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Generalized k-Configurations

Sindi Sabourin

Abstract. In this paper, we find configurations of points in n-dimensional projective space (P") which
simultaneously generalize both k-configurations and reduced 0-dimensional complete intersections.
Recall that k-configurations in IP? are disjoint unions of distinct points on lines and in P" are induc-
tively disjoint unions of k-configurations on hyperplanes, subject to certain conditions. Furthermore,
the Hilbert function of a k-configuration is determined from those of the smaller k-configurations.
We call our generalized constructions kp-configurations, where D = {di, ..., d,} (a set of r positive
integers with repetition allowed) is the type of a given complete intersection in P”. We show that the
Hilbert function of any kp-configuration can be obtained from those of smaller kp-configurations.
We then provide applications of this result in two different directions, both of which are motivated by
corresponding results about k-configurations.

1 Introduction

Recall that k-configurations in P? were defined by Geramita, Harima and Shin as dis-
joint unions of points on lines and in IP” were inductively defined as disjoint unions
of k-configurations in P"~!, (see [2]). The individual pieces in the union were con-
nected by certain properties. Recall that a(X) is the smallest degree of a non-zero
element in I(X) and that o(X) is the smallest degree at which the Hilbert function of
X stabilizes. Then, if X = X; UX, U - - - UX; where each X; is contained in a hyper-
plane Hj;, we require o(X;) < a(Xj4+1). Intuitively, each piece must be small enough
in relation to the piece in the next hyperplane. Geramita, Harima and Shin [2] have
found a formula for the Hilbert function of a k-configuration in terms of those of the
smaller k-configurations in the disjoint union.

In this paper, we generalize their construction by demanding that our configu-
rations lie inside a given complete intersection V rather than only inside P". Let
D = {di,...,d,} be the type of the given complete intersection. In order to mimic
the construction of k-configurations, we define op(X) to be o(X) and ap(X) to be
the smallest degree of a form in I(X) that is not in V. We then demand at each stage
that op(X;) < ap(Xis1), where X; and Xj; are in two consecutive hyperplanes in the
construction. We also define weak kp-configurations in the same way, but with the
condition op < ap replaced with op < ap.

In Section 4, we provide two applications, one of which applies to weak kp-con-
figurations, while the other only applies to actual kp-configurations. First, we de-
termine the degree of each point in a weak kp-configuration. This generalizes [7,
Theorem 5.11]. Secondly, we consider sequences H which occur as the Hilbert func-
tion of some kp-configuration. If Y C V(Fy,...,F,) is a set of points with Hilbert
function H, and F is a hypersurface of degree d for which (F, ..., F,, F) is a radical

Received by the editors February 27, 2003; revised July 16, 2004.
AMS subject classification: Primary: 13D40; secondary: 14M10.
(©Canadian Mathematical Society 2005.

400

https://doi.org/10.4153/CJM-2005-017-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-017-2

Generalized k-Configurations 401

ideal of height r + 1, then we determine the maximal number of points on FNY in
terms only of T <= H and d. This generalizes [3, Theorem 3.15] and the proof follows
closely that found there.

Section 3 was extracted from Section 4.2 of the author’s Ph.D. thesis. The first
application detailed in Section 4 was extracted from Section 4.6 of the thesis. The
second application was not part of the thesis. This paper is the basis for two subse-
quent papers ([8] and [9]), both also based on the thesis, where we characterize the
Hilbert functions of kp-sequences by defining an analogue to O-sequences and where
we study their minimal free resolutions.

2 Preliminary Results

Let k be a field of characteristic 0, k = k. Let R = k[xq, ... ,x,] be the polynomial
ring in n + 1 variables with the standard grading and let " denote n-dimensional
projective space over k. All varieties will be reduced, although not necessarily irre-
ducible.

Let Sy = k, and let S = R/I where I is a homogeneous ideal, so that S is a finitely
generated N-graded k-algebra. The sequence H(S, 1) := dimy S; is called the Hilbert
function of S. H(S, i) will sometimes be denoted Hg(i). If V is a variety, then the
Hilbert function of V is the Hilbert function of R/I(V'), which we sometimes denote
by Hy. If a sequence a; a, as . .. eventually becomes constant, say at the value a;, we
will denote thisby a; a; a3 ...a; —.

Definition 2.1 For any variety X C P”, we put ay := min{i | Hx(i) < Hp:(i)}.
In addition, if X is a finite set of points, we put oy := min{i | AHx(i) = 0}. We
sometimes denote o by oy, since o depends only on H. Since o depends on H and
n, we sometimes denote o by oy, or, if n is understood, just ouy.

A complete intersection (CI) will always be reduced:

Definition 2.2 A complete intersection is a projective variety V such that the (radi-
cal) ideal of V is I(V) = (Fy,...,F,), where Fy, ..., F, form a regular sequence. If
we let d; := degF;, then (dj, . . ., d,) is usually referred to as the type of the complete
intersection, and we write V := CI(d,,...,d,) or V := CI(D), where D is the un-
ordered set (repetition allowed) {d, ..., d,}. Furthermore, if n > r, we denote the
Hilbert function of a CI(D) in P" by Hp,,.

Remark 2.3 The notation Hp , makes sense because the Hilbert function of a CI(D)
in P depends only on 7 and D (see for example the proof of [6, I Proposition 7.6]
which proves that the Hilbert function of a hypersurface in P" depends only on the
degree of the hypersurface; one can then use induction on the length of the regular
sequence).

Geramita, Maroscia and Roberts [4] have characterized the sequences which occur
as the Hilbert function of a finite set of points in P”. The constructions they used in
their proof came to be called k-configurations, which we now wish to define. Before
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we can do so, we need to define the notion of an n-type vector, defined in [2]. We
simultaneously define the notion of a weak n-type vector.

Definition 2.4 ([2]) A 1-type vector is a vector of the form T = (d), where d is a
positive integer. For such a 1-type vector T, we define a(7) = d = a(7). A weak
I-type vector is a 1-type vector.

A (weak) n-type vector is a vector of the form T = (T1,75,...,T,), wherer > 1,
the T; are (weak) (n — 1)-type vectors, and (0(7;) < a(Tis1)) 0(T;) < a(Tiy) for
1 <i<r—1.Definea(T)=r,and o(T) = o(T,).

For convenience, we will denote the weak 2-type vector ((d,),...,(d,)) by
(di,...,dy). Thus, for example, the 3-type vector (((1),(2)),((1),(3),(4))) will be
written as ((1,2),(1,3,4)). This does however create confusion since (d;) could de-
note either the 2-type vector ((d;)) or the 1-type vector (d;). If there is ever any
confusion, we will explicitly state what we are referring to.

The importance of n-type vectors rests on the following result:

Theorem 2.5 ([2, Theorem 2.6]) Let S,, denote the collection of Hilbert functions of
all sets of points in P". Then there is a 1-to-1 correspondence S,, < {n-type vectors}
where if H € S,, and H corresponds to T (we write H < T) then a(H) = o(7) and
o(H) = o(7).

There is an inductive formula for obtaining a Hilbert function from its corre-
sponding n-type vector, which we now state:

Theorem 2.6 ([2, Proof of Theorem 2.6]) Ifn = 1and T = (r), thenT < H =
12---r = . Ifn>1and H < T = (Th,...,7T,) with H; < T, then H(j) =
H()+H_1(j—1)+---+H(j— (r—1)), where H(t) = 0 fort < 0.

Remark 2.7 Let H be a Hilbert function of s points in P". If T < H, then the sum
of the 1-type vectors in T is s.

We are now ready to define the notions of k-configuration [2, Definition 4.1] and
weak k-configuration. We caution the reader that the term “weak k-configuration”
has been used in [5] to describe a slightly different object for points in IP?; our notion
is weaker than that of [5].

Definition 2.8 Let T be a (weak) n-type vector, n > 1. Then a (weak) k-configura-
tion of type T is constructed in the following way:

n = 1: Then T = (d), and we choose any d distinct points of P!. We say that these
d points form a (weak) k-configuration of type T in IP*.

n > 2: ThenT = (T1,...,T;). Let Hy, ..., H, be distinct hyperplanes in P". By
induction, we suppose we have a (weak) k-configuration X; C H; of type J; for each
(weak) (n — 1)-type vector J;. Suppose furthermore that H; does not contain any
point of X; for any j < i. Then X = JI_, X; is called a (weak) k-configuration of
type T.
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Example 2.9  In the diagram below, X; consists of the two points of IL; that are not
in L, X, consists of the five points of IL,, and X5 consists of the six points of I.;. Then
X =X; UX; UXj5 is a k-configuration of type T = (2, 5, 6). Notice that I; does not
contain a point of X; for j < i, although I, does contain a point of X,.

L,

ILs

Notice that X is not a k-configuration of type T = (3,4,6) since X; would have to
consist of all 3 points on IL; and this includes a point of IL,. This is not permitted.

Theorem 2.10 ([2, p. 21])  If X is a k-configuration of type T <« H, then X has
Hilbert function H.

A separator of a point P € X from X \ P is a homogeneous polyonomial for which
f(P) # 0and f(Q) = 0 for all Q € X\ P. The degree of P in X, denoted deg, (P),
is the minimal d € N for which there is a separator, homogeneous of degree d, of
P from X'\ P. There is a formula for the degree of each point of a k-configuration.
Before we can state this formula, we need to introduce some notation.

Definition 2.11  Let T = (T1,...,7T,). We define 7" := T and 7"~ ! := T, the
left-most (1 — 1)-type vector of 7. For 1 < j < n — 2, we define T/ := (T/*1),,
where 771 = ((T7+1),, ..., (T7*1),(gs1)). Thus, T7 is the left-most j-type vector of
Tforl1 <j<n.

Example 2.12 Consider the two 4-type vectors T and T” where
T =(((1)), ((1),(1,2)))
and T’ = (((2,3), (1, 3,4,5)), ((1),(1,2),...,(1,2,3,4,5,6))). Then
T =T (TH =7
T =) (T =(2,3),1,3,4,5)
T=(1) ([T =(2,3)
T = (T =(2)

Definition 2.13  Let T be an n-type vector. Define t,,(T) = 1, and t,—1(T) = (7).
For 1 < k < n — 2, define t(T) := (T + 37 (a(TH) — 1).

i=k+2
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Example 2.14 Let T = (((1,2,3),(1,2,3,4)), ((1),(1,2),...,(1,2,3,4,5)) ).
Then t4(T) = 1, t5(T) = 2, ,(T) = 3 and £,(T) = 5.

Definition 2.15 FEach point P of a given k-configuration lies in a line which corre-
sponds to a 1-type vector of the corresponding T. We will denote « of this 1-type
vector by f(P). Remove from T everything to the left of the given 1-type vector
(f(P)), and add the appropriate number of left brackets at the beginning. Call the
resulting n-type vector Tp.

Example 2.16 Let7T = (71,7,,73) = ((1),(1,2,4),(1,2,3,5,8)). In a k-configu-
ration of type T, let P be any point on the second plane and on the second line in that
plane. Then f(P) = 2,and Tp = ((2,4), (1,2, 3,5, 8)).

Theorem 2.17 ([7, Theorem 5.11])  Let X be a k-configuration of type T, and P € X.
Then degx(P) = f(P) + t;(Tp) — 2.

Remark 2.18 In Example 2.16, f(P) = 2, so degx(P) = t;(Tp) = 3.

We will generalize Theorem 2.17 to determine the degree of each point in a weak
kp-configuration (Theorem 4.2).

Geramita, Harima and Shin have shown that among all sets of points in P with
Hilbert function H, k-configurations have the most number of points on a hyper-
plane in [2] (or on a hypersurface of given degree in [3]). More precisely, for all sets
of points X with Hy = H, they consider all the subsets ¥ of X which lie on a hyper-
surface of P" of degree d > 1 (assume that not all of X is in such a hypersurface,
so that d < a(H)). They referred to the set of all Hilbert functions of such subsets
Y as Sub;(H). They then partially ordered Sub;(H) as follows: define Hy, < Hy,
if Hy, (i) < Hy, (i) for every i. Under this partial ordering, Sub,;(H) has a unique
maximal element.

Theorem 2.19 ([3, Theorem 3.15]) Let H <« T = (T1,...,7,). Letd < u be
a positive integer. Then H' — (T,_441,...,7T,) is the unique maximal element of
Sub,(H).

Furthermore, if X is any set of points having a subset Y with this extremal Hilbert
function, they were able to determine the Hilbert function of X'\ Y.

Theorem 2.20 ([3, Proposition 3.18])  Let X be a set of points in P" with Hy = H <
T = (T1,...,T). Let U C Xsatisfy Hy < (Ty—gs1,...,Tu). Then Hx\y <
(Trse s Tuma)

We generalize these results in Theorems 4.6 and 4.8.
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3 Main Result

The main goal of this paper is to find configurations whose Hilbert functions can
be built up from those of smaller such configurations. To do so, we will generalize
both weak and actual k-configurations. We introduce some notation by attaching a
number to each unordered set D = {d, ..., d,} that will be used frequently.

Notation LetD = {d,,...,d,}. Theno(D):=d; +---+d, —r+1.

Just as k-configurations are constructed as unions of points on lines, our construc-
tions will be unions of more general complete intersections. Letting

D= {dl,‘.‘,dr},
we begin by simultaneously defining np-type vectors and weak np-type vectors.

Definition 3.1 Let D = {d),...,d,} be a set of positive integers (repetition al-
lowed). For t > 1, we define a (weak) tp-type vector in the following way:

t = 1: A (weak) 1p-type vector T is a vector of the form T = (e), where e is a positive
integer. We define ap(7) := eand op(7) := o(D) +e — 1.

t > 1: Let T = (T1,...,T,). Then T is said to be a (weak) tp-type vector if each T;
is a (weak) (t — 1)p-type vector and

(op(T}) < ap(Tir1)) op(T) < ap(Tiy)forl <i<u—1.
We define ap(7) := uwand op(7T) := op(T,).

Example 3.2 Let T =((1,4),(2,6,9,12,15,19,23)) be a 3p-type vector, where D =
{2,2}. Then ap(T) = 2, and op(T) = 25.

Remark 3.3 IfD={1,1,...,1},theno(D) = 1 and a (weak) tp-type vector is just
a (weak) t-type vector.

Remark 3.4 LetT = ((e1),...,(e)) be a2p-type vector. As before, we write T as
(e1,...,e) for simplicity.

Note that if we consider T as both a usual t-type vector and a tp-type vector, we
have o(7T) + 0(D) — 1 = op(7). This is clear when T is a 1-type vector and then
the general case follows from the inductive nature of op(7T) and o(7T) for T a t-type
vector when t > 1.

Thus, we could have defined #p-type vectors without defining ap and op, by just
demanding at each stage that o(7;)+0 (D) < a(Tj41) rather than op(7T;) < ap(Tit1).
We choose to define op and ap because it will be helpful when looking at our gener-
alized notion of k-configurations.

Recall that a k-configuration X of type 7 satisfies o(X) = o(7) and a(X) = a(7).
We would like to find an analogous statement for ap(7T) and op(7T). In order to do
s0, we need to define a notion of ap and op for varieties contained in a fixed CI(D)
similar to the notion of «w and ¢ for varieties contained in P".
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Definition 3.5 LetD = {d,,...,d,}. Let X be contained in a CI(D) in P". Then put
ap(X) = min{i | Hx(i) < Hp,(i)}. If we wish to stress that X is being considered
in P", we sometimes write ap,(X). If X is a zero-dimensional subvariety, we put
op(X) := min{i | AHx(i) = 0}, which is the usual o.

We will sometimes use the notation ap(H) and op(H) if H is the Hilbert function
of X, since the notions of ap(X) and op(X) only depend on Hy and not on X itself.

Definition 3.6 Let D = {d,...,d,} andlet n > r + 1 be an integer. Let R =
klxo,...,x,]. Let V be a fixed CI(D) in P", so that I(V) = (Fi,...,F,) C R where
degFi = d,‘.

We define a (weak) k-configuration with respect to V' in P" as follows:
n=r+1: Let T = (e) be a 1p-type vector. A (weak) k-configuration X with respect to
V oftype TinP"is V(Fy, ..., F,, G) where G is a form of degree eand (F, ..., F,, G)
is a radical ideal of height 7 + 1 in R.

The requirement on the height guarantees that X is a complete intersection. The
requirement that the ideal be radical guarantees that the type of the complete inter-
section is (dy, ..., d,, degG).
n=r+t,t>1:Let T = (Ty,...,7T,) be a (weak) tp-type vector. Let Hy, ..., H, be
distinct hyperplanes in P”, where H; is defined by the linear form H;. Suppose that
each (Fy,. .., F,, H;) is a radical ideal of height r + 1, so that V; := V(Fy, ..., F,, H;)
is a CI(D) in H; for which I(V;) = (F,, F,, ..., F,) in R/H;.

Let X; be a (weak) k-configuration with respect to V; in H; of type T;. Suppose
furthermore that H; does not contain any point of X; for j < i. Then X = (J;, X is
a (weak) k-configuration with respect to V of type T in IP".

Notation Let D = {d,,...,d,}. Let X be a (weak) k-configuration of type T with
respect to V, where V is a CI(d,, ..., d,). Then we will say that X is a (weak) kp-
configuration.

Remark 3.7 While the notation “kp-configuration” is very useful, it might suggest
that X depends only on D and 7. In fact, X depends on the complete intersection
V and it is crucial to the definition of a kp-configuration that the same complete
intersection be used throughout the construction.

The next result observes exactly how this new notion generalizes ordinary (weak)
k-configurations.

Proposition1 Letr < n,D ={d,,...,d,} = {1,1,...,1}, so that o(D) = 1. Let
T be an (n — r)p-type vector. A (weak) kp-configuration X of type T in P" is a usual
(weak) k-configuration in P"~" of type T.

Proof Since D= {1,1,...,1},Xis a k-configuration with respect to

V =V(F,...,F)

where each F; is a linear form. So we have that R/(F,, ..., F,) ~ klxq, ..., Xy—r].
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If n = r + 1, then T is a (weak) 1-type vector (e) and a (weak) k-configuration of
type J with respectto VisX = V(Fi, ..., F;, G) wheredeg G = eand (Fy, ..., F;, G)
is a radical ideal of height r + 1. Let G = G mod (Fy,...,F,). Then

V(Fla"'aF‘raG) :V(G)

in P"~" = IP1. But G # O since (Fy, ..., F,, G) has height r + 1. Thus, G is a non-zero
form of degree e in R/(Fy,...,F,) =~ k[xo,x]. But G does not have any repeated
factors since (Fy, ..., F,,G) is radical, so V(G) consists of e distinct points in P!,
which is a usual k-configuration of type (e).

Ifn > r+1,thenlet T = (J1,...,7,) be a (weak) (n — r)-type vector. Then
X = U?:l X; where X; is a (weak) kp-configuration in a hyperplane H; with respect
toV = V(F,...,F,) NH; of type T;. By the induction hypothesis, X; is a usual
k-configuration of type 7J; in H;. Furthermore, H; does not contain any point of X;
forj <i,soX = Ule X; is a (weak) k-configuration. [ |

Example 3.8 Let R = k[xg,x1,%;,%3] (so that n = 3), and let r = 1. Let F be
the degree 3 form (xg)(xo — x3)(xo — 2x3). We will construct a k-configuration with
respect to V.= V(F). Let T = (1,4,8) = (e1,e2,e3) be a 2p-type vector with
D = {3}. Let Hy, H,, H; be three hyperplanes defined, respectively, by the linear
forms H, = x, — 2x3, Hy = x, — x3 and Hs = x,. Certainly, (F, H;) is a radical ideal
of height 2 for each i = 1,2, 3. We construct X, a k-configuration with respect to V;
in H; of type T;, where T; = (¢;), where I(V;) = F = F mod H;.

We need to find X; = Z(F, G;, H;) where (F,G;) is a radical ideal of height 2
in R = klxo,...,x,]/(H;). In particular, X; is a complete intersection of type
(3,€;) in Hj. Letting G; = x5, G = x1(x1 — x3)(x1 — 2x3)(x; — 3x3) and G5 =
x1(x1 — x3) ... (%1 — 7x3) will do.

X0

X1

X2

Note that we did not need to choose either F or the G; as products of linear forms;
we merely chose to do so for the purposes of this example. The H;, of course, are
always linear.

As in the case of k-configurations, the Hilbert function of a kp-configuration of
type T will depend only on T and D. In fact, our result will determine the Hilbert
function of a weak kp-configuration of type J as long as o(D) > 1, i.e, as long as X
is not a k-configuration.
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Let V be a fixed CI(D) in P" and let X C V be any subvariety. Let H be a hyper-
plane chosen so that V N His a CI(D) in H ~ P"~!, not containing any irreducible
component of X. If we let H define H, so that (H) = I(H), then H is a non-zero-
divisor mod I(X). Let W C V N H be any subvariety.

We have the following short exact sequence where b;, ¢;, d; and e; are the dimen-
sions of the k-vector spaces indicated:

0 —(R/(IXUW)); —(R/I(W)); & (R/I(X)); —(R/(I(X) + I(W))); —0
b; Ci d; €

From linear algebra, we know that b; +e; = ¢; +d; for all i. Our first goal is to show
that if 0 (X) < ap,—1(W) and o(D) > 1, then b; = ¢; + d;_; for all i. Then, once
we prove this result, we will be able to obtain, given the Hilbert functions of X and
W, the Hilbert function of their union. We will then be able to obtain the Hilbert
function of a weak kp-configuration of type T as a special case. We will prove this
result in several steps.

Theorem 3.9 Let W, X, b;, ¢;, d; and e; be as above. Then
(1) & < Ad, foralli;

(2) e = Ad; fori < ap,_1(W);

(3) fori < apu, (W), bj = ¢ +di_y;

(4) ilfox < ap,—1(W), then b; = ¢; + di_, for all i.

Proof (1) We have that e; = Hg/1ox)+10w)) < Hryaoo+)) = Hr/o0/a00+1m /100 =
AHg/1x), since H is not a zero-divisor mod I(X). By definition, this is just Ad;.

(2) Since W C H, we know that I(X) + I(H) C I(X) + I(W). But in P"~!, I(W)
does not have any non-zero form of degree strictly less than ap,_;(W) that is not
already in I(V') C I(X). Hence, fori < ap,—1(W), (I(X)+I(W)); = (I(X)+I(H));.
Thus, e; = Hg/ox)+10my) (1) = AHg/pox) (i) = Ad,.

(3)In general, b; + ¢; = ¢; + d; for all i. But for i < ap ,—1(W), we can, by (2),
rewrite thisas b; + d; — d;_; = ¢; + d;. So, b; = ¢; + d;_1, as required.

(4)For i < apy—1(W), we are done, by (3). Now, e; = 0 for i > oy, from (1), so
fori > oy, wehave b; = ¢; +d; = ¢; + d;_;. Thus, forall i, b; = ¢; + d;_;. [ |

Before proving our main result, we need the following lemma:

Lemmal Let W, X,b;,c;,d; and e; be as above. If op(X) < op(W), then
JD(X U\V\V) = O’D(\V\V)

Proof From 3.9(1),e; < Ad, foralli. Thus,e; = 0foralli > oy andso b; = ¢; +d;
for all i > oy. It follows that Ab; = Ac; + Ad; = Ac; for alli > oyx. But o(W) >
0(X), s0 Abyew) = Acsew) = 0. Recalling that the b;’s represent XU W, we conclude
that oxuw < ow. But certainly, oxuw > ow, so we have the desired equality. [ |

We are now ready to prove the main result of this paper.
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Theorem 3.10 Let D = {d,...,d,} be a set of positive integers with o(D) > 1. Let
V be a CI(D) in P", so that (V) = (Fy,...,F,) where degF; = d;. Let X be a weak
k-configuration with respect to V in P" of type T = (T1,...,T,), where T is a weak
tp-type vector, where t = n — r. Then op(Hx) = op(T),ap(Hx) = ap(T) and if
t > 2, then

u
Hx(j) =) Hx(j—u+1i),
i=1
where X = |J;_, X; with each X; a weak kp-configuration of type T; in the hyperplane

H;. Furthermore, there is a 1-1 correspondence between (weak) np-type vectors and
Hilbert functions of (weak) kp-configurations.

Proof We first prove by induction on ¢ that ap(X) < op(X). Ift = 1,let T = (e) be
a 1p-type vector. Then Hx = Hcy4,.... d,.)> S0 0(Hx) = o(D)+e—1, and ap(Hx) = e.
Note that ap(X) < op(X) since o(D) > 1. Ift > 1, then by induction on ¢, we know
that

apn—1(X;) < op(Xi) < app—1(Xiyy) forl <i<u—1.

Letting H; be the linear form defining Hj;, we know that each H; is a non-zero-divisor
modulo I(V). Hence H H, - - - H, is in I(X), but not in I(V'). So, ap,(X) < u <
aD,nfl(Xl) +u—1 S aD,nfl(Xu) < UD(XU) S UD(X)-

We now prove, by induction on k, that if ¢ > 2, then o-(Uf:1 X) = o(Xy) for
1 <k < u Ifk =1, this is trivial, so we assume that k > 1. Then by induction on
k o(U) X)) = o(%1) < apu1(X) < o(X4). So from Lemma 1, o(US X; U
Xi) = o (Xy).

We can now show that o(X) = ¢ (7), by induction on ¢, the case t = 1 being clear:
o(X) =o(Xy) =a(T,) =o(T).

Also, J(U“ 1X = 0(Xy—1) < ap(X,). Thus, from Theorem 3.9(4), Hx(i) =
Hx, (i) + Hy(i — 1). Since Y = U“ 1)\( is also a weak k-configuration with respect to
V (and the result is trivial for u = 1) we use induction to obtain that

Hx(i) = Hx, (i) + Hx, ,(i—1)+---+Hx, (i —u+1).

We next claim that aD,,(Ul X)) = oan(Ul 1 'X;) + 1. Notice that

k k—1
aD,n(Uxi) < aD,n(Uxi) +1
i=1 i=1

since if F € I(UZ) Xi) \ I(V), then FH; € I(U_, X;) \ I(V). But then

k—1 k—1 k—1
Dy UX <o Ux ) < apa( Ux <ap, Ux ) +1.

i=1 = = i=1
So in fact ozDﬁn(Uf:1 X;) = aD,n(Uf;l X;) + 1. Since X; C P"~1, we have

ap.(X1) =1
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So, ap »(X) = u = a(7T), as required.

Also, notice that the Hilbert function Hp of a weak kp-configuration of type T is
completely determined from T and D, since if H <> T as a usual (n — r)-type vector,
we can obtain Hp from H in the same way in which the Hilbert function of a CI(D)
in P" is obtained from the Hilbert function of P*~". Similarly, we can recover H from
Hp. Thus, we have the following 1-to-1 correspondences: T <= H < Hp. ]

Some Applications

In this section, we provide two applications of Theorem 3.10. The first application
will apply to any weak kp-configuration (with o(D) > 1), while the second applica-
tion will only apply to kp-configurations.

The Degree of Each Point in a Weak kp-Configuration

Lemma2 Let D = {d,,...,d,}, with o(D) > 1. Let X = [J._,X; be a weak
kp-configuration, and let P € X;. Then degy P = degxluv--ux, P+u—i.

Proof If i = u, there is nothing to prove, so suppose that i < u. By induction, it
is enough to show that degy P = degy ;.. x P+ 1.LetY =X;U---UX,_;. We
know that

Hx(i) = Hx, (i) + Hy(i — 1) foralli.

Let d = deg, P, so that

. Hy (i) fori < d,
H =
() {H\y(i) 1 fori>d.

Now, o (Y \ P) < o(Y) < ap(X,), so, by Theorem 3.9(4)
Hy\p(i) = Hy, (i) + Hypp(i — 1) foralli

_ JHx, (i) + Hy(i — 1) fori—1<d,
| Hx, () +Hy(i—1)—1 fori—1>4d,

_ ) Hx() fori <d+1,
| Hyg(i) =1 fori>d+1.

Thus, degy P = d + 1 = deg, P + 1. ]

Lemma3 LetD = {d,,...,d,}, witho(D) > 1. Let X be a weak kp-configuration
of type T, where T is a weak np-type vector. Let P € X. Then degy P > ap(X). In
particular, ap(X'\ P) = ap(X).

Proof We use induction on # and u, the case u = 1 being the induction hypoth-
esison n. If n = 1, so that T = (e), then X is a complete intersection of type
(di,...,dr e). Thenforany P € X, we have deg, P = 0(D) +e — 2 > e = ap(X).

https://doi.org/10.4153/CJM-2005-017-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-017-2

Generalized k-Configurations 411

Ifn > 1,thenT = (T7,...,T,) and X = J_, X;. If P € X, then by the induction
hypothesis on u, deg, P > degxu P> ap(X,) > u = ap(X). So suppose that P € X,
where i < u. Then by induction on u, degy P = degy ... x Ptu—i > i+tu—i=u.
In particular, Hy\p(i) = Hx(i) for i < u, so ap(X'\ P) > u = ap(X) > ap(X'\ P).
Hence, ap(X) = ap(X '\ P), as required. [ |

Remark 4.1 1f o(D) = 1, so that X is a k-configuration, then Lemma 3 need not
hold. Indeed, any k-configuration of type (1, e, .. ., e,) provides a counterexample.

Lemma4 LetD = {d,,...,d,}, witho(D) > 1. Let X = |J._, X; be a weak kp-
configuration of type T, where T is a weak np-type vector. Let P € X,,. Then degy P =
deg, P.

Proof LetY = U;:ll Xi. Note that o(Y) < ap(X,) = ap(X, \ P), so
Hyx\p(i) = Hx\p(i) + Hy(i — 1) foralli

) Hx, (i) + Hy(i — 1) fori < degy P,
| Hx,() —1+Hy(i—1) fori > degy P,

) Hx(1) fori < degxu P,
N Hy(i) —1 fori> degxu p.

Thus, degy P = degy P, as required. ]
From Lemmas 2 and 4, we obtain the following result.

Corollary 1 Let X = |J._, X; be a weak kp-configuration, where o(D) > 1. Let
P € Xi. Then degy P = degy P+u —i.

Just as was done for k-configurations [7, Theorem 5.11], we can also determine an
explicit formula for the degree of each point of a weak kp-configuration. Each point
P of a given weak kp-configuration lies in a complete intersection which corresponds
to a 1p-type vector of the corresponding weak np-type vector J. We will denote ap
of this weak 1p-type vector by ap(P). Similarly, we will denote o of this weak 1p-
type vector by op(P). Regarding a weak np-type vector as an ordinary n-type vector,
we have the invariants ;(7) as defined in Definition 2.13 and we define Jp as before.

Theorem 4.2  Let 0(D) > 1. Let X be a weak kp-configuration of type T, and P € X.
Then degy (P) = op(P) + t;(Tp) — 2.

Proof We use induction on n, where 7 is an np-type vector. If n = 1, then T = (e)
andXisa CI(dy,...,d,,e). Thenforany P € X, deg,(P) = d,+---+d, +e—r—1=
(D) — 1+ ap(P) — 1 =o0p(P) — 1. But t;(Tp) = 1, so the result holds in this case.

Ifn>1,letT = (T7,...,T,) be a weak np-type vector, and let X = [/, X; be a
weak kp-configuration of type J. Let P € X. Then P € X; for some i. By induction
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on n, degxi P = op(P) + t;((T;)p) — 2 and by definition, t;((T;)p) + u — i = t;(Tp),
so degy (P) = degy (P) + u —i = op(P) + t(Tp) — 2. u

Remark 4.3 Since op(P) + t;(Tp) — 2 = ap(P) + t;(Tp) — 2 + o(D) — 1, we see
that the values that occur as the degree of some point for a weak kp-configuration of
type T can be obtained from the values that occur as the degree of some point for a
k-configuration of type T simply by adding o(D) — 1.

4.2 Maximal Subsets Lying on a Hypersurface

Let H be the Hilbert function of a finite set of points which is contained in the com-
plete intersection W = V(Fy, ..., F,). Consider all sets X of points contained in W
which have Hy = H. Let F define a hypersurface in P" of degree d chosen so that
(Fi,...,F, F)is aradical ideal of height r + 1. Consider all subsets ¥ of each such
X which lie in V(F). We refer to the set of all Hilbert functions of such subsets Y
as Subp 4 H. We can then partially order Subp 4 H as follows. Define H; < H, if
H; (i) < H,(i) for every i. We will show that, given D, if H is the Hilbert function of
a kp-configuration and d < ap(H), then Subp 4 H has a unique maximal element.
We need some preliminary results.

Definition 4.4 Let W = V/(F,,...,F,) be a reduced CI(dy,...,d,). Let V be a
hypersurface in IP" of degree d chosen general enough so that V. N'W is a reduced
Cl(dy,...,d,, d). For a finite set of points X in V N W, we put

apy(X) := min{i|Hx (i) < Hynw ()}
Note that if d = 1, then apy = Qpp—1-

Theorem 4.5 Let V and W be as above, and let D = {d,,...,d,}. Let H be the
Hilbert function of a kp-configuration of type T = (T1,...,T,), an np-type vector.
Suppose that degV = u = ap(T). Then apy(H) = ap,—1(T1) +u — 1.

Proof Let X be a kp-configuration of type 7, so that X = U?:l X;, where each X;,
contained in the hyperplane Hj, is a kp-configuration of type T;. Let H; be the Hilbert
function of X;. We know that H(i) = H,(i)+ H,_;(i — 1) +---+ H;(i —u+ 1) for
alli. Ifi > aD,n—l(‘Il) +u—1, then H](I —u+ ]) < HWO]H[]-(i —u+ ]) for1 < ] <u,
SO

H(i) < Hwrm, (1) + Hwen,_, (0 — 1) + - -« + Hyyap, (0 — u + 1) = Hyway (1).
Ifi < apy—1(T1)+u—1,then H; (i —u+1) = Hwnp, (i —u+1). Furthermore, i—j <
app—1(T1) +u—j—1<ap,1(T,—j),sowehave H,_;(i — j) = Hwrn,_,; (i — j).

Thus, H(I) = Hu(l) + .- +H1(i — U+ 1) = H\Wﬂ]H[“(i) + -+ H\Wﬂ]H[l(i —u+ 1) =
Hyew (7). u
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Corollary2 LetD = {d,,...,d,} andlet T = (Ty,...,T,) be an np-type vector. If
H < (T,...,Ty—g) and H{ < (Ty—g41, ..., Ty) and V is a hypersurface of degree d
in P such that VN W is a CI(D, d) in P"*", then op(Hy) +d < apy(H{).

Proof Since op(H;) < apu—1(Tyu—d+1), we have op(H;) +d < ap 1 (Ty—ar1) +
d —1= O[DN(H{). | ]

We are now ready to show that, given D, if H is the Hilbert function of a kp-
configuration and d < ap(H), then Subp 4 H has a unique maximal element.

Theorem 4.6  Let H be the Hilbert function of a kp-configuration of type T =
(T1,...,T,). Let d < u and let H' be the Hilbert function of a kp-configuration of
type (Tu—dgs1s - -, Ju). Then H' is the maximal element of Subp 4 H.

Proof Let 7 be any set of points in P" with Hilbert function H which is contained
in W = V(F,,...,F,) and let F be a form of degree d defining a hypersurface in
P* for which (Fy,...,F,,F) is a radical ideal of height r + 1. We will show that
AHynver,. m)(j) < AH'(j) forall j > 0.

Now, H'(j) is generic in V(Fy, ..., F, F), which is a CI(dy,...,d,,d) in P" for
0 < j < apy(H’), so we obviously have AHynv (s, r.p(j) < AH'(j) for0 < j <
apy(H').

Since AHynv(p,....Fr.5)(j) < AHy(j) = AH(j) for all j, it is enough to show that
AH'(j) = AH(j) forall j > apy(H'). LetT = (T3,...,Tu_q). andlet H — 7.
Then H(j) = H'(j) + H(j — d) for all j, from the correspondence between Hilbert
functions of kp-configurations and np-type vectors. Also, o(H) +d < apy(H'),
from Corollary 2. Let s be the eventually constant value of H, so that H(¢) = s for all
t > o(H) — 1. Then forall j > apy(H’) — 1, we have that H(j) = H'(j) +s. Thus,
AH(j) = AH'(j) for j > apy(H’), as required. [ |

Given D, not every Hilbert function is the Hilbert function of some kp-configura-
tion. Indeed, when o (D) > 1, there is an obvious restriction on which sequences can
be the Hilbert function of even a weak kp-configuration.

Fact1 With D as above, if X is a weak kp-configuration of cardinality s, then
(dldz s dr) | S.

In fact, if X is a weak kp-configuration of type T, then T4 Is the sum of the 1-type
vectors in 7.

Thus, Theorem 4.6 only applies to very special Hilbert functions, but for those

Hilbert functions to which it does apply, it provides a generalization of Theorem
2.19.
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Example 4.7 LetD = {2}, T = (3,5,7). Let X be the union of the two k-configura-
tions shown below in the projective planes defined by X; = 0 and X; = X5. Xis
drawn in the affine portion (X3 = 1) of projective 3-space.

X

Xo

/

X2
X is a kp-configuration with respect to V(F), where F = X;(X; — X3). Then if
H is a hyperplane for which (H, F) is a radical ideal of height 2, then |H N X| < 14.
However, if H is either X; or X; — X3, then |[HNX| = 3+5+7 = 15, so the hypothesis
in the definition of Subp, 4 H that (H, F) has height 2 is essential.

If X is any set of points having a subset Y with the extremal Hilbert function, then
we can determine the Hilbert function of X'\ Y, thus generalizing (for special Hilbert
functions) Theorem 2.20.

Theorem 4.8  Let X be a finite set of points in P" contained in the complete intersection
V(Fy,...,F,) of type (di,...,d,), andlet D = {d,,...,d,}. Let F be a form of degree
d such that V(Fy, ..., F,, F) is a radical ideal of height r + 1. Let H = Hx be the Hilbert
function of a k-configuration with respect to V (Fy, ..., F,) of type T. Let U C XNV (F)
be such that the Hilbert function Hy of U satisfies Hy < T’ = (Ty_as1,. .., Ty). Let
X=X-U. Then Hy < T := (T1,...,Tu_a).

Proof We have the following exact sequence:
0 — [ : FI(—=d) ¥ Iy — (I + F)/F — 0.

Note that there cannot be more points of X on V(F) than those of U, since Hy
is the maximal element of Subp, 4 H. Then since X is precisely the set of points of X
which do not lie on V(F), we see that Iy = [Ix:F], so we have the following exact
sequence:

0— Iy(—d) 2 Iy — (Ix + F)/JF — 0.

Thus, Hx(t) = Hg(t —d)+Hpg/ .+ (t). From the correspondence between Hilbert
functions of kp-configurations and np-type vectors, we know that Hx(t) = Hs(t —
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d) + Hg/(t), so it is enough to show that Hg/(;,+r) = Hy := Hy. Certainly, Ix + F C
Iy, so we only need to show that Hg(;,+r)(t) < Hy(¢) for all . Now,

Hy(t) =Hy/(t) =Hgy,(t) +Hy,_ (t—1)+---+Hgy,_, (t—d+1)

= Hp)(F,,..5,)(t) + Hry(F,,. )t — 1) + -+

)t —d+1) fort —d+1 < ap(Ty—gi1)

= HR/I(V)(t) fort < ap(Ty_441) +d— 1.

But Hy/(t) < Hp4p(t) < Hy(t) for all t since (Fy,...,F,,F) C (Ix+F) C Iy, so
Hy/(t) = HIXJrF(t) fort < ap(Ty_441)+d — 1.

Now, op(T) = op(Tu—a) < ap(Tu—ar1)- So, AH5(t) = 0fort > ap(Ty—4r1)—1.
But, AHx = AHg(t — d) + AHg/p,+¢(t) = AH5(t — d) + AHy(t).

Since AH5(t —d) = 0fort —d > ap(Ty—4+1) — 1 and AHg(t —d) > 0
for all £, we see that AHg (1) (t) < AHy(t) for t > ap(Ty—4+1) +d — 1. Thus,
Hy(t) = Hgy,+£(t) for all £, and hence Hy = Hy, as claimed. [ |
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