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ABSTRACT 

Applying modern t e c h n i q u e s of t i m e s e r i e s a n a l y s i s , t h e 
re a r e s e r i o u s i n d i c a t i o n s t h a t t h e dynamics of t h e g l o b a l 
solar a c t i v i t y i s a low d imens iona l c h a o s . A s imp le n o n - l i 
near dynamo model i s q u a l i t a t i v e l y s t u d i e d e x h i b i t i n g a r ich 
dynamical behav iour from s t e a d y s t a t e v i a some b i f u r c a t i o n t o 
a c h a o t i c r e g i m e . 

!• INTRODUCTION 

The energy o u t p u t of t h e sun a s t h e main b a s i s of l i f e 
on t h e e a r t h i s n e a r l y c o n s t a n t . However, t h e v i s i b l e s o l a r 
sur face , t h e p h o t o s p h e r e , i s f a r from be ing u n i f o r m . I t a l 
ways c o n s i s t s of a g r a n u l a t i o n p a t t e r n which i s produced by 
buoyancy-dr iven c o n v e c t i o n . F u r t h e r m o r e , t h e r e occur s u n s p o t s 
loca ted w i t h i n a c t i v e r e g i o n s of t h e p h o t o s p h e r e . These a r e 
dark r e g i o n s , i n which t h e l u m i n o s i t y i s d imin i shed wi th r e 
spect t o t h e g e n e r a l s o l a r s u r f a c e . In t h e s e r e g i o n s s t r o n g 
magnetic f i e l d s (1 -10 k i l o g a u s s ) a p p e a r , whereas t h e g l o b a l 
magnetic f i e l d of t h e sun i s of t h e o r d e r 1 g a u s s , o n l y . As 
was d i s c o v e r e d by t h e d r u g g i s t H.Schwabe i n 1843, t h e s p a t 
ia l d i s t r i b u t i o n of s u n s p o t s r e f l e c t s in a v e r a g e a 1 1 - y e a r 
cycle of s o l a r a c t i v i t y . To q u a n t i f y t h e dynamics of t h e s o 
lar a c t i v i t y R. Wolf i n t r o d u c e d t h e sunspot r e l a t i v e numbers 
W which can be r e g a r d e d a s a rough measure of t h e e v o l u t i o n 
of t h e s o l a r magne t i c f i e l d ( P r i e s t , 1 9 8 2 ) . 

Ifote t h a t t h e dynamics of W i s f a r from be ing p e r i o d i c ^ F i g . l ) 
We o b s e r v e a c o m p l i c a t e a m p l i t u d e - f r e q u e n c y modu la t i on a s 
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Fig. 1: Yearly sunspot r e l a t i v e numbers W(t) (flfolf numbers) 

well as i n t e r v a l s of extremely low solar a c t i v i t y , such a s 
the Maunder minimum during 1645-1715 (Eddy, 1976). To explain 
these pecul ia r f e a tu r e s of the solar cycle a nonlinear theory 
i s necessary. 

The purpose of t h i s con t r ibu t ion i s to find out nonl in
ear i n t e r a c t i o n s generat ing such dynamics. F i r s t , we apply 
methods of time s e r i e s a n a l y s i s r ecen t ly developed in the 
theory of nonlinear systems to es t imate dynamical i n v a r i a n t s 
from the Wolf numbers. Chapter 3 conta ins the q u a l i t a t i v e an
a l y s i s of a nonlinear dynamo model. F i n a l l y , i n Chapter 4 we 
compare these f indings in order to judge the s u i t a b i l i t y of 
the model. 

2 . ANALYSIS OF THE SUNSPOT NUMBERS 

Dynamical systems theory has provided techniques to an
alyze seemingly i r r egu l a r time s e r i e s . By ca l cu l a t i ng t h e i r 
dynamical i nva r i an t s , such as a t t r a c t o r dimensions or Lyapunov 
exponents, they al low to decide whether the underlying system 
i s low-dimensional and/or chaot ic (Rue l le , l989) . 

In order to ex t rac t these q u a n t i t i e s from the scalar 
Vfolf numbers W, a recons t ruc t ion of the phase space using the 
embedding method by Takens (1980) i s necessary. Grassberger 
and Procaccia (1983) proposed a simple technique to search 
for Hausdorff- l ike dimensions, the c o r r e l a t i o n dimensions. 
Applying t h i s procedure to the Vfolf numbers we find in fact 
a low c o r r e l a t i o n dimension D2 = 2.1 ±0.3 (Kiirths, 1987). 

A study on fo recas t ing the sunspot numbers by means of 
learning nonlinear dynamics, a s proposed by Farmer and 
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Sidorovich (1987), g ives fur ther evidence for the chaotic 
nature of solar a c t i v i t y (Kurths and Ruzmaikin,1990). We have 
shown t h a t t h i s r a t h e r simple approach y i e l d s r e l a t i v e l y good 
r e s u l t s for short- term fo recas t s ( < 11 yr ) . Note that t h i s 
procedure i s superior to l i nea r p red ic t ion models. On the 
other hand, the average p red ic t ion e r ro r grows considerably 
for longer f o r e c a s t s (Fig. 2 ) . This i s a t yp i ca l property of 
chaotic systems which precliide long-term p r e d i c t i o n s . 

5 7 9 TCyrD 

Fig. 2: Average p red ic t ion e r ror E( t ) of the yearly Wolf 
numbers as obtained from f i t t i n g o a model learn ing 
nonlinear dynamics, x a global l i n e a r model, T i s 
t he fo recas t ing t ime. 

These f ind ings suggest tha t the dynamics of the global 
solar a c t i v i t y i s low-dimensional chaos. 

3- A SIMPLIFIED NONLINEAR DYNAMO MODEL FOR SOLAR ACTIVITY 

Large-scale v a r i a t i o n s of the solar a c t i v i t y can be ex
plained in terms of a mean-field dynamo theory . The basic 
idea of so lar dynamo theory i s t ha t the magnetic f i e ld of 
the sun i s amplified and maintained by i t s r o t a t i o n (Krause 
and Radler, 1980). The r o t a t i o n of a s h e l l , the solar convec
tion zone, with the angular ve loc i t y fi in the magnetic f ie ld 
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B l e a d s t o an e l e c t r i c f i e l d i n r a d i a l d i r e c t i o n . Due t o t h 
i s f i e l d t h e charged p a r t i c l e s move outward and in t h e cond
u c t i n g wi re a c u r r e n t b e g i n s t o f l o w . T h i s c u r r e n t c a u s e s a 
new magne t i c f i e l d by i t s e l f whose d i r e c t i o n i s equal t o t h a t 
of t h e o r i g i n a l magne t i c f i e l d B. 

The o n l y p h y s i c a l mechanism known t o p roduce such mag
n e t i c v a r i a t i o n s a r e hydrodynamic plasma m o t i o n s , t h a t means 
d i f f e r e n t i a l r o t a t i o n and t u r b u l e n t c o n v e c t i o n . The changes 
of t h e f i e l d B a r e d e s c r i b e d by t h e i n d u c t i o n e q u a t i o n . For 
conven i ence , t h e mean magne t i c f i e l d i s s p l i t i n t o two p a r t s , 
t h e p o l o i d a l component B_ and t h e t o r o i d a l component B+ P x 

- > • - * • - > • 

B = Bt + A x At (1 ) 

The poloidal component is expressed as the rotation of a pur
ely toroidal vector potential A.. This way we get equations 
for the dynamics of At and B. 

X± = (« + C)Bt + tlt 

3B <2 a> 

^ r - DVAt + A*t 
i n c l u d i n g t h e i n f l u e n c e of t h e mean h e l i c i t y d . The dynamo 
number D depends d i r e c t l y on t h e d i f f e r e n t i a l r o t a t i o n and the 
mean n e l i c i t y and i s i n v e r s e l y p r o p o r t i o n a l t o t h e s q u a r e of 
t h e c o e f f i c i e n t of t u r b u l e n t d i f f u s i v i t y . A d d i t i o n a l l y , t h e 
b a c k - a c t i o n of t h e magne t i c f i e l d upon t h e h e l i c i t y i s i n c l u 
d e d . E q . ( 2 b ) d e s c r i b e s t h e changes of t h e h e l i c i t y 

| | - = - VC + P%t% - q(«+ C)1J (2b) 

The p a r a m e t e r s y , p , q c o n t r o l t h e r e l a x a t i o n of C r e s p . t h e 
i n f l u e n c e of t h e n o n l i n e a r t e r m s . C i s t h e d e v i a t i o n of t h e 
h e l i c i t y from i t s v a l u e in t h e absence of t h e magne t i c f i e l d . 
Thus we g e t a n o n l i n e a r dynamo model . To make i t t r a c t a b l e 
t h e e q u a t i o n s a r e t r u n c a t e d u s i n g a f i r s t o r d e r mode a n s a t z 
y i e l d i n g a system of 7 autonomus d i f f e r e n t i a l e q u a t i o n s d e p e 
nding on seven c o e f f i c i e n t s (Mal ine t sky e t a l . , 1986) 

a l = ~ a a l + ( t x + C o ^ b l + ° - 5 ( c i b i + c 2 b 2 ^ 

a 2 = " o a 2 + ( < x + c o ^ b 2 " ° - 5 ( c i b i ~ c 2 b 2 ^ 

h = ~ b l - Da
2 
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b2 = - b 2 + Dax 

°o = " V o + P ( a l b l + a 2 b 2 ) - q ( ( « + c o ) ( b J + b*) 

+ 0.5 c^CbJ- b 2 ) + Cgl^bg) 

H = _ v / c l + P ( a l b l " a 2 b 2 ) - < l ^ a + c
0

) ( b l " b 2 ) 

+ ^(taj* b |)) 
d2 = _ S / C 2 + p ( a l b 2 + a2b1 ' ) -q((a+ c o ) 2 b i b 2 + c 2 (b j+b 2 ) ) 

QUALITATIVE ANALYSIS OF THE NONLINEAR DYNAMO MODEL 

(3) 

In order to i n v e s t i g a t e the q u a l i t a t i v e behaviour of 
the dynamo model (3) in dependence on c h a r a c t e r i s t i c pa ra 
meters t h i s 7-dimensional system of ord inary d i f f e r e n t i a l 
equations has been analyzed by using the software system 
CANDYS/QA designed for the q u a l i t a t i v e a n a l y s i s of nonlinear 
dynamical systems (Feudel and Jansen,1988 ) . This l e ads to 
the cons t ruc t ion of a b i furca t ion diagram. 

For the model (3) the dynamo number D i s the c ruc i a l 
bifurcation parameter . Moreover, the specia l va lues D at 
which q u a l i t a t i v e changes occur mainly depend on the pa ra 
meter q. Hence, our r e s u l t s a re shown in a corresponding 
D-q-bifurcation diagram ( F i g . 3 ) . I t e x h i b i t s 6 regions with 
different kinds of invar ian t s e t s . I t i s obvious tha t t h i s 
system possesses a t r i v i a l s t a t i ona ry point where a l l v a r i 
ables a re equal to a vanishing magnetic f i e l d . At a D0 the 
system undergoes a Ifcpf b i fu rca t ion : the t r i v i a l s t a t i ona ry 
point looses i t s s t a b i l i t y and a s t ab l e per iodic so lu t ion 
occurs. This s t a b l e cycle has been continued with i n c r e a s 
ing dyamo number. At a c r i t i c a l value Di t h i s per iodic s o l 
ution looses i t s s t a b i l i t y too and we find a s t ab l e quas i -
periodic motion on a t o r u s which passes to a s t ab l e t h ree 
frequency t o r u s for higher D. Such s t ab l e t h ree frequency 
tor i have been reported t i l l now for a few systems, only 
(KanekD, 1986, Ba t te l ino , 1988, Nico l i s , 1990) . As i s known 
from specia l maps (Kaneko, 1986) t h i s t o r u s merges in a two 
frequency t o r u s if D increases f u r t h e r . For higher D a new 
i n s t a b i l i t y s e t s in leading to a chaot ic r eg ion . 

Since t h e a t t r a c t o r i s somewhat complicated, we cannot 
decide from Poincare p l o t s whether the motion i s q u a s i p e r i -
odic or c h a o t i c . A conclusive way to d i s t i n g u i s h between 
torus and chaos i s t o es t imate the Lyapunov exponents X^. 
They express t h i s by the exponential convergence or d i v e r 
gence of i n i t i a l l y nearby t r a j e c t o r i e s , i . e . for the d i s t 
ance of two t r a j e c t o r i e s holds a f t e r an evolution time T 

17 

https://doi.org/10.1017/S0252921100065878 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100065878


0.1 

006 

0.06 

-

"s 

Fig. 3 : Bifurcation diagram for the nonlinear dynamo model 
(3) in dependence on the dynamo number D and parame
t e r q, S - s t a t i o n a r y so lu t ion , P - per iodic solut ion 
H - Hbpf b i fu rca t ion , 2T - s t ab l e two- torus , 3T -
s t ab l e t h r e e - t o r u s , C - chaos, E - exploding. 

d(T) *- e 
XT 

where X < 0 means s t a b i l i t y X > 0 po in t s to uns tab le beha
v iour . If t he maximum Lyapunov exponent X max 

i s p o s i t i v e 

t h i s stage of the system i s defined to be c h a o t i c . 

The X. of the model (3) a re estimated applying the nu
merical procedure proposed by Shimada and Nagashima (1979). 

Between the X. of a t r a j e c t o r y of a system and the di 
mension of the corresponding a t t r a c t o r e x i s t s a r e l a t i o n fou 
nd by Kaplan and Yorke (1979) 
ingly, 

k 

If the X. are ordered descend-

D KY = k - E 
i=l • i / ' k+1 ( 4 ) 

provides a good approximation of the Hausdorff dimension, k 
k 

i s the g rea t e s t number with I X. > 0. 
i=l 
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Calcula t ing the * j we indeed find a region for D and q 
with chaot ic motion. In the case of s t ab l e t o r i DKY

 i s equal 
the number of incommensurate f requencies , but i t t akes f r a c 
tal va lues in the chaot ic regime (Fig. 4 ) . The t r a n s i t i o n 
from quas ipe r iod i c i t y to chaos found for the system (5) i s 
the t yp i ca l Newhouse-Ruelle-Takens rou te to chaos (Newhouse 
et. a l . , 1978) . 

• i i 

11 12 13 

Fig. 4: Kaplan-Yorke dimension D„Y of (3) in dependence on D 
for q = -0 .075 . 

The t r a j e c t o r i e s of the system in the chaot ic regime show 
a complicate amplitude-frequency modulation as well as epoches 
of extremely low a c t i v i t y (Fig .5) .Both f ea tu re s have been ob
served for so lar a c t i v i t y , t o o . 

280 283 287 290 293 297 300 

Fig. 5:Component a of a t r a j e c t o r y of (3) in the chaotic 
regime. 
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4 . CONCLUSIONS 

Applying modern techniques of time s e r i e s a n a l y s i s we 
get se r ious ind ica t ions tha t the dynamics of the global s o l 
ar a c t i v i t y i s low-dimensional chaos. Thus, a r a the r simple 
nonlinear dynamo model i s q u a l i t a t i v e l y studied exh ib i t ing a 
r i c h dynamical behaviour from steady s t a t e via some bi furca
t i o n s to a chaot ic regime. In t h e chaot ic s t a t e t h i s system 
y ie lds pecu l ia r p r o p e r t i e s as observed for the solar a c t i v i t y 

F ina l ly , we should l i k e to emphasize tha t the f i t n e s s 
of t h i s model to descr ibe the global solar a c t i v i t y i s not a 
wel l -es tab l i shed fact desp i t e the above i n d i c a t i o n s . The in
ves t iga t ion of such dynamics i s s t i l l in i t s infancy and sh
ould be continued by including o ther s t a r s with a c t i v i t y cy
c l e s and other nonlinear dynamo models. 
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