that

P(ZΦ(nh) ∈ B3r(m)) ≥
1
2h

∫ nh

(n−1)h
P(ZΦ(t) ∈ B2r(m)) dt.

From this and Theorem 4.1(2), it follows that
∑∞

n=1 P(ZΦ(nh) ∈ B3r(m)) =∞ and so the
random walk is recurrent, as required. �

We complete this section by establishing two straightforward but useful results.

P 4.3. If M is compact then every G-valued càdlàg Lévy process is recurrent
at every point m ∈ M.

P. The mapping p→ d(m, p) from M to R is continuous and hence its image
is compact. Consequently, the mapping t→ d(m, ZΦ(t)) is a.s. bounded for every
càdlàg Lévy process (Z(t), t ≥ 0) on G, and so such a process cannot be transient.
Hence it is recurrent by Theorem 4.1(1). �

R. Take G = M in Proposition 4.3 to be a compact Lie group equipped with a
left-invariant Riemannian metric. It follows from [4, Lemma 5.4] that (modulo some
technical conditions on the characteristics of (µt, t ≥ 0)) the unique invariant measure
for the Markov semigroup (Tt, t ≥ 0) is (normalised) Haar measure.

T 4.4. Let (G, M, Φ) be a metrically invariant Riemannian transformation
group and Z = (Z(t), t ≥ 0) be a Lévy process in G. If ZΦ,m is transient at m then
VΦ,m(K) <∞ for every compact set K in M. If (G, M, Φ) is also transitive then the
converse statement holds.

P. Fix m ∈ M. If Z is transient at m then VΦ,m(Br(p)) <∞ for all p ∈ M, r > 0. To
see this, observe that we can always find a u > 0 such that Br(p) ⊆ Bu(m). Then by
Theorem 4.1(4), we have VΦ,m(Br(p)) ≤ VΦ,m(Bu(m)) <∞. Now since M is complete,
every compact K in M is totally bounded and so we can find N ∈ N, p1, . . . , pN ∈ M
and r1, . . . , rN > 0 such that K ⊆

⋃N
i=1 Bri (pi). Hence

VΦ,m(K) ≤
N∑

i=1

VΦ,m(Bri (pi)) <∞,

as was required.
Now suppose that (G, M, Φ) is transitive and assume that VΦ,m(K) <∞ for every

compact set K in M. Since M is locally compact and Hausdorff there exists a compact
K which has nonempty interior K0, and we choose p ∈ K0. Then we can find r > 0 such
that Br(p) ⊆ K0. Hence VΦ,m(Br(p)) ≤ VΦ,m(K0) ≤ VΦ,m(K) <∞ and so by transitivity
VΦ,m(Br(m)) <∞. Hence, by Theorem 4.1 the process cannot be recurrent and so it is
transient. �
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5. Transience and harmonic transience for bi-invariant convolution semigroups
on noncompact symmetric pairs

In this section we will be concerned with weakly continuous bi-invariant
convolution semigroups of probability measures (µt, t ≥ 0) defined on noncompact
Riemannian symmetric pairs (G, K). We begin with some harmonic analysis of the
associated left-invariant Feller semigroup on G and its generator.

5.1. Spherical representation of semigroups and generators. Let (G, K) be a
Riemannian symmetric pair of noncompact type so G is a connected semisimple Lie
group with finite centre and K is a maximal compact subgroup. We note that G is
unimodular and we fix a bi-invariant Haar measure. The Iwasawa decomposition
gives a global diffeomorphism between G and a direct product KAN, where A and
N are simply connected with A being abelian and N nilpotent wherein each g ∈G
is mapped onto k(g) exp(H(g))n(g), where k(g) ∈ K, n(g) ∈ N and H(g) ∈ a which is
the Lie algebra of A. We recall that the spherical functions on (G, K) are the unique
mappings φ ∈C(G, C) for which φ , 0 and∫

K
φ(σkτ) dk = φ(σ)φ(τ), (5.1)

for all σ, τ ∈G. We refer the reader to [20] for general facts about spherical functions.
In particular, it is shown therein that every spherical function on G is of the form

φλ(σ) =

∫
K

e(iλ+ρ)(H(kσ)) dk, (5.2)

for σ ∈G, where λ ∈ a∗C, which is the complexification of the dual space a∗ of a, and ρ
is half the sum of positive roots (relative to a fixed lexicographic ordering). Note that
if λ ∈ a∗ then φλ is positive definite.

A Borel measure µ on G is said to be K-bi-invariant if

µ(k1Ak2) = µ(A),

for all k1, k2 ∈ K, A ∈ B(G). The setM(K\G/K) of all K-bi-invariant Borel probability
measures on G forms a commutative monoid under convolution, that is,

µ ∗ ν = ν ∗ µ,

for all µ, ν ∈M(K\G/K). The spherical transform of µ ∈M(K\G/K) is defined by

µ̂(λ) =

∫
G
φλ(σ)µ(dσ),

for all λ ∈ a∗C. Note that
µ̂ ∗ ν(λ) = µ̂(λ)̂ν(λ), (5.3)

for all µ, ν ∈M(K\G/K), λ ∈ a∗C.
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Fix a basis (X j, 1 ≤ j ≤ n) of the Lie algebra g of G, where n is the dimension of
G. As is shown in [25, 28], there exist functions xi ∈C∞c (G), 1 ≤ i ≤ n, so that xi(e) =

0, Xix j(e) = δi j and {xi, 1 ≤ i ≤ n} are canonical coordinates for G in a neighbourhood
of the identity in G. A measure ν defined on B(G − {e}) is called a Lévy measure
whenever

∫
G−{e}

(
∑n

i=1 xi(σ)2)ν(dσ) <∞ and ν(Uc) <∞ for any Borel neighbourhood
U of G.

From now on we will assume that the measures forming the convolution semigroup
(µt, t ≥ 0) are K-bi-invariant for each t > 0. Recall that (Tt, t ≥ 0) is a Feller
semigroup which extends to a Markovian semigroup on L2(G). Under the bi-
invariance assumption, it follows that for each t > 0, Tt preserves the real Hilbert space
L2(K\G/K) of K-bi-invariant square integrable functions on G. Let || · ||2 denote the
norm in L2(G). From now on we make the following assumption.

A. α0 := limt→0(1/t)||Tt ||2 < 0.

The importance of this assumption is precisely that it excludes the degenerate case
that µt is equal to normalised Haar measure on K for all t > 0.

We have Gangolli’s Lévy–Khintchine formula (see [1, 16, 29])

µ̂t(λ) = exp{−tηλ}, (5.4)

for all λ ∈ a∗, t ≥ 0. Here

ηλ = βλ +

∫
G−{e}

(1 − φλ(τ))ν(dτ), (5.5)

where βλ ∈ C and ν is a K-bi-invariant Lévy measure on G (see [16, 29] for details).
We call ηλ the characteristic exponent of the convolution semigroup. We will always
assume that (G, K) is irreducible, that is, that the adjoint action of K leaves no proper
subspace of p invariant. In this case βλ ≥ 0. Note that α0 = −η0 < 0, as required (see [8,
page 286].) We can and will equip G with a left-invariant Riemannian metric that is
also right K-invariant. Let ∆G be the associated Laplace-Beltrami operator of G. Then
−βλ is an eigenvalue of a∆G where a ≥ 0. Specifically, for each λ ∈ a∗C we have

βλ = a(|λ|2 + |ρ|2),

where the norm is that induced on a∗C by the Killing form (see [20, page 427]). We
define β̃λ = |λ|2 + |ρ|2.

P 5.1. There exists K > 0 such that for all λ ∈ a∗,

|ηλ| ≤ K(1 + |λ|2 + |ρ|2).

P. Let U be a coordinate neighbourhood of e in G and write∫
G−{e}

(1 − φλ(τ))ν(dτ) =

∫
U−{e}

(1 − φλ(τ))ν(dτ) +

∫
Uc

(1 − φλ(τ))ν(dτ).
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Since φλ is positive definite we have supσ∈G |φλ(σ)| ≤ φλ(e) = 1, and so∫
Uc |1 − φλ(τ)|ν(dτ) ≤ 2ν(Uc) <∞. Using a Taylor series expansion as in [28, page 13]

and the fact that Xiφλ(e) = 0 for each 1 ≤ i ≤ n, we see that for each τ ∈ U there exists
τ′ ∈ U such that

1 − φλ(τ) = − 1
2 xi(τ)x j(τ)XiX jφλ(τ′).

Arguing as in [29, Proof of Lemma 1], we apply a Schauder estimate to the equation
∆Gφλ = −β̃λφλ to deduce that for each 1 ≤ i, j ≤ n there exists Ci j > 0 so that

|XiX jφλ(τ′)| ≤ Ci j(1 + β̃λ) sup
σ∈G
|φλ(σ)|

≤ Ci j(1 + β̃λ).

Hence, we have∫
U−{e}

|1 − φλ(τ))|ν(dτ) ≤
1 + β̃λ

2

n∑
i, j=1

Ci j

∫
U−{e}

|xi(τ)x j(τ)|ν(dτ)

≤
1 + β̃λ

2

( n∑
i, j=1

C2
i j

) 1
2
∫

U−{e}

n∑
i=1

xi(τ)2ν(dτ) <∞,

and the required result follows easily from here. �

If λ ∈ a∗ and (µt, t ≥ 0) is symmetric, it is easily verified that ηλ is real-valued and
nonnegative. Indeed from (5.5) and (5.2) we obtain

ηλ = βλ +

∫
G−{e}

∫
K
{1 − cos((λ + ρ)(H(kτ)))} dkν(dτ).

Let Cc(K\G/K) denote the subspace of Cc(G) which comprises K-bi-invariant
functions. If f ∈Cc(K\G/K), its spherical transform is the mapping f̂ : a∗C→ C
defined by

f̂ (λ) =

∫
G

f (σ)φ−λ(σ) dσ. (5.6)

We have the key Paley–Wiener type estimate that for each N ∈ Z+ there exists
CN > 0 such that

| f̂ (λ)| ≤CN(1 + |λ|)−NeR|Im(λ)|, (5.7)

where R > 0 (see [20, page 450]).
We define the Plancherel measure ω on a∗ by the prescription

ω(dλ) = κ|c(λ)|−2 dλ,

where c : a∗C→ C is Harish-Chandra’s c-function. We will not require the precise
definition of c nor the value of the constant κ > 0; however, we will find a use for
the estimate

|c(λ)|−1 ≤C1 + C2|λ|
p (5.8)

for all λ ∈ a∗, where C1,C2 > 0 and 2p = dim(N). This result follows from [20,
Proposition 7.2, page 450 and Equation (16) therein on page 451].
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By [20, Theorem 7.5, page 454] we have the Fourier inversion formula for f ∈
C∞c (K\G/K),

f (σ) =

∫
a∗

f̂ (λ)φλ(σ)ω(dλ), (5.9)

which holds for all σ ∈G, and the Plancherel formula,∫
G
| f (σ)|2dσ =

∫
a∗
| f̂ (λ)|2ω(dλ).

By polarisation we obtain the Parseval identity for f , g ∈C∞c (K\G/K),

〈 f , g〉 = 〈 f̂ , ĝ〉,

where 〈 f̂ , ĝ〉 :=
∫
a∗

f̂ (λ)̂g(λ)ω(dλ). Although the spherical transform f → f̂ extends to
a unitary transformation from L2(K\G/K) to a suitable space of functions on a∗ we
cannot assume that its precise form extends beyond the functions of compact support.
We will have more to say about this later in a special case that will be important for us.

The next result is analogous to the pseudo-differential operator representations
obtained in Euclidean space in [2, Theorem 3.3.3] (see also [3] for extensions to
compact groups).

T 5.2. For each σ ∈G, f ∈C∞c (K\G/K)

1. Tt f (σ) =

∫
a∗

f̂ (λ)φλ(σ)e−tηλω(dλ), for each t ≥ 0.

2. A f (σ) = −

∫
a∗

f̂ (λ)φλ(σ)ηλω(dλ).

P.
1. Applying Fourier inversion (5.9) in (3.1) and using Fubini’s theorem, we obtain

Tt f (σ) =

∫
a∗

∫
G

f̂ (λ)φλ(στ)µt(dτ)ω(dλ)

=

∫
a∗

∫
G

f̂ (λ)
∫

K
φλ(σkτ) dkµt(dτ)ω(dλ)

=

∫
a∗

f̂ (λ)φλ(σ)
(∫

G
φλ(τ)µt(dτ)

)
ω(dλ)

=

∫
a∗

f̂ (λ)φλ(σ)e−tηλω(dλ),

where we have used the left K-invariance of µt, (5.1) and (5.4).
2. We have

1
κ
A f (σ) = lim

t→0

∫
a∗

(e−tηλ − 1
t

)
f̂ (λ)φλ(σ)|c(λ)|−2 dλ

= − lim
t→0

∫
a∗

e−θλtηληλ f̂ (λ)φλ(σ)|c(λ)|−2 dλ,

where 0 < θλ < 1 for each λ ∈ a∗, t > 0.
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The required result follows by Lebesgue’s dominated convergence theorem. To see
this, first observe that for all λ ∈ a∗, t ≥ 0, since Re(ηλ) ≥ 0, we have |e−tθληλ | ≤ 1 and
so by Proposition 5.1 for each t ≥ 0∫

a∗
|ηλe

−tθληλ f̂ (λ)φλ(σ)||c(λ)|−2 dλ ≤ K
∫
a∗

(1 + |λ|2 + |ρ|2) f̂ (λ)φλ(σ)|c(λ)|−2 dλ.

The integral on the right-hand side is easily seen to be finite by using (5.8) and
taking N to be sufficiently large in (5.7). �

Note. Based on the results of Theorem 5.2 we may write

T̂t f (λ) = e−tηλ f̂ (λ) and Â f (λ) = −ηλ f̂ (λ),

for all t ≥ 0, λ ∈ a∗.
We will need to extend the precise form of Parseval’s formula to include the range

of Tt acting on Cc(K\G/K).

T 5.3. For all f , g ∈Cc(K\G/K), t ≥ 0,

〈Tt f , g〉 = 〈T̂t f , ĝ〉. (5.10)

P. Using the result of Theorem 5.2(1), Fubini’s theorem, the fact that for all
σ ∈G, λ ∈ a∗, φλ(σ) = φ−λ(σ) and (5.6), we find that for all f , g ∈Cc(K\G/K), t ≥ 0,

〈Tt f , g〉 =

∫
G

(∫
a∗

f̂ (λ)φλ(σ)e−tηλω(dλ)
)
g(σ) dσ

=

∫
a∗

e−tηλ f̂ (λ)
(∫

G
g(σ)φ−λ(σ) dσ

)
ω(dλ)

=

∫
a∗

e−tηλ f̂ (λ)̂g(λ)ω(dλ)

= 〈T̂t f , ĝ〉.

This completes the proof of the theorem. �

Now assume that the convolution semigroup (µt, t ≥ 0) is symmetric, that is µt = µ̃t

for all t ≥ 0. The space C∞c (K\G/K) is a dense linear subspace of the Hilbert
space L2(K\G/K) of K-bi-invariant square integrable functions on G. We consider
the restriction therein of the Dirichlet form E, where E( f ) := ||(−A)

1
2 f ||2 on

D := Dom(A
1
2 ).

C 5.4. For each f , g ∈C∞c (K\G/K) we have

E( f , g) =

∫
a∗

f̂ (λ)ηλĝ(λ)ω(dλ).

P. This follows from differentiating both sides of (5.10) using Theorem 5.2(1). �
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5.2. Harmonic transience. Let (µt, t ≥ 0) be an arbitrary K-bi-invariant convolution
semigroup in G. As is shown in [28, Theorem 2.2, page 43], we obtain a Feller
semigroup (S (t), t ≥ 0) on G/K by the prescription:

(S (t) f ) ◦ π = T (t)( f ◦ π)

for all f ∈C0(G/K). We define the potential operator N on C0(G/K) by the
prescription

N f := lim
t→∞

∫ t

0
S u f du

for all

f ∈ Dom(N) :=
{

f ∈C0(G/K); lim
t→∞

∫ t

0
S u f du exists in C0(G/K)

}
.

We say that (µπt , t ≥ 0) is integrable if Cc(G/K) ⊆ Dom(N). By the same arguments
as are presented in [9, Lemmas 12.2 and 13.19 and Proposition 13.21], it follows
that integrability implies transience. Berg and Faraut [8] have shown that if G/K is
irreducible then the projection to G/K of every bi-invariant convolution semigroup on
G is integrable and hence all of these semigroups of measures are transient. It then
follows that (E, D) is a transient Dirichlet space. In [23, Theorem 7.3] this result is
extended to the case where the symmetric space is no longer required to be irreducible.
Furthermore, it is shown that the associated Feller semigroup is mean ergodic, that is,
limT→∞(1/T )

∫ T

0
S u f du exists for all f ∈C0(G/K).

We say that (µt, t ≥ 0) is harmonically transient if the mapping

λ→
1

Re(ηλ)

from a∗ to R is locally integrable with respect to the Plancherel measure ω.
Note that the result of (i) in Theorem 5.5 below is well known to be a necessary

and sufficent condition for a transient Dirichlet space (see [13]); however, we include
a short proof to make the paper more self-contained.

T 5.5. If (G, K) is an irreducible Riemannian symmetric pair and (µt, t ≥ 0) is
a symmetric K-bi-invariant convolution semigroup (with α0 < 0) then

(i)
∫ ∞

0
〈Tt f , f 〉 dt <∞ for all f ∈Cc,+(K\G/K);

(ii) (µt, t ≥ 0) is harmonically transient.

P.
(i) Let f ∈Cc,+(K\G/K) and let C = supp( f ) then∫ ∞

0
〈Tt f , f 〉 dt =

∫
C

f (σ)
∫

G
1σ−1C(τ) f (στ)V(dτ) dσ.
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Define C−1C := {σ−1τ; σ, τ ∈C}. Since C−1C is the image of the continuous mapping
from C ×C to G which takes (σ, τ) to σ−1τ, it is compact. It follows that
supσ∈C V(σ−1C) ≤ V(C−1C) <∞ as (µt, t ≥ 0) is transient, and so the mapping σ→∫

G
1σ−1C(τ) f (στ)V(dτ) is bounded. The required result follows.
(ii) This is proved by a similar method to the Euclidean space case (see [15,

Example 1.5.2, pages 42–43]). We include it for the convenience of the reader, noting
that it was for this specific purpose that we established Theorem 5.3. We choose
f ∈Cc,+(K\G/K) such that f̂ (λ) ≥ 1 for all λ in some compact neighbourhood A of a∗.
Then using Theorems 5.2(1) and 5.3 we get∫

A

ω(dλ)
ηλ

≤

∫
A

| f̂ (λ)|2

ηλ
ω(dλ) ≤

∫
a∗

| f̂ (λ)|2

ηλ
ω(dλ)

=

∫ ∞

0
〈T̂t f , f̂ 〉 dt =

∫ ∞

0
〈Tt f , f 〉 dt <∞.

This completes the proof of the theorem. �

C 5.6. If (G, K) is an irreducible Riemannian symmetric pair and (µt, t ≥ 0)
is a K-bi-invariant convolution semigroup then it is harmonically transient.

P. Let (µt, t ≥ 0) be an arbitrary bi-invariant convolution semigroup with
characteristic exponent ηλ. We associate to it a symmetric bi-invariant convolution
semigroup (µ(R)

t , t ≥ 0) by the prescription µ(R)
t = µt ∗ µ̃t. It follows easily from (5.3)

and (5.4) that it has characteristic exponent 2Re(ηλ) and using this fact we can
immediately deduce that (µt, t ≥ 0) is harmonically transitive by using Theorem 5.5. �
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[11] E. Born, ‘An explicit Lévy-Hinčin formula for convolution semigroups on locally compact
groups’, J. Theoret. Probab. 2 (1989), 325–342.

[12] I. Chavel, Riemannian Geometry: A Modern Introduction (Cambridge University Press,
Cambridge, 1993).

[13] J. Deny, ‘Méthodes Hilbertiennes et théorie du potentiel’, in: Centro Internazionale Matematico
Estivo, Edizioni Cremonese, (ed. M. Brelot) (Springer, Berlin Heidelberg, 2010), 123–201;
reprinted in Potential Theory - CIME Summer Schools 49.

[14] S. N. Ethier and T. G. Kurtz, Markov Processes, Characterisation and Convergence (Wiley, 1986).
[15] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet Forms and Symmetric Markov Processes

(de Gruyter, 1994).
[16] R. Gangolli, ‘Isotropic infinitely divisible measures on symmetric spaces’, Acta Math. 111 (1964),

213–246.
[17] A. Grigor’yan, ‘Analytic and geometric background of recurrence and nonexplosion of the

Brownian motion on Riemannian manifolds’, Bull. Amer. Math. Soc. 36 (1999), 135–249.
[18] Y. Guivarc’h, M. Keane and B. Roynette, Marches Aléatoires sur les Groupes de Lie, Lecture

Notes in Mathematic, Vol. 624 (Springer, Berlin, 1977).
[19] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces (Academic Press, 1978).
[20] S. Helgason, Groups and Geometric Analysis (Academic Press, 1984).
[21] H. Heyer, Structural Aspects in the Theory of Probability (World Scientific, 2005).
[22] H. Heyer, ‘Convolution semigroups of probability measures on Gelfand pairs’, Expo. Math. 1

(1983), 3–45.
[23] H. Heyer, ‘Transient Feller semigroups on certain Gelfand pairs’, Bull. Inst. Mat. Acad. Sin. 11

(1983), 227–256.
[24] H. Heyer and G. Turnwald, ‘On local integrability and transience of convolution semigroups of

measures’, Acta Appl. Math. 18 (1990), 283–296.
[25] G. A. Hunt, ‘Semigroups of measures on Lie groups’, Trans. Amer. Math. Soc. 81 (1956),

264–293.
[26] M. Itô, ‘Transient Markov convolution semi-groups and the associated negative definite functions’,

Nagoya Math. J. 92 (1983), 153–161; Remarks on that paper, Nagoya Math. J. 102 (1986),
181–184.

[27] J. F. C. Kingman, ‘Recurrence properties of processes with stationary independent increments’,
J. Aust. Math. Soc. 4 (1964), 223–228.

[28] M. Liao, Lévy Processes in Lie Groups (Cambridge University Press, 2004).
[29] M. Liao and L. Wang, ‘Lévy–Khinchine formula and existence of densities for convolution

semigroups on symmetric spaces’, Potential Anal. 27 (2007), 133–150.
[30] S. C. Port and C. J. Stone, ‘Infinitely divisible processes and their potential theory II’, Ann. Inst.

Fourier 21(4) (1971), 179–265.
[31] K.-I. Sato, Lévy Processes and Infinite Divisibility (Cambridge University Press, 1999).
[32] J. A. Wolf, Harmonic Analysis on Commutative Spaces (American Mathematical Society, 2007).

DAVID APPLEBAUM, School of Mathematics and Statistics,
University of Sheffield, Hicks Building, Hounsfield Road, Sheffield, S3 7RH, UK

e-mail: D.Applebaum@sheffield.ac.uk

https://doi.org/10.1017/S1446788713000062 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788713000062

