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POWER INTEGRAL BASES FOR REAL CYCLOTOMIC FIELDS

LAUREL MILLER-SIMS AND LEANNE ROBERTSON

We consider the problem of determining all power integral bases for the maximal real
subfield Q(£ + C"1) of the p-th cyclotomic field Q(C), where p ^ 5 is prime and C is a
primitive p-th root of unity. The ring of integers is Z[£+£-1] so a power integral basis
always exists, and there are further non-obvious generators for the ring. Specifically,
we prove that

Z[a] = Z[C + C 1 ]

if

a = C + C \ i/(C + C1), i/(C + C 1 +1), l/(C + C"1 - 1), V(C + C 1 + 2),

or one of the Galois conjugates of these five algebraic integers. Up to integer transla-
tion and multiplication by —1, there are no additional generators for p ^ 11, and it is
plausible that there are no additional generators for p > 13 as well. For p = 13 there
is an additional generator, but we show that it does not generalise to an additional
generator for 13 < p < 1000.

A number field K is said to have a power integral basis if its ring of integers OK is
of the form Z[a] for some a in the ring. The set of generators is stable under integer
translation and multiplication by —1; we call a and a ' equivalent if a' = n ± a for some
n € Z. Gyory [7] proved that up to equivalence there are only finitely many elements
that generate a power basis for any number field K. Most number fields do not have
a power integral basis, however, and when one does exist it is usually very difficult to
determine all the generators. See Gaal [3] for results on the existence and computation of
power integral bases for fields of small degree over Q, and for algorithms for determining
power integral bases.

Cyclotomic fields are an interesting case because power integral bases always exist
and in some cases we can find all the generators (see Nagell [9], Bremner [1], and Robert-
son [10, 11]). Real cyclotomic fields (that is, the maximal real subfields of cyclotomic
fields) are also interesting because again power integral bases always exist.

Let p ^ 5 be prime and C be a primitive p-th root of unity. Then it is well known

that Z[C + C~X] is the ring of integers of the real cyclotomic field Q(C + C~X)- The problem
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of determining all power integral bases for these fields has not previously been studied,
although it has been known since Gras [6] that real cyclotomic fields of prime degree over
Q are the only cyclic extensions of prime degree greater than 3 over Q that have power
integral bases. Here we consider the problem of determining all power integral bases for
Q(C + C"1). that is, of finding all a such that Z[a] - Z [ < + C"1]-

If a number field has a power integral basis then the following lemma can be used
to find further generators for its ring of integers.

LEMMA 1 . Suppose n generates a power integral basis for a number field K. If \x

is a unit in OK, then l/fj, also generates a power integral basis for K.

P R O O F : The constant term of the minimal polynomial for \i is equal to ± 1 , since /J

is a unit. Thus there are â  € Z such that

(1) fin + an^ifj,n-1 + • • • + aifi ± 1 = 0.

Multiply equation (1) by l / / i to see that l//i 6 Z[/z]. Multiply equation (1) by
to see that // € Z[1//K]. D

This lemma is important for our work because it provides a strategy for finding new
power integral bases for Q(C + C~X) from the known generator C + C"1- Namely, for every
n e Z, C + C"1 + n is equivalent to C, + £- 1 , and so generates a power integral basis. To
find further inequivalent generators we look for units of the form C + C"1 + i , then, by
the lemma, 1/(C+ C"1 + n ) generates a power integral basis.

THEOREM 1 . The algebraic integer £ + C"1 + n, n 6 Z, is a unit in Z[C + C"1] if

and only if n G {0, ±1 ,2} .

P R O O F : Let ^ ( i ) e Z[x] be the minimal polynomial for C + C"1- Then g(x) factors
completely in Z[( + C"1] as

(p-i)/2

g(x) = JJ (x - C - C*)-
i=l

Let N be the norm from Q(C + C"1) to Q. Then

C + C"1 + n is a unit <=* N(-n - C - C~l) = ±1

t = l

9(-n) = ±l.

Now, g(x) has ( p - l ) / 2 real roots all of which have absolute value is less than 2. Since the

degree of g(x) is also (p — l ) /2 , it follows that g(x) is monotonic for x ^ — 2 and x ^ 2.

Thus, to prove the theorem it is sufficient to check that g(—n) = ±1 for n = 0, ±1,2,

and that | s ( - n ) | > 1 for n = - 2 .
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We consider n = 0, ± 1 , ± 2 separately. Since (, + C"1 is a unit,

5(0) = N(-C - C 1 ) = ± 1 ,

as needed. Now,

g(-l) = N(-l - C - C 1 ) = (-l)(p-1) /2AT(l + C2 + C 2 ) ,

since p is odd. But 1 + C2 + C~2 = (C3 - C~3)/(C - C"1), and so is a unit since C3 - C~3

and C ~ C"1 a r e associates in Q(C)- Thus g(—1) = ±1 as well. Similarly,

5(1) = AT(1 - C - C 1 ) ,

and

is a unit. Thus <?(1) = ±1 . Also,

g(-2) = N(-2 - C - C 1 ) = (-l)(p-1)/2JV(C + C 1 ) 2 = ± 1 ,

since C + C"1 i s a unit. Finally, g(2) = N(2 - C - C"1)- B u t 2 — C — C"1 lies over p in
Z[C + C"1]- Thus, g(2) — ±p as needed to complete the proof. D

It is now immediate from Lemma 1 that

( 2 ) c + r \ ' I ' '
•C"1' C + C-' + i1 C + C " 1 - ! ' C + C"1 + 2

and the Galois conjugates of these five elements all generate power integral bases for
Q(C + C"1)- When p = 5 the field Q(C + C"1) = Q(cos(2iri/5)) = Q(\/5) is quadratic,
so all the generators for Z[£ + C"1], including those in (2), are equivalent to (1 + \/5)/2.
When p = 7,

so 1/(C + C x + 1) is equivalent to a Galois conjugate of C + C 1- When p ^ 11, however,
the following theorem shows that the generators given in (2) and their Galois conjugates
are pairwise inequivalent.

THEOREM 2 . If a is equivalent to

. _ _ 1 1 1 1
('+(' ' ^TC"1' C + C^ + i' C + C " 1 - ! ' C + C"1 + 2'

or one of the Galois conjugates of these 5 elements then Z[a] = Z[C + C"1]- Moreover, if

p ^ 11 then these elements are inequivalent, so there are at ieasfc 5(p— l ) /2 inequivalent

generators for the ring of integers of Q(C + C"1)-
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PROOF: AS discussed above, Lemma 1 and Theorem 1 imply that the 5(p - l)/2
elements are indeed generators. Suppose that two of these generators are equivalent.
Then

- — - ^ =n±7i—TZ\—T>

for some a, b € {0, ±1,2}, a ^ b, 1 < i < (p — l)/2, and n € Z. Getting a common
denominator gives that

0 = n(Ci+1 + C " 1 ) + (na - 1)(C + <"') + n(C~l + C'+ 1)

+ (nb ± 1)(C + C"1) + nQb — b±a,

so £ is a root of

g(x) = n(xi+1 + i*"'"1) + (na - l)(x' + xp~')

+ n(x{~1 + x"-i+1) + (nb± l)(x + x*"1) + nab-b±a.

Thus, the minimal polynomial for £, namely l + x + x2 -\ h xp~l, divides g(x) since it
divides every polynomial satisfied by (,. This is a contradiction for p ̂  11, as easily seen
by considering the possible degree of g(x) and the number of distinct monomials that
occur in ̂ (x) for 1 ̂  i ^ (p — l)/2 [8]. The theorem follows. D

We now use Lemma 1 again to search for more generators from the generators given
in Theorem 2. Let a € {0, ±1, 2}. If

is a unit for some n € Z, then, by Lemma 1, its inverse is also a generator. Since the set of
units is stable under multiplication by —1, we look for units of the form n—
n e Z. As in the proof of Theorem 1,

1 (p-D/2 l

n is a unit •$=> TT In : — } = ±1
D/2 l

TT In : — } =

fa(n) = ±1,

where ja(x) is the minimal polynomial for 1/(C+C-1 +o)- The degree of fa(x) is (p—1)/2
since l/(C + C~1 + a) is a generator. The constant term of fa(x) is ±1 since l/(£ + £~1 + a)
is a unit. Let ka denote the coefficient of x in fa{x). Then

(3) /o(n) = ±1 => n^-1)'2 + • • • + kan ± 1 = ±1

(4) ==£• n = ±2 or n divides A;a.

Thus, to determine the possible values for n such that n — 1/(C + C"1 + a) is a unit, we
compute ka for a = 0, ±1, 2, and test those n that divide ka in each case.
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We have
(p-D/2 ,

t r~\ _ TT ( T

t = l S ' S

Thus the constant term of fa(x) is given by

(5) ka = ±

where, as above, N is the norm from Q(£ + C"1) to Q. Let T denote the trace from
Q(C + C"1) to Q. Since C + C"1 + a is a unit for a e {0, ±1, 2}, it follows from (5) that

ka =

Now considering a = 0, ±1,2 separately and using (4) yields the following theorem:

THEOREM 3 . Let n e Z, n ^ 0.

1. Ifn- (l/(C + C"1)) is a unit then n = ±1 or n = ±2;

2. Ifn- (1/(C + C"1 + 1)) ^ a unit tien n divides (p - 3)/2 or n = ±2;

3. Ifn - (l/(C + C"1 - 1)) is a unit then n divides (p + l)/2 or n = ±2;

4. Ifn — (l/(C + C"1 + 2)) is a unit then n divides p — 2 or n — ±2.

It easily follows from Theorem 1 that n = 1 gives a unit in every case in Theorem 3
except when a = —1 (Case 3), and n = - 1 gives a unit in every case except when a = 2
(Case 4). For p < 1000, we used the computer algebra system Magma to test all of the
remaining possibilities for n for units of the form

This was done by observing that

1
n — - — - ^ is a unit <$=> n(C, + C : ) + na - 1 is a unit.

We wrote a computer program that calculated the norms

for p < 1000, a e {0, ± 1 , 2 } , and n as given in Theorem 3. For p = 11 and 13 < p < 1000,

all of the norms have absolute value greater than 1, so there are no units of this form.

When p = 13, however, there is an additional unit, namely, -2(C + C"1) - 3 is a unit,

which corresponds to - 2 - ( l / (C + C"1 + 1)) being a unit. Thus we have

THEOREM 4 . Let a 6 {0, ± 1 , 2 } , p be prime with 13 < p < 1000, and C be a

primitive p-th root of unity. Then n - ( l / (C + C"1 + a)) is not a unit ifl Z[£ + C"1]-
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It seems likely that Theorem 4 holds for p > 1000 as well.
Recall that Theorem 2 provided a list of power bases generators for the ring of

integers of Q(C + C~x)- For p = 13, if we take the inverse of the unit 2 + 1/(C + C"1 + 1)
we get an additional power basis generator for Z[C + C"1] by Lemma 1. For p > 13, we
get no additional power bases generators, and our search for generators using Lemma 1
has ended. It is known, however, that there are no additional generators of any form for
p ^ 13. Specifically, Gaal and Schulte [5] computed all power integral bases for a large
collection of cubic fields, including the real cyclotomic field for p = 7; Gaal and Pohst [4]
consider a family of totally real cyclic quintic fields and showed that only one, namely
the real cyclotomic field for p = 11, admits a power integral basis, and they compute all
the generators for this field; Gaal [2] computed all power integral bases for the first five
totally real cyclic sextic number fields, which includes the real cyclotomic field for p = 13.
In the work of Gaal, Pohst, and Schulte the generators are presented in a different form
than in our work, but a close examination shows that we found all the generators for
p ^ 13. This is stated in the following theorem.

THEOREM 5 . Let p be prime and C be a primitive p-th root of unity. Suppose a
generates a power integral basis for Q(C + C"1).

1. If p — 7 then a is equivalent to

c + c-1 1 1 1
' C + C"1' C + C " 1 - ! ' C + C"1 + 2'

or one of the Galois conjugates of these 4 elements.

2. If p = 11 then a is equivalent to

1 1 1 1.—1

' c + c-1' c + c ^ + i ' c + c - 1 - i ' c + c-1 + 21

or one of the Galois conjugates of these 5 elements.

3. Ifp = 13 then a is equivalent to
1 1 1 1 1

C+C- 1

' C + C"1' C + C"1 + 1 ' C + C"1 - 1' C + C"1 + 2' (i/(c + C'1 +1)) + 2

or one of the Galois conjugates of these 6 elements.

Similarly, for p > 13 it is plausible that there are no generators other than those
found by our method and stated in Theorem 2. Thus we conclude with a question.
QUESTION. Let p > 13 be prime and C be a primitive p-th root of unity. If a generates
a power integral basis for Q(C + C-1) then is a necessarily equivalent to

<+<--c^W cTc^r <Tc^r c ^ '
or one of the Galois conjugates of these 5 elements, or do additional generators exist for
some prime p?
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