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Abstract
Let R =F, + uF, + usz + 4 ud’l]Fp, where u? = u and p is a prime with d — 1 dividing p — 1. A
relation between the support weight distribution of a linear code %’ of type p? over R and the dual code
¢+ is established.
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1. Introduction

The support weight distribution of codes over fields has been known for a long
time [4]. Sometimes called the Wei weight [6], this natural generalisation of the
weight distribution is of great interest in cryptography (for example, the attack on the
wiretap channel [6]), self-dual codes [2] and finite geometry [5]. More recently, the
support weight distribution of codes over the ring of integers modulo 4, the smallest
commutative ring with identity that is not a field, was studied in [1]. The case of codes
over a special semilocal ring was considered in [3]. In the present note we extend the
results of [3] to a larger family of semilocal rings.

The material is organised as follows. The next section contains the basic notions and
notations that we need. Section 3 extends some lemmas of [3] to the present situation.
Section 4 contains the main result, a MacWilliams-type identity on the support weight
enumerator of codes over the ring in the title.

2. Preliminaries

Denote by F,, the finite field of order p, with p a prime. Let R = F,, + uF, + u’F, +
-+ +u?'F,, where u? = u and d — 1 divides p — 1. This arithmetic condition implies
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that the polynomial u¢ — u can be factored into linear factors over F, as follows:

u —u=u(u—a)u—a) - (u—aq)
for some distinct nonzero ay, as, ..., dq-1 € F,. Clearly, R is a commutative ring and
has (u), (u —ay),...,(u — ay_1) as its maximal ideals, which igplies that R is finite
nonlocal. Letap=0and f; =u—aq; fori=0,1,...,d - 1. Let f; = (u® — u)/ f;. Then,
foreachi=0,1,...,d -1, f; and f; are coprime over IF,, which implies that there are
two polynomials m; and ¢; in F[u] such that
miﬁ + li]}i\z 1.
Lete; =m;f; foreachi=0,1,...,d — 1. From the above relation, we see that ¢; is an

idempotent. Further, it can be shown that e;e; = 0 for any i # j and Z?:_OI e;=11inR.
Therefore, we have the ring decomposition

R=e)R®elR®---®e; |R= eonGBeleéB'--EBed_le.

Let R" be the set of n-tuples over R. Then R" = eOIF;; ® el}F; e @ ed_l}F;.
Any nonempty R-submodule € of R" is called a linear code of length n over R.
According to the Chinese remainder theorem, € = ¢y61 ® 16, - & e4-1%,
where €, ¢, ..., %, are F,-subspaces of F), that is, linear codes of length n
over F,. Therefore, |€| =|61||%>|---1€4l. For integers 0 < r; <n, let |€)| = p",
|65 = p™,...,|%, = p'“. Then we say that € is a linear code of length n over R
Of type pr1 +r2+~~+rd.

Let % C € be a subcode. The support of 4 is defined as

x(AB) =1{i| c; # 0 for some (co, c1,...,cn1) € B).
The support weight of Z is defined as
wy(B) = (AB).

. . 1,12,....1,
For any nonnegative integers 11 < ri,tp < 1a,...,1; <1y, let A2 e the number
1
(t1,t2,.
i

of subcodes of type p"*2*~+ with support weight i. The A" th support weight

distribution is the polynomial

A(tl’tz"“’td)(z) :Agl,tz ,,,,, t4) +A(11|Jz ,,,,, ld)Z+ . +A£{l’t2""’t’1)zn.

3. Some lemmas

Let & be a linear code of length n and type p**~** written p?, over R. Let

{a,ay,...,a;} be a basis of € over R. Then, for any i = 1,2, ..., k, there exist words
b € F, such that
a; = €1b|,‘ + €2b2,' + -+ edbd,'.

Let G be the generator matrix of ¢ and let aj, a,, ..., a; be its rows. Then, if € is
viewed as an [F,-subspace, it has a generator matrix G with successive rows

eibi,ebia, ... e1bi, eabar, eabn, ... eobog, ..o, eqbar, eqban, . . . €D
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For any subcode C C % of type p"'*2* "+ where 11,1, ...,1; < k, define
Sc ={(x1,x2,...,x) € R* | (x1,x2,...,x)G € C}.
Clearly, S¢ is an R-submodule of R*. Define
F(t1,t2,...,15) = {C | Cis a subcode of type p" 2"+ of €}

and
T (1,12, ...,t7) = {U | U is a submodule of type p*"2* "+ of R},
Define the map
¢:RE > €
(X1, X2, ..., x) > (X1, X2, ..., x)G.

One can verify that ¢ is an R-module isomorphism. Therefore, for any nonnegative
integers t1, 1, ...,t; < k, if C C € is a subcode of type p"*2+ "+ then Sc C R¥ is an
R-submodule of type p"'*2**4_ Moreover, the map C — S¢ is bijective between the
set ¥ (t1,t,...,t;) and the set 7 (¢, 12, ..., 15).

Let S¢ be a linear code of length k and type p"*2** over R, with 1, 1, ...,1; < k.

Then the dual code
Sg={01y2 ) €RE 1y 30) - (1, -, ) = O for any (xy, ..., x¢) € Sc}
is a linear code of length k and type p*~" p*~%2 ... p*~% over R.

From the discussion above, the next lemma follows immediately.

Lemma 3.1. For any nonnegative integers t,ta,...,tg <k C — Sé is a bijection
between the set F (t1,t,...,t;) and the set T (k —t;,k—t5, ...,k —1y).

For any x € R¥, let u(x) be the number of occurrences of x as a column in the
generator matrix G of 4’. More generally, for any S C R, let u(S) = 3 o5 p(x). With
this notation,

wi(€) = n— u(0).
Lemma 3.2. Let C C € be a subcode of length n over R. Then wy(C) = n — ,u(Sé).

Proor. Let C C € be a subcode of length n and type p"t*2+*4 where 11, t;,...,1; < k.
Then S¢ C R* is an R-submodule of type p"*2**_ As an F,-subspace, let
{eibi1,e1bia, ..., e1by,, eaba1, e2b, ..., e2bosy, . .., e4bar, eqbun, . . ., 4D as,}
be a basis of S¢, where by, by, ..., bg € Fy. Let M be the (r; +ry + -+ +14) Xk
matrix the rows of which are, successively,
eibir, e1bia, ..., e1byy,, exboi, eaba, ... eaboy,, ... e4ba1, eqban, . . . eba,.
Then {elbflG, elbsz, .. ,eleIG, ezbglG, ezbng, e ezb;zG, e edbEIG, edbng,
... ,edbgth} forms an F,-basis of C. Therefore, MG is a generator matrix of C, which
implies that

W€ =n— " ux)=n- > ux)=n-uSH o

Mx=0 xeS;
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Let
c1—1 -1 cqg—1
e, crvca = ]—[(p - e -] Jem-p
12—0 i4=0

We make the convention that, for any 1nteger a, the product [, Lpm=pH=1ifa=0.
Denote by GR(R, m) = e1Fpn + e2Fm + -+ + e4-1F,» the mth Galois extension ring
of R. Let ¢ be a primitive element of the finite field F,». Then, for any element
r € GR(R, m), r can be expressed uniquely as

r=rg+né+--+ rm_lfm_l,
where rg, r1,...,rm_1 € R.

Lemma 3.3. Let U C R¥ be an R-module of type p"*"* ' and
U ={y e GR(R,m) | y-x =0 for x € R* if and only if x € U). Then

(1) |'ZZ| = [Mk—t, k=ty,... k—t,5
(i) (U | U is a submodule of R*} is a partition of GR(R, m)~.

Proor. (i) This follows from the proof technique of [4, Lemma 3].
(ii) From the definition of U, we have that if U, # U>, then U; N U, = 0. For any
(V12 Y25 - - - Yn) € GR(R, m)*, define
U ={(x1,%2, .., x) € R | (x1, %25 ., x0) - (V1. Y2, -5 %) = O},
Then U is an R-submodule of R* and (yi,ys,..., V) € (Z\{ which implies that {‘Zl |

U is a submodule of R¥} is a partition of GR(R, m)~. O

Similar to [1, Lemma 7], we also have the following result. We omit the proof.
Lemma 3.4. If aj, a,...,a; € RF are free over R, then ay,a,,...,a; are free over
GR(R, m).

4. Main results

Recall that ¢ is a linear code of length  and type p% over R, and that {a;, a,, ..., a;}
is the basis of 4 with G as its generator matrix. Let €’ denote the linear code over
GR(R, m) with generator matrix G.

ProposiTioN 4.1. The Hamming weight enumerator of €™ is
Wi(2) = Z Z Z[m],l e 6)
=0 t,=

Proor. From Lemma 3.4, for any y;,y, € GR(R, m)k such that y; # y,, we know that
¥1G # y2G, implying that Wx(2) = ¥ year my "0 From Lemma 3.3(ii),

Wo=33 R ¥y

11=0 t,= tg=0 UET (t1,t2,....ts) yefu
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Fory e "EI,
WEYG) = ) pw(y +X) =n— > u(x) = n - u(U).
x€RK xeU
Therefore,
k k k
EDN RN I
t1=0 t,=0 ty=0 UET (t1,t2,....tq) yeq’]
k k k
= Z Z Tt Z [m]k—t,,k—tz,..‘,k—tdzn_ﬂ((u)
t1=0 t,=0 t,,:O UET (t1,t2,..510)
k k
= Z Z Z Z [m]fl,fzw.,tdzn_ﬂ((u)
t1=0 t,=0 ty=0 UET (k—t1 ,k—ta,....k—1t3)

From Lemmas 3.1 and 3.2,
_ — L ,
ZHCU) Z HSE) = Z Q) = Aibta) (7).
UET (k—t ,k—ty,....k—ty) CeF (t1,t2ye-sta) CeF (t1,t2,..05tq)
which implies that

Wi (2) = ZZ Z['”]n oty A0 (2).

=0 t,= t,=0
If m<kandt,t,...,t; >m, then [mly 4.0, = 0. If m>kandt,t,...,t; >k, then
Alrild) = (), Putting everything together

Wi (z) = ZZ Z[’”]n 1retg AT Q)

=0 t,=0
‘ZZ S A, o
=0 t,=0 t,=0

Let €+ C R" be the dual code of € and (€")* C GR(R, m)" be the dual code of
€™, Clearly, (¢"™)* is also generated over GR(R, m) by the parity-check matrix of
% . Denote by W7(z) the Hamming weight enumerator of (4'")* and by B"2-%)(z)
the (t1, f2, . . . , £7)th support weight distribution of *. Then, by Proposition 4.1,

W’"@—ZZ Z[’"ln et B0 (2). (4.1)

=0 t,=
Tueorem 4.2. Forallm > 1,

ZZ Z[””n s B0 (2)

=0 1=0 =0

dmk<1+<pdf"—1>z>”i2 Z["ﬂn et A ’2""“)(1+<;d_mz—1>z)

=0 1=0
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Proor. Using the underlying additive group structure of the ring GR(R, m), we can
write the following MacWilliams-type identity for the Hamming weight enumerator
of the linear code "™ over that ring:

1
Ham((g(m))i ()C, Z) = —Ham<g(m) ()C + (pdm - l)Z, X — Z).
|67
From this,
1 1-z

)= ——(1 + (p™ -1 "W(—). 4.2

H = (1 + 6 = D Wl 4.2)
Substituting (4.2) into (4.1), the result follows. O

ExawmpLE 4.3. Assume that p = d = 2 and consider the code of length 2 obtained by
taking the Cartesian product C = R, X R,, where R, is the repetition code of length 2,
that is, R, = {00, 11}. By inspection,

B =1
B0 =222,
BO,I — 2227
Bl =2,

while the definition of [m],, from above yields
[1oo =[1]10=[1lo; =[1]1; =1,

leading to Wx(z) = 1 + 37> = B(z). Since C is self-dual, the polynomial B(z) must be
a fixed point of the MacWilliams transform. It can be checked by hand that equation
(4.2) reduces to

z

1—
1+ 3z

1+ 3z)23( ) =|C|B(z) = 4 + 122%.
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