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Lp-BOUNDEDNESS OF A SINGULAR INTEGRAL OPERATOR

ABDELNASER J. AL-HASAN AND DASHAN FAN

ABSTRACT. Let b(t) be an L1 function on R, Ω( y0) be an H1 function on the unit
sphere satisfying the mean zero property (1) and Qm(t) be a real polynomial on R of
degree m satisfying Qm(0) = 0. We prove that the singular integral operator

TQm Òb( f )(x) = pv
Z n

R
b(jyj)Ω( y)jyj�nf

�
x� Qm(jyj)y0

Ð
dy

is bounded in Lp(Rn) for 1 Ú p Ú 1, and the bound is independent of the coefficients
of Qm(t).

Let Sn�1 be the unit sphere in Rn, n ½ 2, with normalized Lebesgue measure dõ =
dõ(x0) . Let Ω(x) be a homogeneous function of degree zero, with Ω 2 L1(Sn�1) and

Z
Sn�1

Ω(x0) dõ(x0) = 0Ò(1)

where x0 = xÛjxj for any x 6= 0.
Suppose b(t) is an L1(R) function. In this paper we investigate the Lp boundedness

of the singular integral operator

TQmÒb( f )(x) = pv
Z

Rn
K( y) f

�
x � Qm(jyj)y0

�
dy(2)

where y0 = yÛjyj 2 Sn�1, K( y) = b(jyj)Ω( y)jyj�n and Qm(t) =
Pm

k=1 åktk is real.
The study of such kind of operators has a long history. Readers can see [5] for more

detailed background. In particular, the following theorem can be found in [5].

THEOREM A. Let TQmÒb be the singular integral operator defined in (2). If Ω 2

H1(Sn�1) satisfies (1), then this operator is bounded in L2(Rn).

The proof of Theorem A is based on the Plancherel theorem, so that the authors in [5]
were only able to obtain the L2 boundedness. The main purpose of this note is to extend
Theorem A to the following Lp boundedness theorem.

THEOREM 1. Let TQmÒb be the singular integral operator defined by (2) and 1 Ú p Ú
1. If Ω 2 H1(Sn�1) satisfies (1) then this operator is bounded in Lp(Rn).

More precisely, we have

kTQmÒb( f )kp � CkΩkH1(Sn�1) k fkp(3)
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A SINGULAR INTEGRAL OPERATOR 405

where C is a constant independent of Ω, f and the coefficients of Qm.

The proof of Theorem 1 is based on a lemma in [4] by Fan and Pan (see Lemma 3
below).

Throughout this paper, the letter C will denote a positive constant that may vary at
each occurrence but is independent of the essential variables.

To prove Theorem 1, we recall the definition of Hardy spaces on the unit sphere, as
well as some lemmas.

The Poisson kernel on Sn�1 is defined by

Pry0 (x
0) = (1 � r2)Ûjry0 � x0jn

where 0 � r Ú 1 and x0Ò y0 2 Sn�1.
For any Ω 2 L1(Sn�1), we define the radial maximal function P+Ω(x0) by

P+Ω(x0) = sup
0�rÚ1

þþþþ
Z

Sn�1
Ω( y0)Prx0 ( y0) dõ( y0)

þþþþ

If kP+ΩkL1(Sn�1) Ú 1, we say that Ω belongs to the Hardy space H1(Sn�1) with H1-norm
kΩkH1(Sn�1) = kP+ΩkL1(Sn�1).

The space H1(Sn�1) was studied in [1] (see also [2]). In particular, it is known that

L1(Sn�1) � H1(Sn�1) � L Log+ L(Sn�1) � Lq(Sn�1)

for any q Ù 1.
Another important property of H1(Sn�1) is the atomic decomposition, which will be

reviewed below.
An exceptional atom is an L1 function E(x) satisfying kEk1 � 1.
An 1-atom is an L1 function a() that satisfies

supp(a) ² fx0 2 Sn�1Ò jx0 � x00j Ú ö for some x00 2 Sn�1 and ö Ù 0g;(4) Z
Sn�1

a(ò0) dõ(ò0) = 0Ò(5)

kak1 � ö�(n�1)(6)

From [1] or [2], we find that any Ω 2 H1(Sn�1) has an atomic decomposition
Ω =

P
ïjaj, where the aj’s are either exceptional atoms or 1-atoms and

P
jïjj �

CkΩkH1(Sn�1). In particular, if Ω 2 H1(Sn�1) has the mean zero property (1) then all the
atoms aj in the atomic decomposition can be chosen to be 1-atoms.

LEMMA 1 [VAN DER CORPUT [8]]. Suppose û and h are smooth functions on [aÒ b]
and û is real-valued. If jû(k)(x)j ½ 1 for x 2 [aÒ b] then

þþþZ b

a
eiïû(t)h(t) dt

þþþþ � Ckjïj
�1
k

h
khk1 + kh0k1

i

holds when
(i) k ½ 2

(ii) or k = 1, if in addition it is assumed that û0(t) is monotonic.
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406 ABDELNASER J. AL-HASAN AND DASHAN FAN

LEMMA 2 [SEE [7]]. Suppose P( y) =
P
jãj�m aãyã is a polynomial of degree m in Rn

and ¢ Ú 1
m . Then Z

jyj�1
jP( y)j�¢ dy � A¢

� X
jãj�m

jaãj
��¢



The bound Aè may depend on ¢, m, and the dimension n, but it is independent of the
coefficients faãg.

We shall need the following results from [4] (see also [3]).

LEMMA 3. Let m 2 N, s = 0Ò 1Ò    Òm, k 2 Z and fõsÒkg be a family of measures
on Rn with õ̂0Òk = 0 for every k 2 Z. Let fãsj : s = 1Ò 2Ò    Òm and j = 1Ò 2g ² R+,
fës : s = 1Ò 2Ò    Òmg ² R+ n f1g, fNs : s = 1Ò 2Ò    Òmg ² N, and Ls: Rn ! Rn be
linear transformations for s = 1Ò 2Ò    Òm. Suppose for s = 1Ò 2Ò    Òm

(a) kõ̂sÒkk � 1 for k 2 Z;
(b) jõ̂sÒk(ò)j � C(ëk

s jLsòj)�ãs2 for ò 2 Rn and k 2 Z;
(c) jõ̂sÒk(ò) � õ̂s�1Òk(ò)j � C(ëk

s jLsòj)ãs1 for ò 2 Rn and k 2 Z;
(d) For some q Ù 1 there exists Aq Ù 0 such that

sup
k2Z

þþþjõsÒkj Ł f
þþþ


Lq(Rn)
� Aqk fkLq(Rn)

for all f 2 Lq(Rn).

Then for every p 2
�

2q
q+1 Ò

2q
q�1

�
, there exists a positive constant Cp such that

X
k2Z

õmÒk Ł f


Lp(Rn)
� Cpk fkLp(Rn)(7)

and �X
k2Z

jõmÒk Ł f j2
� 1

2


Lp(Rn)
� Cpk fkLp(Rn)(8)

holds for all f 2 Lp(Rn). The constant Cp is independent of the linear transformations
fLsg

m
s=1.

Now we are in the position to prove Theorem 1.
Note that TQmÒb( f ) is equal to

Z
Rn
jyj�nb(jyj)Ω( y0) f

�
x � Qm(jyj)y0

�
dy(9)

where Ω 2 H1(Sn�1) satisfies the mean zero property (1). We can write Ω =
P
ïjaj,

where
P
jïjj � CkΩkH1(Sn�1) and each aj is an 1-atom.

So
kTQmÒb( f )kp � C

X
jïjjkBj( f )kp

where
Bj( f )(x) =

Z
Rn

b(jyj)jyj�naj( y0) f
�
x � Qm(jyj)y0

�
dy

with aj being an 1-atom.
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Therefore, it suffices to show

kBj fkp � Ck fkp(10)

where C is independent of the coefficients of the polynomial Qm(t) and the atoms aj().

For simplicity, we denote aj() by a() and Bj( f ) by B( f ). Noting that supp(a) is in
the ball B(x00Ò ö) \ Sn�1 for some x00 2 Sn�1, without loss of generality we may assume
x00 = 1 = (1Ò 0Ò    Ò 0).

Let Ik = (2kÒ 2k+1), then B( f )(x) is equal to

Z
Rn

b(jyj)jyj�na( y0)
1X

k=�1
üIk (jyj) f

�
x � Qm(jyj)y0

�
dy =

1X
k=�1

õmÒk Ł f (x)

where

õ̂mÒk(ò) =
Z

2k�jyj�2k+1
b(jyj)jyj�na( y0)e�iQm(jyj)hy0Òòi dy

with m being the degree of the polynomial Qm.

Define

õ̂m�sÒk(ò) =
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s+1 åjtjhx00Òòi

Z
Sn�1

a( y0)e�iQm�s(t)hy0 Òòi dõ( y0) dtÒ

s = 1Ò 2Ò    Òm � 1. Noting that Qm(t) =
Pm

k=1 åktk, we have Q0(t) = 0.
So we define

õ̂0Òk(ò) =
Z 2k+1

2k
b(t)t�1

Z
Sn�1

a( y0)e�iQ0(t)hy0Òòi dõ( y0) dt

then

õ̂0Òk(ò) =
Z 2k+1

2k
b(t)t�1

Z
Sn�1

a( y0) dõ( y0) dt = 0Ò by (5).

Also, we easily see

kõ̂m�sÒkk �
Z 2k+1

2k
jb(t)jt�1

Z
Sn�1

ja( y0)j dõ( y0) dt � C

for all k 2 Z and s = 0Ò 1Ò    Òm � 1.
In the rest of this paper, for any non-zero ò = (ò1Ò    Ò òn) 2 Rn, we write òÛjòj =

ò0 = (ò01Ò    Ò ò
0
n) 2 Sn�1.

Suppose n ½ 3 and a() is an 1-atom on Sn�1 with supp(a) � Sn�1 \ B(ò0Ò ö), where
B(ò0Ò ö) is the ball in Rn centered at ò0. Let

Fa(úÒ ò0) = (1 � ú2)(n�3)Û2ü(�1Ò1)(ú)
Z

Sn�2
a
�
úÒ (1 � ú2)1Û2y0

�
dõ( y0)

Then, we have the following estimates for Fa when n ½ 3.
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LEMMA 4. Up to a constant multiplier independent of a(), Fa(úÒ ò0) is an 1-atom
on R. More precisely, there is a constant C which is independent of a() such that

supp(Fa) �
�
ò01 � 2r(ò0)Ò ò01 + 2r(ò0)

�
;

kFak1 � CÛr(ò0);Z
R

Fa(ú) dú = 0Ò

where r(ò0) = jòj�1jAöòj and Aöò = (ö2ò1Ò öò2Ò    Ò öòn).

The function Fa can be similarly defined in the case n = 2. Suppose n = 2 and a() is an
1-atom on S1 satisfying (4)–(6). The center of the support of a() is ò0 = (ò01Ò ò

0
2) 2 S1.

Let

fa(úÒ ò0) = (1 � ú2)�1Û2ü(�1Ò1)(ú)
�

a
�
úÒ (1 � ú2)1Û2

�
+ a

�
úÒ�(1 � ú2)1Û2

��


Similar to Lemma 4, we have

LEMMA 5. Up to a constant multiplier independent of a(), fa(úÒ ò0) is a q-atom
on R, where q is any fixed number in the interval (1Ò 2). The radius of its support is
r(ò0) = jòj�1fö4ò2

1 + ö2ò2
2g

1Û2, and the center of its support is ò01.

The proofs of the above two Lemmas can be found in [6].
By inspecting the proof of Theorem 1 using Lemma 3, we only need to check that the

family fõm�sÒkg satisfies the following conditions: for s = 0Ò 1Ò 2Ò    Òm � 1

(i) jõ̂m�sÒk j � Cj2(m�s)kjAöòkåm�sk
� 1

4(m�s) and åm�s 6= 0;
(ii) jõ̂m�sÒk(ò) � õ̂m�s�1Òk(ò)j � Cj2(m�s)kjAöòkåm�sk;

(iii)
supk2Z jõm�sÒk Ł f j


Lp(Rn)

� Ck fkLp(Rn)

where C Ù 0 is independent of k 2 Z, ò 2 Rn, and the coefficients of the polynomial
Qm�s.

We will only prove the case n Ù 2, since the proof for n = 2 is essentially the same
(using Lemma 5 instead of Lemma 4) with a slight modification.

In fact for s = 1Ò 2Ò    Òm � 1 we have
þþþõ̂m�sÒk(ò)� õ̂m�s�1Òk(ò)

þþþ
=
þþþþ
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s+1 åj tjhx00Òòi

Z
Sn�1

a( y0)e�iQm�s(t)hy0Òòi dõ( y0) dt

�
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s åj tjhx00Òòi

Z
Sn�1

a( y0)e�iQm�s�1(t)hy0 Òòi dõ( y0) dt
þþþþ

Let O be the rotation such that O(ò) = jòj1 and O�1 be its inverse. Noting that a( y0) has
support in B(1Ò ö), so by an argument of rotation

Z
Sn�1

a( y0)e�iQm�s(t)hy0 Òòi dõ( y0) =
Z

Sn�1
a(O�1y0)e�iQm�s(t)jòjhy0 Ò1i dõ( y0)

=
Z

Sn�1
A( y0)e�iQm�s(t)jòjhy0 Ò1i dõ( y0)
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where A( y0) is an 1-atom supported in B(ò0Ò ö). Thus, let y0 = (úÒ y02Ò    Ò y
0
n), then by

the definition of Fa(úÒ ò0) and Lemma 4, we have

jõ̂m�sÒk(ò) � õ̂m�s�1Òk(ò)j

=
þþþþ
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s+1 åj tjhx00Òòi

Z
R

Fa(úÒ ò0)e�iQm�s(t)jòjú dú dt

�
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s åj tjhx00Òòi

Z
R

Fa(úÒ ò0)e�iQm�s�1(t)jòjú dú dt
þþþþ

=
þþþþ
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s åjtjhx00Òòie�iQm�s(t)jòjú

ð
Z

R
Fa(úÒ ò0)feiåm�stm�s(jòjú�hx00Òòi) � 1g dú dt

þþþþ
�

þþþþ
Z 2k+1

2k
jb(t)jt�1

Z
R
jFa(úÒ ò0)jjeiåm�stm�s(jòjú�hx00Òòi) � 1j dú dt

þþþþ
�

þþþþ
Z 2k+1

2k
jb(t)jt�1

Z
R
jFa(úÒ ò0)j

þþþåm�st
m�s

�
jòjú � hx00Ò òi

�þþþ dú dt
þþþþ

Since x00 = 1 = (1Ò 0Ò    Ò 0), then
þþþjòjú � hx00Ò òi

þþþ =
þþþjòjú � h1Ò òi

þþþ =
þþþjòjú � jòjò01

þþþ
=
þþþjòj(ú � ò01)

þþþ � C
þþþjòjr(ò0)

þþþÒ for all ú 2 supp(Fa)

Thus

jõ̂m�sÒk(ò) � õ̂m�s�1Òk(ò)j � C

þþþþþ
Z 2k+1

2k
jb(t)jt�1

Z
R
jFa(úÒ ò0)j

þþþþåm�st
m�s

�þþþjòjr(ò0)
þþþ�
þþþþ dú dt

þþþþþ
� Ckbk1jåm�sj jòj jr(ò0)j

Z 2k+1

2k
tm�s�1 dt

� C2(m�s)kjåm�sj jAöòj

Similarly, we can prove that

jõ̂mÒk(ò)� õ̂m�1Òk(ò)j � C2mkjåmjjAöòj

This proves (ii).
Now

õ̂m�sÒk(ò) =
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s+1 åjtjhx00Òòi

Z
R

Fa(úÒ ò0)e�iQm�s(t)jòjú dú dt

By Lemma 4, without loss of generality we may assume that Fa is a 2-atom with support
in

�
�2r(ò0)Ò 2r(ò0)

�
, where r(ò0) = jòj�1jAöòj, and Aöò = (ö2ò1Ò öò2Ò    Ò öòn).

Thus A(ú) = r(ò0)Fa

�
r(ò0)úÒ ò0

�
is a 2-atom with support in the interval (�1Ò 1). After

change of variables we have

õ̂m�sÒk(ò) =
Z 2k+1

2k
b(t)t�1e�i

Pm
j=m�s+1 åjtjhx00Òòi

Z
R

A(ú)e�iQm�s(t)r(ò0)jòjú dú dt
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By Hölder’s inequality,

jõ̂m�sÒk(ò)j � Ckbk12�kÛ2
²Z 2k+1

2k

þþþZ
R

A(ú)e�iQm�s(t)r(ò0)jòjú dú
þþþ2 dt

¦1Û2

= Ckbk12�kÛ22kÛ2
²Z 2

1

þþþZ
R

A(ú)e�iQm�s(2k t)r(ò0)jòjú dú
þþþ2 dt

¦1Û2

= Ckbk1Θk

To estimate Θk, we choose a function † 2 C1(R) satisfying

†(t) � 1 for jtj � 1Ò †(t) � 0 for jtj ½ 2

Define Tk by
(Tk f )(t) = ü(1Ò2)(t)

Z
R

e�iQm�s(2k t)r(ò0)jòjú†(ú) f (ú) dú

Then
TkTŁ

k f (t) =
Z

R
L(tÒ ú) f (ú) dúÒ

where
L(tÒ ú) =

Z
R

eiv(Qm�s(2k t)�Qm�s(2kú))r(ò0)jòj†2(v) dvü(1Ò2)(t)ü(1Ò2)(ú)

We easily see that
jL(tÒ ú)j � Cü(1Ò2)(t)ü(1Ò2)(ú)

On the other hand, by Lemma 1, we have

jL(tÒ ú)j � C
n
jQm�s(2kt) �Qm�s(2kú)j jr(ò0)j jòj

o�1
ü(1Ò2)(t)ü(1Ò2)(ú)

Thus

jL(tÒ ú)j � C
n
jQm�s(2kt) �Qm�s(2kú)j jr(ò0)j jòj

o �1
2(m�s)ü(1Ò2)(t)ü(1Ò2)(ú)

By invoking Lemma 2 we have

sup
úÙ0

Z
R
jL(tÒ ú)j dt ≤ sup

tÙ0

Z
R
jL(úÒ t)j dú

� C
n
jr(ò0)j jòj

o �1
2(m�s) sup

tÙ0

Z
R

n
jQm�s(2kú) � Qm�s(2kt)j

o �1
2(m�s) dú

� C
n
jr(ò0)j jòj

o �1
2(m�s) j2kåm�sj

�1
2(m�s) 

This shows
kTk fk2 � C

þþþr(ò0)jòj2kjåm�sj
þþþ �1

4(m�s)

which leads to

jõ̂m�sÒk(ò)j � C
þþþr(ò0)jòj2kjåm�sj

þþþ �1
4(m�s) = C

þþþjAöòj2kjåm�sj
þþþ �1

4(m�s) 

This shows, for s = 0Ò 1Ò 2Ò    Òm � 2,

jõ̂m�sÒk(ò)j �
þþþ2kjåm�sj jAöòj

þþþ� 1
4(m�s) 
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For s = m� 1, following the same argument above, we easily obtain

jõ̂1Òk(ò)j �
þþþ2kjå1j jAöòj

þþþ� 1
4 

This proves (i).
Finally, we need to check (iii).
For s = 1Ò 2Ò    Òm � 1, we can write

õm�sÒk Ł f (x) =
Z

2k�jyj�2k+1
b(jyj)jyj�na( y0) f

�
x �

�
Qm�s(jyj)y

0 �
mX

j=m�s+1
åjjyj

jx00
��

dy

Write Qm�s(jyj)y0 +
Pm

j=m�s+1 åjjyjjx00 =
�
P1(jyj)ÒP2(jyj)Ò    ÒPn(jyj)

�
, where each Pj is a

polynomial of jyj whose coefficients depends on y0, x00 and å0js.

We denote P̃(jyj) =
�
P1(jyj)ÒP2(jyj)Ò    ÒPn(jyj)

�
, then

õm�sÒk Ł f (x) =
Z

2k�jyj�2k+1
b(jyj)jyj�na( y0) f

�
x � P̃(jyj)

�
dy

Thus

sup
k2Z

jõm�sÒk Ł f (x)j � sup
k2Z

kbk12�nk
Z

2k�jyj�2k+1

þþþa( y) f
�
x � P̃(jyj)

�þþþ dy

¾' sup
k2Z

2�k
Z
jtj�2k+1

Z
Sn�1

ja( y0)j
þþþ f �x � P̃(t)

�þþþ dõ( y0) dt

So we have

�
sup
k2Z

jõm�sÒk Ł f (x)j
�p
�

Z
Sn�1

�
sup
rÙ0

1
r

Z r

0

þþþ f �x � P̃(t)
�þþþ dt

�p
ja( y0)j dõ( y0)

Therefore, we have

sup
k2Z

jõm�sÒk Ł f j
p

Lp(Rn)
�

Z
Sn�1

ja( y0)j
sup

rÙ0

1
r

Z r

0

þþþ f � � P̃(t)
�þþþ dt


p

Lp(Rn)
dõ( y0)

It was shown that
sup

rÙ0

1
r

Z r

0

þþþ f � � P̃(t)
�þþþ dt


p

Lp(Rn)
� Ck fkp

Lp(Rn) for 1 Ú p Ú 1

with C independent of the coefficients of P̃ (thus independent of y0, x00 and å0js) (see
[8, pp. 476–478]). So we have for s = 1Ò 2Ò    Òm � 1

sup
k2Z

jõm�sÒk Ł f j


Lp(Rn)
� Ck fkLp(Rn) for 1 Ú p Ú 1

Using the exact same argument, we can check that
sup

k2Z
jõmÒk Ł f j


Lp(Rn)

� Ck fkLp(Rn) for 1 Ú p Ú 1

The theorem is proved.
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