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PRESENTATIONS OF THE TREFOIL GROUP

BY
M. J. DUNWOODY AND A. PIETROWSKI

Introduction. A presentation of a group G is an exact sequence of groups
1R F->G—1

where F is a free group. Let 1S < F—~G—>1 be another presentation of G in-
volving the same free group F. The two presentations are said to be F-equivalent if
there exist automorphisms «, § of F, G respectively making the diagram

1R F—>G—1
le s
l1-ScF—>G—1

commutative. If F has » free generators, then every ordered n-tuple of generators of
G determines a presentation of G. Two such n-tuples of generators determine F-
equivalent presentations if and only if they belong to the same T-system (see [4]
or [2]). In this paper it is shown that if G is the trefoil group, i.e.

G = gp(a, b| a® = b%),

then G has an infinite number of F-equivalence classes of presentations.
If F has n generators and r is the smallest number of elements whose normal
closure in F is R, then the presentation

1R F—>G—1

is said to have deficiency n—r. It is asserted in [1] that the group

G = gp(a,b| a'b’a = b°)

has a presentation in which the deficiency is not 1. It is stated that Graham Higman
has shown that the presentation determined by the pair of generators a, b* requires
two relators.

It will be shown in this paper that if G=gp(a, b | a®>=b?), and i is a positive
integer, then @%*+1, b3+ s a pair of generators for G requiring more than one de-
fining relator.

The results can easily be generalized to groups of the form G=gp(a, b | a"="b°)
where r, s are coprime.
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Nielsen transformations. Let Gp be the category of groups. Let Gp" be the
subcategory of Gp consisting of all groups
GxGx-+-XG (ncopies)
and maps
Ox0x---x0:GXGX***XG—>HXHX"**xH
where 6:G—H is a homomorphism.
An n-transformation « is defined to be a natural transformation of the identity

functor from Gp™ to Gp”. Let F,, be the free group on x;, ..., x,. It is easy to see
that there are fixed words wy(xy, ..., X,), ..., w,(Xy, ..., Xx,) such that

(gla ey gn)OC = (wl(gla seey g’n)’ s Wﬂ(gls e gn))
A Nielsen transformation is an n-transformation « such that (x;, . . . , x,)« is a set
of generators for F,. Thus there exists an automorphism y: F,—F, such that

X1y e v o s Xn)ot = (X195« « . 5 X0¥).

If 0:G—H is a mapping, we write (g,0,...,g,0) as (g5, ..., g.)0.

THEOREM 1. The set of all Nielsen transformations forms a group N under com-
position. The mapping
p:N—Aut F,

ap =y
is an anti-isomorphism.

Proof. Clearly p is bijective. If «,, «, are Nielsen transformations

(xla MR xn)aIOCZ = (xl’ LR ] xn)“lP“z
= (xl, e e ey xn)azalp
since o, is a natural transformation. Hence
(xl, ce ey xn)mlaz == (xl, e ey x,n)azpalp,
and so (&;05)p=0aypa;p, Which proves the theorem.

Every ordered n-tuple g=(gy, . . . , g,) of generators of a group G determines a
presentation =

1-RcF,%G6-1

in which x,0=g;, i=1,...,n. Let 1->S < F,ﬁ»G—»l be another presentation of
G. If these presentations are F,-equivalent, ¢=y0f where y, § are automorphisms
of F, and G respectively. Let a=yp™1, then

(X1 o v o> X)Y0B = (%4, . . ., x,)e08
= (X1, ..., Xn)0af
= (gls AR ] gn)(xﬁ
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Thus the n-tuple corresponding to ¢ can be obtained from (gy,...,g,) by a
Nielsen transformation and an automorphism of G.

Let A be the free abelian group (written multiplicatively) on free generators a;,
a,. Let o be a Nielsen transformation for which (a;, 1)a=(ay, 1). Clearly then

(ala az)“ = (a1a2i1 a;)

where j=41. It follows that if =, u are the Nielsen transformations such that

(%1, X)7 = (X1 X3, X3)

(X1, Xo)u = (%1, X37),

then multiplying « by a suitable power of = and also by u if j=—1 we obtain a
Nielsen transformation «’ for which (ay, a,)’=(a,, a,). Thus (x;, X))o’ = (%1, X,)
where y is an automorphism of F, which induces the identity automorphism on
F,[F;. It is proved in [5] that y is an inner automorphism. Let G be an arbitrary
group and let g;, g, € G, then the second component of (g;, g,)o’ is a conjugate of
&.. But the second component of (g;, g,)«’ is either the same as or the inverse of the
second component of (g3, g»)«. Thus we have proved the following lemma.

LemMA 1. Let G be an arbitary group and let g,, g, € G. Let C=gp(c) be the in-
finite cyclic group. If a is a Nielsen transformation such that (¢, 1)a=/(c, 1), then the
second component of (g1, &) is a conjugate of g, or &

Presentations of the trefoil group. Let G=gp(a, b | a?>=5%). The automorphism
group of G is generated by inner automorphisms and the automorphism

v:.G—>G
av = a’’, by =b"1.
Suppose (g, /) is an ordered pair of generators for G. By an extension of Gruschko’s
theorem (see [3]), it follows that there is a Nielsen transformation o, for which
(g, W)oy=(a™, b™) for some integers m, n. If o is the Nielsen transformation such
that (x,, xp)=(x7", x37), then (g, Ao, =(g, H)ay=(a™, b")v=(a™,b=")=(g, h)a;0.
Hence (g, hyv=(g, h)x,00;". If B is an inner automorphism of G, then clearly
there is a Nielsen transformation « for which (g, #)f=(g, h)«x. Hence for any pair
of generators (g, #) of G and any automorphism f of G, there is a Nielsen trans-
formation « for which (g, #)f=(g, #)«. It follows from the previous section there-
fore that two ordered pairs of generators g, g’ of G determine Fy-equivalent pre-

sentations if and only if there is a Nielsen transformation a for which ga=g'.
Let g,= (a1, b**+1). It follows from [3] that g, is an ordered pair of g;ner;tors

for G._Now
gi,r-l — (ab_l, b3i+l)

https://doi.org/10.4153/CMB-1973-084-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1973-084-8

520 M. J. DUNWOODY AND A. PIETROWSKI
and so clearly there is a Nielsen transformation «, for which
gi‘xi — (ab_l, b3i+1(a b—l)—ﬁi—z).

Let C be the infinite cyclic group generated by c, then there is a homomorphism
6:G—C such that (ab=1)0=c and (b**(ab~1)~%~2)6=1. Suppose that there were a
Nielsen transformation « for which g,o;x=g;a;. Then since « is a natural trans-

formation (c, 1)a=(c, 1), and so by Lemma 1, 5***(ab~1)~%-% is a conjugate of
b¥+1(ab~1)=%=2 or its inverse. It is easy to verify that this is true if and only if i=j.

In her paper [6], E. S. Rapaport proves that any two presentations of the trefoil
group involving F, and one relator are F,-equivalent. It follows that the presen-
tation of G determined by g,=(a%**, b*+1), 540, requires more than one relator.

Thus we have proved the fallowing theorem.

THEOREM 2. If G=gp(a, b | a®>=Db?) and g,=(a**+', b3+), then the presentations of
G determined by g; and g; are Fz-equivale_nt only if i=j. For i#0 the presentation

determined by g; requires more than one relator.
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