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Abstract  The singular boundary-value problem (g(z’)) = pf(¢,z,2’), 2’(0) = 0, z(T) = b > 0 is
considered. Here p is the parameter and f(¢,z,y), which satisfies local Carathéodory conditions on
[0,T] x (R\ {b}) x (R\ {0}), may be singular at the values « = b and y = 0 of the phase variables z and
y, respectively. Conditions guaranteeing the existence of a positive solution to the above problem for
suitable positive values of p are given. The proofs are based on regularization and sequential techniques
and use the topological transversality theorem.
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1. Introduction
Let b, T be positive numbers, J = [0,7] and R, = R\ {a} for a € [0,00). Consider the
boundary-value problem (BVP)

(1)), (1.1)
2(0)=0, a(T)=b. (1.2)

Here p is the parameter, g € C°(R), f satisfies local Carathéodory conditions on J x
Ry, x Ry (f € Car(J x Ry x Ry)), and f(¢,x,y) may be singular at the values x = b and
y = 0 of the phase variable x and vy, respectively.

Together with (1.2) we also discuss the boundary conditions

2'(0) =0, z(T)=c¢, 0<c<b. (1.3)
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A function € C*(J) is said to be a solution of the BVP (1.1), (j), j = 1.2,1.3, if
g(z’) € AC(J) (absolutely continuous functions on J), x satisfies the boundary condi-
tions (j) and (1.1) holds a.e. on J.

The aim of the paper is to give conditions guaranteeing the existence of positive solu-
tions to BVPs (1.1), (j), j = 1.2,1.3, for suitable positive values of the parameter p
in (1.1).

The study of BVPs (1.1), (1.2) and (1.1), (1.3) was motivated by the paper [4] where
the results in [5] were extended and generalized. In [4] the authors discussed the existence
of a non-negative solution to the singular (at the time variable t) mixed BVP

L @2 (1) + pa) (¢ 2(0), p(0) (1)) = 0,
p(t) (1.4)
Tim p(t)'(1) =0, (1) =,

with f1 € C°([0,1] x R?) satisfying f1(t,z,r9(t)) = 0 for t € [0,1] and z € [0, 3], where
ro € CY([0,1]) is positive and non-decreasing and 3 > 0. Our Equation (1.1) is, on
the one hand, a special case of (1.4) with p = 1, ¢ = 1, but, on the other hand, it
is a generalization of (1.4), since on the left-hand side of (1.1) we have (g(z’))" and the
nonlinearity f (¢, x,y) may be singular at the values z = b and y = 0 of the phase variables
x and y, respectively.

Note that positive solutions to BVP (1.1), (1.2) with g(u) = u have been considered
in [2]. Here f may be singular at the value 0 in both its phase variables and f satisfies
sign conditions. Conditions guaranteeing the existence of two positive solutions for the
regular differential equation (|2/(¢)[P~22'(t)) + h(t) f2(z'(t)) = 0, p > 1, satisfying (1.2)
are given in [3].

Throughout this paper the following assumptions are satisfied.

(H1) g € C°(R) is increasing on [0,00), ¢(0) = 0 and lim, . g(u) = cc.
(Hy) f e Car(J x Ry x Ry),
ft,z,a(t)) =0 for a.e. t € J and each z € [0,D),

where a € C°(J) is positive and non-decreasing on J and also there are positive
numbers €, g9 and v € (0,7 such that

e < f(t,z,y) forae. t€[0,v] and each (z,y) € [0,b) x (0, ]
(Hs) For a.e. t € J and each (z,y) € [0,b) x (0, a(t)],

0< ft2,y) < (@) + g2(2)) (@i (y) + wa(y)),

where gz € C°([0,0)), w1 € C°(]0,00)) are non-decreasing, g2 > 0, w1 > 0, ¢1 €
C°([0,b]), wa € C°((0,00)) are non-increasing, ¢ > 0, wa > 0, w; + wo is non-
increasing on (0, d] with ¢ € (0,77, and

/ wo (g7 1(s)) ds < oo.
0
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Remark 1.1. Since wo(g~1(t)) is non-increasing positive on (0, 00) by (H;) and (H3),
the condition fole(g’l(s)) ds < oo in (Hsz) implies [jwz(g~'(s))ds < oo for each
€ (0, 00).

We denote by ||z|| = max{|z(t)| : t € J} and ||z||, = fo |z(t)|dt the norm in the
Banach spaces C°(.J) and L1 (J), respectively.

To prove existence results for BVPs (1.1), (1.2) and (1.1), (1.3) we use regulariza-
tion and sequential techniques. First, we define a family of auxiliary regular differential
equations depending on n € N and using the topological transversality theorem (see, for
example, [1]) given in Lemma 2.1 we obtain a general existence principle (Lemma 2.2).
Using this principle we show that the sequence of auxiliary BVPs has a sequence {z,}
of positive solutions (Lemmas 2.3 and 2.4). Applying the Arzela—Ascoli Theorem we can
select a convergent subsequence of {x,} and then the Lebesgue-dominated convergence
theorem shows that its limit is a solution of our BVP (Theorems 3.1 and 3.2). Example 3.3
demonstrates the application of our existence results.

2. Auxiliary BVPs

2 1 11
No=<n:neN - — =, =
0 {n n e ,n>max{b,a(0),€0,5}},

where the positive numbers b, €9, § and the function « are given by (H2) and (Hs). For
n € Ny, define p,, € C°(R), f, € Car(J x R, x R) and f,, € Car(J x R?) by

Let

0 if x > b,

n(b—x) 1fb—(1/n)<x b,
pr(x) =41 if (1/n) <a<b—(1/n),

nx if 0 <z < (1/n)

0 if x <0,

) ft,z, aft)) for (t,x,y) € J x Ry X [a(t), ),
Itz y) =< f(t,z,y) for (t,z,y) € J x Ry x [(1/n), a(t)),
ft,z, (1/n)) for (t,z,y) € J x Ry x (—o0, (1/n)),
(
(

)
)
,T,Y)
fn(t,z,y) = {g"(m)‘fn(tv%y) for (t,z,y) € J x Ry x R,

Then (Hz) and (H3) give

0< fult,z,y) < (q1(z) + ¢2(2)) (w1 (y) + wa(y)) (2.1)

for a.e. t € J and each (z,y) € [0,b) x (0, a(t)].
Finally, define g, € C°(R) by

g () = {g(u) for u € [0, 00),

—g(—u) for u € (—00,0). (22)
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Consider the family of regular differential equations

(g:(a" (1)) = Awfu(t, x(t), 2" (t)) (R)n
depending on the parameters n € Ny and A € [0, 1] together with the auxiliary boundary
conditions

a'(0)=0,  a(T)=b—(1/n). (B)n

For the solvability of BVPs (R)L, (B), and (R)., (1.3) we use the existence principle,

n?
whose proof is based on a well-known result in the literature (Lemma 2.1).

Lemma 2.1 (see [1]). Let {2 be a relatively open set of a convex set ¢ in a Banach
space E and p € 2. If

(a) K:[0,1] x 2 — & is a compact operator,

(b) K(0,z) =p for z € 2, and

(¢c) K(A\,z) #x for A € (0,1) and z € 912,
then K(1,-) has a fixed point in (2.

Lemma 2.2. Let F € Car(J x R?), g, be given by (2.2), d € R and let there exist
positive constants Py, Py independent of A\, Py > |d|, such that

lzll # Po,  [l2[| # Pr
for any solution x to BVP
(g:("(1)))" = AF(t, (1), 2(¢)), (2.3)}
Z0)=0, a(T)=d (2.4)

with A € (0,1). Then there exists a solution of BVP (2.3)1, (2.4).

Proof. Set
R=A{z:2eC'(J), |z < P, [l2|| < P}

and let K :[0,1] x 2 — C*(J),

KO\ z)(t) =d — /tT 97! (/\ /O Flv,2(v), 7' (v)) dv> ds.

Then z is a fixed point of the operator K(A,-) if and only if x is a solution of BVP
(2.3)*, (2.4). To prove the solvability of BVP (2.3)}, (2.4) we use Lemma 2.1 (with
E=&=CJ)and p=d).

First we see that K(0,z) = d for x € 2. If K()\,z0) = 7o for some (Mg, ) € (0,1) x
02, then x is a solution of BVP (2.3)*, (2.4) and ||xo|| # P, ||xp|| # P by our assump-
tion, that is zg € 02, contrary to xg € 952.
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It remains to show that K is a compact operator. For this let {(\,,z,)} C [0,1] x 2
be a convergent sequence, lim, o A\, = Ag, lim,—, o ©,, = z¢. Then there is a positive
constant L such that ||z, || < L, ||z},|| < L for n € N, and since F € Car(J x R?),

|F(t, xn(t), 2}, (t))] < ~(t) for ae. t € J and each n € N, (2.5)

rrn

where vy € Li(J). Hence

lim A, [ F(s,zn(s),2)(s))ds = )\0/0 F(s,z(s),2'(s))ds

n—roo 0

uniformly on J by the Lebesgue-dominated convergence theorem, and so the sequence

{9 OO 00} = {2 [ Fls.ma(s).205) s

is uniformly convergent on J to Ao fot F(s,z0(s),z5(s)) ds. Now from the equalities (for
ne€NandteJ)

(K (s )" () = (K (X0, 20)) ()] = lg= g (KOs @) (8)] = 93 g (K (o, 20)) (D)

and g, being continuous increasing on R, we deduce that

lim (KA, 2,)) (t) = (K(Xo,20))'(t) uniformly on J.

n—oo

Thus limy, 00 K(An, 2n) = K(Xo, 20) in CL(J) since K(Ap, 2,)(T) = K(Xo, 20)(T) = d for
n € N. We have proved that K is a continuous operator. To prove the relative compactness
of K([0,1] x 2) in C1(J), let {(Am,Zm)} C [0,1] x £2. Then (2.5) (with m instead of n)
is satisfied with a v € Ly (J) and we can verify that

|95 (KOs 2)) ) < Vll2as 1K, 2) ()] < Jd] + Tg (12,

and

|94 (KA ) (£2)) = g (K (A, 2m))" (£1))] < ‘/j (1) dt‘ (2.6)

for t,t1,to € J and m € N. Therefore, {K(\y,2m)} is bounded in C'(J) and from
(2.6) and g. being increasing on R it follows that {(K( A, zm)) (t)} is equicontinuous
on J. Consequently, there is a subsequence of {K( A, ¥m)} converging in C*(J) by the

Arzela—Ascoli Theorem. This completes the proof. a
Let
Q) = [ (@) +ax(s) ds uelo.b)
0
and

ds, wu€[0,00).
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Then, by (Hs), Q € C°([0,b)) and H € CY([0,00)) are increasing. In addition, if

/b g2(t) dt < oo, (2.7)
0

then Q € C°([0, b]).
Lemma 2.3. Let (2.7) be satisfied and let there exist po > 0 such that
b 1
/0 T (00(5) ds < 0. (2.8)

Then the function ,
) = | g & (2.9)
o H™1(nQ(s))

is continuous and decreasing on (0, po].

Proof. We first see that (2.8) shows that the interval [0, 110Q(b)) belongs to the domain
of H=1. By (H3), there are positive constants k1, k2, k1 < kg, and by € (0,b) such that
k1 < q1(u) + g2(u) < kg for u € [0,bg], and so

kiu < Q(u) < kau  for u € [0, by). (2.10)

Then H 1 (poQ(u)) < H ™ (uokou) for u € [0,b1], where 0 < by < min{bg, Q(b)/k2} and
(see (2.8))
by 1 by 1 b 1
—ds < 7ds</7ds<oo,
o H™'(pokss) o H M (poQ(s)) o H=H(10Q(s))
which shows that
pokaby 1
———ds < o0. 2.11

L T 210

Let € (0, po). Now from the inequalities (see (2.10))

H ™ (uQ(u)) > H(ukyu) for w € [0, bo],
H™ (nQ(u)) = H™'(uQ(bo))  for u € [bo, b,

we have

/” 1 bo 1 ds+ b— by
o H71(pQ(s)) H=1(uQ(bo))’

s
o H™'(ukis)

and then using (2.11) we deduce that the function r given by (2.9) is defined on (0, p].

Since the function v(u, ) = H~1(uQ(u)) is continuous on [0,b] x [0, uo] and v(u,-) is

increasing on [0, uo] for each u € (0,b], it follows that r is continuous and decreasing

on (07 MO} U

ds <
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Lemma 2.4. Let (2.7) be satisfied and let p., be a positive number such that

b 1
/O EIPRIIB)] ds=T. (2.12)

Then for each p € (0, 1) there exists n,, € N such that BVP (R)}, (B),, withn € N, =
{n:n €Ny, n>mn,} has a solution x, and

1
— <ap(t) <b-—

1
=, 0<2,(t)<alt) forteld (2.13)
TL# n

Proof. Fix p € (0, pts). By Lemma 2.3, there exist n, € N such that

b—1/n, 1
/I/W o # > T (2.14)

Fix n € N,,. Consider the family of BVPs (R)}, (B),, for 0 < A < 1. First, we show that
any solution x to (R)}, (B), satisfies

n?

WV

xz(t) >0 forte J (2.15)

To see this suppose that min{z(t) : t € J} = x(to) < 0. Then ¢y € [0,T), z(t1) =0 for a
t1 € (to,T) and = < 0 on [tg, 1) since z(T) = b —1/n > 0 and also z’'(¢g) = 0, which is
clear for ¢ty € (0,7T) and it follows from (B),, for t, = 0. Moreover,

(g«(2' (1)) = Mufu(t,z(t),2'(t)) =0 for a.e. t € [to,t1],

and so z(t) = z(tg) < 0 for t € [tg,t1), which yields z(t;) = x(tp) < 0, contrary to
z(t1) = 0. Now, from (g.(2'(¢t))) = Aufu(t,z(t),2'(t)) = 0 for a.e. t € J we have 2’ > 0
on J, and consequently (2.15) is true and x(t) < «(T) = b — (1/n) for t € J. Next we
will show that

(0<)2'(t) < a(t) forteJ (2.16)

If not, «'(t1) > «(ty) for some ¢; € (0,7) and then from z’'(0) = 0 and «(0) > 0 we
deduce that z'(t.) = a(t.) and ' > « on (t.,t1] with a ¢. € (0,¢1). Therefore,

(g« (2" (1)) = Mufu(t,z(t),a(t)) =0 for a.e. t € [ts,t1],

hence g.(2'(t)) = g(a(ts)) for t € [t.,t1], and so a(t,) = 2'(t.) = 2'(t1) > «(t1), which
contradicts a being non-decreasing on J by (Hz). Now (B),, (2.15), (2.16) together with
Lemma 2.2 (with F(t,z,y) = pfa(t,z,y), Po = b and P; = |la| + 1) imply that (R)L,
(B),, has a solution x,. In addition (argue as above)

0< z,(t) <b—(1/n), 0< a2, (t)<alt) fortel

n

To prove (2.13) it remains to verify that x, > 1/n, on J. By (2.1),

(g+ (2, (1)) = (9(x7,(1)))" < plga (@ (1)) + q2(@n (£))][w(2f, (1)) + w2 (a7, (1))]

https://doi.org/10.1017/50013091503000105 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000105

8 R. P. Agarwal, D. O’Regan and S. Stanék

for a.e. t € J. Then, integrating the inequality

(9(x, (1)), ()
wi (27, (1)) + w27, (1))

from 0 to t € (0,7, we get

< plgr (@ (1) + g2 (2 (t)]a7, (t)

g(z, (1)) g—l(s) Zn(t)
/0 wi(g=1(s)) + wa(g=1(s)) ds < M/In(o) (q1(s) + q2(s)) ds

Tn (1)
<u [ @) e @
0
for t € J. Hence H(z),(t)) < pQ(z,(t)) for ¢ € J and integrating from ¢ = min{t : ¢ €
J, x,(t) > 0} to T the inequality

o w® e
1 (uQn) S for t € (¢, 71, (2.18)
we have

b*l/n 1
—— —ds <T.
/zn(f) H=1(uQ(s))

Since 1/n < 1/ny,, (2.14) shows that x,(t) > 1/n,, so t = 0 and z,(0) > 1/n,. We have
proved the validity of (2.13). O

Lemma 2.5. Let 0 < ¢ < b and let pug be a positive number such that

¢ 1
/O 000 ds=T. (2.19)

Then for each p € (0, o) there exists n, € N such that BVP (R)}, (1.3) withn € N, =
{n:n €Ny, n>n,} has a solution x,, and

, 0< 2l (t)<alt) forteld (2.20)

3
=
3~

Proof. Arguing as in the proof of Lemma 2.3 we can prove that the function

ro(u) = / U/ H (uQ(s))] ds

is continuous decreasing on (0, po]. Fix p € (0, p0). Then there exists n, € N, n, >
1/(b — ¢) such that
¢ 1

1/n, H™H(pQ(s))
Let n € N,,. Consider the family of BVPs (R), (1.3) for 0 < A < 1. An analysis similar

to that in the proof of Lemma 2.4 shows that any solution z to (R)}, (1.3) satisfies the
inequality

ds > T. (2.21)

0<z(t)<e, 0K (t) <alt), te,
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and so Lemma 2.2 (with Py = ¢+ 1 and P; = ||a|| + 1) guarantees that there exists a
solution z,, of BVP (R)}, (1.3) for n € N,,. Then

0<aalt) Sc<b—(1/n), 0<a,(t)<alt), tel,
and integrating (2.18) from ¢t = min{t : ¢t € J, ,,(t) > 0} to T, we get
o1

Now (2.21) shows that x,(t) > 1/n,, so t =0 and z,(0) > 1/n,, which completes the
proof of (2.20). O

ds

N

T.

3. Existence results and an example

Theorem 3.1. Let assumptions (Hy)-(Hs), (2.7) be satisfied and let (2.12) be true
with a positive number p,. Then BVP (1.1), (1.2) has a solution x for each pu € (0, p4)
and

0<z(t)<b, 0<2'(t)<at) forteld (3.1)

Proof. Fix p € (0, 1y). By Lemma 2.4, there exists n,, € N such that BVP (R)},, (B),
has a solution z,, satisfying (2.13) for each n € N, with N, given in Lemma 2.4. Then
(see (2.1) and (2.13))

(9(a7 ()" < plar (zn (1) + g2 (@ (1)) [wi (27, (1)) + w2, (1))] (3.2)

for a.e t € J and each n € N,. Arguing as in the proof of Lemma 2.4 we can see that
(see (2.17))
H(@, (1)) < plQa(t)) — Q(@a(0))] for ¢ € J, n € N, (3.3)

Now let ¢, g9 and v be given by (Hz). If there exists a subsequence {zg, } of {Zn}nen,
such that x} (7,) = go with lim,, o, 7, = 0, then letting n — oo in (see (3.3))

H(xy, () < plQ(xk, (7)) — Q(ax, (0))],

we get H(eg) < 0 since 0 < zy, (75,) — 2k, (0) < ||e|| 7, contrary to H(gg) > 0. Conse-
quently, there is a vy € (0, v] such that z},(t) < g for t € [0,19] and n € N, and then
(Hs) and (2.13) imply that f,, (¢, z,(t), 2}, (t)) > € for a.e. t € [0,19] and each n € N,,.
Hence g(z,(t)) > et for ¢t € [0, vp] and since z), is non-decreasing on J, we have

z,(t) = x(t) forte JandneN,, (3.4)
with
g Y(et) for t €[0,w),
x(t) =497,
g Hewy) fort e (v, T).
Then

wa(z),(t)) Swa2(x(t)) forte (0,7], neN,. (3.5)

n
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Using the assumption (see (Hs) and Remark 1.1) fol wa(g71(s))ds < 00 we see that
wa(x(t)) € L1(J). In addition, from (B),, and (3.4) we have

Tn(t) = zn(b) — /tb 2, (s)ds <b— /th(S) ds,

and so
zn(t) <n(t) forteJ nelN,,
where
(1) = b—g Yev)(b—1o) fort e [0,w),
= b—g t(ew)(b—1t) forte (v,T].
Hence

@(2n(t) < q2(n(t)) forteJ, neN, (3.6)
and g2(n(t)) € L1(J), which follows from assumption (2.7) and the inequalities

b b
/0 as(n(t)) dt = voas(b — g~ (ev0) (b — 1)) + / g2(b— g (evo)(b — £)) dt

0
b
/ q2 (t) dt
b—g~*(evo)(b—r0)

b
< voqa(b— g~ (ewo) (b — 1)) + 7 (o) /0 q2(t) dt.

= 1oq2(b— g~ (o) (b — 1)) + %
1

Now, from (2.13), (3.2), (3.5) and (3.6) we have

(0 <) (9(z7,(1)))" < nlar(0) + g2 (n(t))][wi () + w2 (x(t))]

for a.e. t € J and each n € N,,. Hence

ta
0 < g(af,(t2)) — glan(t1)) < u/ [91(0) + g2 (n(0))] w1 (a(t)) + w2 (x(t))] dt
t1
for 0 <t; <ty < T and n € N, and since [g1(0) 4+ g2(1(2))][w1 (a(t)) + w2 (x ()] € L1(J),
{g(@7,(t)) }nen, is equicontinuous on J and then {7, (t)}nen, is equicontinuous on J too
since g is continuous increasing on [0, 00) by (H7). Applying the Arzela—Ascoli Theorem,
going if necessary to a subsequence, we can assume that {x%}neN“ is convergent in
C*(J) and let lim,, 00 ¥, = . Then z € C1(J), 1/n, < z(t) < n(t), x(t) < 2'(t) < at)
fort € J, 2/(0) =0 and =(T) = b. As
lim f,(t, 2, (t), 2, (t)) = f(t,z(t),2'(t)) forae teJ

n— oo

and

0 < falt,zn(t), 20,(8) < plar(0) + g2(n(t)][wi(a(t)) + w2 (x(8))] (€ L1(J))
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for a.e. t € J and each n € N, taking the limit as n — oo in

ﬂ%ﬂDZMAJM&MGL%@Dw’tELnGNW

we get

g@%ﬂ=u£f@d@w%ﬁ®, teJ

by the Lebesgue-dominated convergence theorem. Therefore, g(z’) € AC(J) and z is a
solution of BVP (1.1), (1.2). O

Theorem 3.2. Let assumptions (H;)-(Hs) be satisfied, 0 < ¢ < b and let (2.19)
be true with a positive number . Then BVP (1.1), (1.3) has a solution x for each
€ (0, up) and

O<zt)<e, 0<2'(t)<alt) forteld (3.7)

Proof. Fix u € (0, o). By Lemma 2.5, there exists n,, € N such that BVP (R)}, (1.3)
has a solution x,, satisfying (2.20) for each n € N, with N, given in Lemma 2.5. Then
(see (2.1) and (2.20))

(9(20,(1))" < plg1(0) + g2(c)][wi(ax(t) + wa(a, (1))]

for a.e. t € J and each n € N,. We can now proceed analogously to the proof of Theo-
rem 3.1 to show that

(9(27,(1)))" < plg1(0) + q2(0)][wi((t)) + w2 (x(£))] (€ La(J))

for a.e. t € J and each n € N, and (the details are left to the reader) we can also show
that there is a convergent in (C*(J)) subsequence of {zy, }nen, and its limit is a solution
of BVP (1.1), (1.3). O

It is easy to construct examples so that Theorems 3.1 and 3.2 can be applied in practice.
To illustrate this we consider the following two examples.

Example 3.3. Let b, r, v and 1 be positive constants, v # 1, n < r. Consider the
differential equation

iy sEnlb—a(t) (sma'(t)
wory =B (e 1) 35)

which is the special case of (1.1) with

g(u) = ul", f@awzw@‘”C@WJ)

|z =07\ [yl

Then g satisfies assumption (H;). Assumption (Hs) is satisfied with a(t) = 1, v = T
and for instance € = 1/b7, g9 = 1//2 and assumption (Hj) is satisfied with q;(u) = 0,
g2(u) =1/(b—u)7, wi(u) =0 and wy(u) = 1/u". Since n < r, we see that

fww%mmzf@mMM<w
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Then
Q) = [ (@) + e
_ / to1
o (b—s)
b7 — (b —u)tY
1—v
and
g(u) -1
9~ (s)
H(u) = / ds
W=) G Fels )
:/u S(n""l)/rds
0
— "t
n+r+1
Hence
B () = T,
r
and
H N (puQ(u)) = K "™ R/b1=7 — (b —u)' =
where

K = ntrtl Mn+r+1.
r(1—7)

By a routine calculation, one can show that (for 0 < ¢ < b)
/ ————ds = — ! ds
o H71(pQ(s)) K Jo ms)/ol=7 — (b —s)1=7
n+r+\l/b,,]+7r+,y c/b 1
/ /T (L= s ds
n+r+\l/bn+7r+,y /1 (1—(e/b)) ™7 lfm N
n+r+\1/§ '

Now

b T
o H=1(pQ(s)) pn+r+ DA -yt T\ n+r+171—7x

where B(+,-) is the beta function, and so Theorem 3.1 guarantees that the BVP (3.8),
(1.2) has a solution x satisfying (3.1) if 0 <y < 1, r > n and p € (0, ps) with

roTTHY l B n4r 1 n+r+1
M DA T\t r+ 11— '
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Applying Theorem 3.2, BVP (3.8), (1.3) has a solution « satisfying (3.7) if v € (0, c0),
r>mnand u € (0, o) with

bn+r+’y 1 17(17(c/b))17“’ -3 /(1 — g)¥ n+r+1
r < / VAL ds) .
0

T D\ T RS
Example 3.4. Consider the BVP
1
(1) = n(l - Ix(t)”)(m,(t”,, - 1), (3.9)
2'(0) =0, z(1) =3, (3.10)

where v € (0,00) and 1 € (0,1). Assumptions (H;)—(Hs) are satisfied with T' = 1,
b=1/2, glu) =u, aft) =1, e =1-1/27, 60 =1/V2, v = 1, q1(z) = 0, @2(x) = 1,
wi(y) =0 and we(y) = 1/y". Hence

U u u77+2
Qu:/ds:u, Hu:/ s dy =
W=/ w=[ s

and

H™ Y (uQ(w) = "R/ (n + 2)pu.

1/2 1 1/2 1 1 1 n n+1
_17(15: = iy (1+> )
o H ' (pQ(s) o "/(n+2pu n+l w 2

Equation (2.12) (with b =1/2 and T' = 1) has the unique solution

(/2 + 17+
(+ 172

Now Theorem 3.1 guarantees that BVP (3.9), (3.10) with p € (0, u.) has a solution x
satisfying the inequalities 0 < z(¢) < 1/2 and 0 < 2/(¢) < 1 for ¢ € [0,1].

Since

*
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