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UNIFORM PROPERTY (K) AND ITS RELATED PROPERTIES

HONG-KUN XU AND GIUSEPPE MARINO

A Banach space X is said to have uniform property (K) if there exists a constant
k G [0,1) such that whenever xn -»• 0, ||xn|| ->• 1, and limsuplimsup ||xn - ym\\ ^

m—>oo n—¥oo

1 we have limsup \\ym\\ ^ k. This property is the uniform version of property (K)
recently introduced by B. Sims (Bull. Austral. Math. Soc. 50(1994), 523-528).
Sufficient conditions for uniform property (K) are given. Some examples are
presented to separate various Banach space properties. Applications to nonlinear
operators are also included.

1. INTRODUCTION

A Banach space X is said to have weak normal structure if every weakly compact
convex subset C of X with more than one point contains a non-diametral point, that
is, an x € C for which

sup{||x - 2/|| : y € C] < diam(C).

A characterisation for weak normal structure is that there exists no non-constant se-
quence {xn} in X satisfying

xn^0

and

lim \\xn — x\\ = diam{xn} = 1 for all x e co{a;n}.
n

Here and throughout the paper, "—i" stands for weak convergence and" —)•" for strong

convergence.

Having observed the above characterisation of weak normal structure, Sims [15]

introduced the following property (K) which implies weak normal structure.
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94 H-K. Xu and G. Marino [2]

DEFINITION 1: [15] A Banach space X is said to have property (K) if there exists
a constant k € [0,1) such that whenever xn —>• 0, | |xn|| -> 1, and limsup ||xn - x|| ^ 1
we have \\x\\ ^ k.

Clearly property (K) with k — 0 is equivalent to Opial's property [14]:

xn —*• 0 => limsup | |xn| | < limsup \\xn - x\\ for all x 6 X, x ^ 0.

Property (K) implies property (P) introduced in [17] (but not conversely; see
Example 2 in Section 3):

xn —>• x and {xn} is non-constant ==> liminf ||a;n - x|| < diam{a;n}^_1

as property ( P ) is equivalent to the statement below:

xn ->• 0 and | |xn| | -> 1 =>• d i a m f x , , } ^ > 1.

Let now C be a weakly compact convex subset of a Banach space X and T : C —> C
be an asymptotically nonexpansive mapping in the weak sense [8]; that is, TN is
continuous for some integer N ^ 1 and such that

limsupsup{| |Tnx - Tny\\ - \\x - y\\ : y e C) ^ 0 Vx 6 C.
n—>oo

Recall that the norm of X is UKK (uniformly Kadec-Klee) if for any e > 0 there
exists a 8 > 0 such that for any sequence {xn} c Bx (the closed unit ball) which is
e-separated (that is, sep (xn) := inf{||xn — xm\\ : n ^ m} ^ e), the weak convergence
of {xn} to x implies that ||x|| ^ 1 — 5. This UKK property implies property (K)
[15]. Lin [11] recently proved that if the norm of X is UKK and x € C is such that
Tnx —*• x, then x is a fixed point of T. However in an attempt to weaken Lin's UKK
assumption, we could not recover the same result if UKK is replaced by Sims' property
(K). A stronger property than property (if) is needed. This motivated us to propose
the following notion of uniform property (K) .

DEFINITION 2: A Banach space X is said to have uniform property (K) if
there exists a constant k G [0,1) such that whenever xn —*• 0, ||xn|| —> 1, and
limsup limsup 11 xn — ym|| ^ 1 we have limsup ||yTO|| < k.

m—*oo n—*oo m—*oo

Clearly uniform property (K) implies property (K). It is also clear that uniform
property (K) with k = 0 is exactly the locally uniform Opial property [12]; namely,
xn -*• x and limsup limsup ||xn — ym\\ ^ limsup ||xn — x|| =>• ym —> x.

m n n

The paper is organised as follows. After the notion of uniform property (K) in
the Introduction, we give certain conditions in Section 2 which are sufficient for the
uniform property (K). In Section 3 we present a few examples of Banach spaces which
distinguish various Banach space properties. Finally in Section 4 we are concerned
with the demiclosedness principle, asymptotic behaviour, and existence of fixed points
of asymptotically nonexpansive mappings in the weak sense.
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2. SUFFICIENT CONDITIONS FOR UNIFORM P R O P E R T Y (K)

Throughout the rest of this paper we always assume that a Banach space X is not

Schur; that is, X has a weakly convergent sequence which is not strongly convergent.

Recall that Opial's modulus of a Banach space X is denned by [12]

Tx{c) '•= infjliminf \\xn + x|| - l } ,

where the infimum is taken over all sequences {xn} such that xn —*• 0 and | |xn | | —> 1
and all x S X such that ||x|| ^ c. X is said to have the uniform Opial property if
rx (c) > 0 for all c > 0. The number

Co (A") := sup{c > 0 : rx{c) ^ 0}

is called the Opial characteristic of X.

PROPOSITION 1 . If co(X) < 1, then X has uniform property (K) with k -

co(X).

P R O O F : Assume we have xn —*• 0, | |xn | | —> 1, and l imsupl imsup | |x n — ym\\ < 1.
m n

It follows from the definition of Opial's modulus that

1 ^ limsuplimsup||xn-2/m|| ^ 1 + rx(limsup||ym||)
m n

since rx(-) is continuous [12]. Thus T-A-(limsup||ym||) ^ 0 and limsup||yTO|| ^

co(X). U

A Banach space X is called eo-UKK if, for some eo € (0,1), there exists 6 > 0
such that whenever {xn} C Bx (the closed unit ball of X), xn —>• x and sep(x n ) :=
inf{||xn - x m | | : n / m} ^ eOl it follows that ||x|| ^1 — 5.

PROPOSITION 2 . If X is eo-UKK for some e0 € (0,1), then X satisfies uni-

form property (K ) .

P R O O F : Suppose x n —»• 0, | |xn| | -* 1, and l imsupl imsup| |xn - ym\\ ^ 1. Let

5 > 0 be the number given in the definition of eo-UKK. Let r\ > 0 be small enough
so that (1 + 77)eo < 1. As in the proof of Sims [15, Proposition 5] we can select a
subsequence of { x n } , still denoted { x n } , such that sep(xn) > (1 + 77)60- Choose now
an integer N large enough so that

limsup | |xn — ym\\ < 1 + 77 Vm ^ N.
n

For a fixed m ^ N, then choose an no = no(m, rj) such that

||a:n-2/m|| < I+77 Vn^n 0 .
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Then we have

1 + T]

It follows from £Q-UKK that

and sep £0-

SO

limsup ||?/m|| ^ 1 -S.
D

A Banach space X is said to be eo-inquadrate if 6x(£o) > 0, where Sx(-) is the
modulus of convexity of X denned by

6x(e) = inf j l - 1, \\x - y\\ > e j .

Also a Banach space X is said to satisfy the non-strict Opial property if xn —* x implies
that limsup ||rcn - x\\ ^ limsup \\xn — y\\ for all y € X.

PROPOSITION 3 . If X is eo-inquadrate for some £Q 6 (0,1) and satisfies the
non-strict Opial property, then X has the uniform property (K) with k = e0 •

PROOF: Assume that xn —*• 0, \\xn\\ —> 1, and limsuplimsup||xn — ym\\ ^ 1.
m n

Put d = limsup ||ym||. If d = 0, there is nothing to prove; so assume d > 0. For 77 > 0
take N so large that

limsup\\xn -ym\\ < 1 + 77
n

For a fixed m ^ N, take no = no(m, 77) such that

Il-Cnll N 1 + 1/ dnu ||a;n i/m|| *•

It follows that

n + (xn- ym)
\Xn „ 1

The non-strict Opial property then implies that for m Js N,

1 = limllxnll ^ limsup
n

which in turn implies
Sx(d) < 0
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and therefore limsup ||ym|| ^ £o- Q

A Banach space X is said to have weak orthogonality (WORTH) [15] if xn —k 0
implies that

| |zn + x|| - ||xn - x|| -¥ 0 Va; € X.

PROPOSITION 4 . If X is eo-inquadrate with e0 € (0,2) (that is, X is uni-

formly non-square) and WORTH, then X has the uniform property (K) with k = EQ/2.

PROOF: Given xn —*• 0, | |xn| | —¥ 1, and limsup limsup Ha;,, — yTO|| ^ 1. Then for
m n

any n > 0, we can choose N such that

limsup \\xn — ym\\ < 1 + -i) ~im ̂  A .̂
n *

Next for a fixed m ^ N, choose no = no (771,77) such that for all n ^ no we have

||Xn-Wm|| < 1 + 2 " '

lkn|| > 1-77,
I

It follows that
2 *

r [(^n ~ Vm) + (^n + 2/m)J

This immediately implies that

Sx (2 limsup 11 y TTI 11) ^ 0.

Hence

limsup\\ym\\ < -e0. _

A Banach space X is said to have the generalised Gossez-Lami Dozo property
(GGLD for short) [7] whenever

D[(xn)} > 1

for all xn —* 0 such that ||xn|| —¥ 1, where

O[(in)] = limsup limsup 11 xn - xm | | .
m n

PROPOSITION 5 . Uniform property (K) with k € [0,1) implies GGLD.

PROOF: Suppose X has the uniform property (K) with k 6 [0,1). Assume xn —l

0, ||a;n|| -¥ 1. If £>[(zn)] ^ 1, then the uniform property (If) implies that

a contradiction. D
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3. SOME EXAMPLES

Sims' property (K) with k — 0 is exactly Opial's property, but uniform property

(K) with k £ (0,1) does not necessarily imply Opial's property.

E X A M P L E 1. Let X = I2 © R be normed by

11(1,011 - |H|2 + max | | r | - \ \\x\\2 , o | , (x,r) G X,

where | | | | 2 is the usual I2 norm. Let {en} be the unit basis of I2. Considering the
sequence yn = (en,0) and the point y = (0, a ) with |a | ^ 1/2, we see that X fails to
have Opial's property. (It is not hard to see X does have the non-strict Opial property.)
However, since it has been calculated in [18] that

it follows that co(X) $C 3/4 and thus X satisfies the uniform property (K) by Propo-
sition 1.

Recall that a Banach space X is said to have uniform normal structure [1] if the
normal structure coefficient of X defined by

N(X) = m{{d\a,m (K)/rK(K)}

is bigger than one, where the infimum is taken over all closed bounded convex subsets
K of X consisting of more than one point, diam(.ft') = sup{||a; - y\\ : x,y £ K) is the
diameter of K and TK{K) — infx6/<- supye/f ||x - y\\ is the self-Chebyshev radius of K.
It is shown [13] that uniform normal structure implies reflexivity. Sims' property {K)
implies weak normal structure, however even uniform normal structure does not imply
property (K) as the following example shows.

EXAMPLE 2. Let X — I2 ® K with the norm

||(x,r) | |=max{| |x| |2 , |r |}.

Then N(X) = \/2 [2] and hence X has uniform normal structure. However, considering
the sequence xn = (en,0) and the point x — (0,1), we immediately find that X lacks
property (K) for all k € [0,1). This example also shows that property (P) does not
imply property (K), in general.

Propery (K) does not imply uniform property {K); in fact, the next example
shows that even Opial's property does not implies GGLD.
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EXAMPLE 3. Let c0 be renormed by

x = Ml2 +\^i-- r 2 T —
\l t = l

where H-H^ is the usual /<„ norm. It is known [5] that (co,||-||) is UCED (uniformly
convex in every direction) but lacks GGLD. In order to show that (co,||-||) satisfies
Opial's property, according to Sims [15, Proposition 1], we need only to show that
(co, HID satisfies the non-strict Opial property:

xn ->• 0, | |xn | | -¥ 1 => liminf | |xn - x\\ ^ 1 Vx ^ 0.

Write xn = (£?) and x = (&). Take i0 such that | ^ 0 | = H^H^. For e > 0 there exists
ii > IQ large enough so that

As xn —^ 0, we have £" —> 0 (as n —> oo) for each i . Select N > ii such that

Thus for n ^ iV,

m w

and
sup |6" - 61 i

It follows that
Mr — TII > m a v / l l T II IITII \ — P \/n > N

and
liminf | |xn - x ^ ^ max{||x||oo , 1}

since xn —>• 0 implies limHinU^ = l im| |xn | | = 1. Now we have

lim inf \\xn - x\\2 = lim inf H |x n -
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Since property (K) implies weak normal structure, while uniform property (K) is
the uniform version of property (K) , one might conjecture that uniform property (K)

would imply the weak uniform normal structure, the uniform version of weak normal
structure. However, unfortunately, the answer is negative as the example below shows.
But first let us recall that a Banach space X is said to have weak uniform normal
structure if Bynum's weakly convergent coefficient WCS(X) is bigger than one, where

WCS(X) = mf{dia,m(K)/rK(K)},

the infimum being taken over all weakly compact convex subsets K of X with more
than one point.

EXAMPLE 4. Let

(2

It is known [16] that X has GGLD. It is also known [3] that X is UCED. As it is
easily seen that X has a basis {en}^=i such that ||7 - <3n|| = 1 for all n ^ 1, where /
is the identity and Qn is the natural projection associated with the basis {en}; that is,

n oo
Qn(x) = 53 aiei if x = 53 a i e i i it follows from van Dulst [4] that X satisfies the non-

i=l i=l

strict Opial property. (This together with Proposition 1 of Sims [15] further implies that
X indeed satisfies Opial's property.) Now we show that X enjoy the uniform property
(K) with k = 0 (that is, X satisfies the locally uniform Opial property). Towards this
end, we assume {xn} is a sequence in X such that xn —*• 0 and \\xn\\ —» 1. Assume
{ym} is any sequence of X such that

limsuplimsup||xn - ym\\ ^ 1.
m n

Let Pi denote the natural projection onto the subspace of X identified with Z* for
i > 1. First we show that

(*) limllPiGHH = 0 V t > l .

Suppose limsup ||Pi(j/m)|| > 0 for some i > 1. Without loss of generality we may
m

assume that there exist the limits

ai := ]im\\Pi(xn)|| and h := lim||(7 - Pi)(x")| | .

We may also assume that there exists the limm ||Pt(2/m)|| =: Cj. (Note: Cj > 0.) As

||a;"|| —> 1, we see that
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Recall the fact (see [9]) that in any lp (1 < p < oo) if {un} converges weakly to u € V,

then liminf ||un — ii||p = liminf ||un — u||p + ||ii — u\\p for all v £ lp. It follows from the
Opial property that

n ym\\^ limsuplimsup ||xn — yr'
m n

= l i m s u p l i m s u p ( | | P i ( z n ) - Pi(ym)\\2 + \\(I- Pi){xn) - (I - Pi)

^ limsup (liminf||Pi(xn) - Pi(ym)\\2 + limninf||(J - P4)(xn) - (J - Pi)(ym)\\2)

limsup | ( l i i f l l P f r " ) ! ! ' + | | P ( m ) | r ) 2 *

> at
2 + bi = 1.

This contradiction proves the claim (*).

Set

A n :={ | |P i (x» ) | | } . > 2 and /xm := {\\Pi{ym)\\}i>r

Then {An} C I2 and ||An|| ->• 1, and {(im} C I2 and \im ->• 0 in /2 (This follows from
(•).) We may assume that {An} converges weakly to some A s I2. It follows that

1 ^ limsup limsup 11x" — ym\\2

m n
oo

= limsup Urn sup V||Pi(xB) - Pi(y
n i=2

^ limsuplimsupf;| 11̂ (̂ )11 - ||Pi
m "m " i=2

= l imsup l imsup 11An — Mm 11/2
m n

= limsuplimsup (||An11,22 -

= limsup ( l - 2(A,/im) + ||

= 1 + limsup ||Mm||22.

Therefore,

This finishes the proof. D

limsup \\ym\\2 = limsup||/xm||22 ^ 0.

https://doi.org/10.1017/S0004972700031440 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700031440


102 H-K. Xu and G. Marino [10]

REMARK 1. Example 4 also presents a Banach space X which satisfies the locally

uniform Opial property but fails to satisfy the uniform Opial property as for any c > 0,

rX(c) ^ rti(c) = (l + c*)V i - 1 ([12]) -> 0 as i -> oo.

The following is an example of a Banach space which has Opial's property and
GGLD but lacks the locally uniform Opial property.

E X A M P L E 5. Let

with the norm

where z = (x,y) € X with x = (xi) € I2 and y = (&) 6 /3 , and p U ^ = ||a;||2 V \\y\\3,

\\-\\ being the usual V norm. (Here a V b = max{a, b} for real numbers a and b.)

We now show that this space X does enjoy Opial's property and GGLD but lacks
the locally uniform Opial property. Assume zn = (xn,yn) —*• 0 and \zn\ —» 1. We may
also assume (otherwise select a subsequence if necessary) that there exist the limits:
a := l im| |xn | | 2 and b := lim\\yn\\3. Since \zn\ —> 1, it readily follows that aVb= 1.
We now claim that

(**) lim \zn -z\= (a2 + \\x\\l) V2 V [b3 + \\y\\fj ^ +

for any z — (x,y) € X with x = (ZJ) € I2 and y = (yi) £ I3. Again we use the identity
in V (1 <p < oo) (see [9]):

{un}clp, un^0 =• l iminf | | u n -w | |P - l iminf | | u n | |P + ||7;||P Vu € lp.

(Note: The same identity holds if "liminf" is replaced by "limsup".)

It then follows that
oo

l i m \zn -z\= l i m

t = i

which is the claim (**). In order to show the Opial property we assume z = (x, y)
Then it follows from (**) that in either case a = 1 or b = 1 we have

OO I I i I

limsup|zn - z\ ^ 1 + V — l——- > 1.
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So X does satisfy the Opial property. Next we turn to the GGLD. If a = 1 we have

lim \\xn - xm\\2 = Jl + \\xm\\l -> V2 asm->oo.

If b = 1 we have

lim lit/" - y m \ \ 3 = %Jl + \\ym\\l -> \/2 as m -> oo.

So again from the claim (**) it follows that

lim sup lim sup \zn — z
m n

" 3

= V2a V \/2b ^ \/2 > 1 since a V b = 1.

So X has GGLD. Finally we show that X does not satisfy the locally uniform Opial
property. Take any zn — (xn,yn) ->• 0 with \zn\ ->• 1 such that | |xn| |2 -> 1 while
It?/"H3 ~* b < 1- Choose another sequence wn = (un,vn) such that | |um||2 —̂  0,
||iim||3 -> c > 0 such that 63 + c3 ^ 1, and vf1 -> 0 as m -> 00 for each i ^ 1. Then
once again from the claim (**) it follows that

limsuplimsup|zn-u;m| =limsup ( A/I -J- ||um||2 V v/fr3 + ll^lla + Y] tm m V 2'

This verifies that X lacks the locally uniform Opial property as {u>m} does not converge
strongly to 0.

REMARK 2. The above proof to the GGLD in fact shows that WCS(X) = \/2 and
hence X has the weak uniform normal structure.

4. ASYMPTOTICALLY NONEXPANSIVE MAPPINGS IN THE WEAK SENSE

Let C be a weakly compact convex subset of a Banach space X and T : C —> C
be an asymptotically nonexpansive mapping in the weak sense (see the Introduction for
definition). Set

en{x) := max{sup(||T"x - Tny\\ - ||z - y\\ : y 6 C), 0}.

Then
lim<rn(z) = 0 V16C
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and

\\Tnx-Tny\\^\\x-y\\ + en(x) Vx,yeC Vn ̂  1.

We say that / - T is demiclosed (at 0) provided

xn ->• x and (/ - T)xn -> 0 =>• (/ - T)z = 0.

In [18] (see also [12]) it is proved that if X has the locally uniform Opial property,
then / — T is demiclosed. The following strictly (see Example 5 in Section 3) extends
this result.

THEOREM 1 . If X satisfies Opial's property and has GGLD, then I — T is demi-

closed (at 0).

PROOF: Assume xn —% x and (I — T)xn —> 0. From [18, Lemma 4.1] (see also
[12, Lemma 3.1]) it follows that Tnx -»• x. This convergence must be strong; for
otherwise, GGLD implies

l i m s u p | | r n x - x | | < limsuplimsup||Tna;-Tma;||
n m n

^ limsuplimsup (||T"-ma; - x\\ + em(x))
m n

= limsup||Tna;-a;||.
n

This is a contradiction. Therefore, Tnx -» x and x is a fixed point of T since TN is

continuous for some N ~£ 1. D

REMARK 3. If T is uniformly continuous, then the conclusion of Theorem 1 is proved

in [6].

The next two results show that the UKK assumption in the main theorem of [11]
and respectively, the assumption that D(X) < 1 (or equivalently WCS(X) > 1) in
[10, Theorem 4] can strictly be both weakened to GGLD.

THEOREM 2 . If X satisfies Opial's property and GGLD, then for a given x e C,

{Tnx} converges weakly to a fixed point ofT if and only ifT is weakly asymptotically

regular at x; that is, w - lim (Tnx - Tn+1x) = 0.

PROOF: We need only show the sufficiency part; so assume Tnx - Tn+1x —>• 0.
Let y = w — limTnia; be any weak cluster point of {Tnx}. We need to prove that y is

i
a fixed point of T. As T is weakly asymptotically regular at x, we have

w - limT"i+mx = y Vm ^ 0.
i

Put
c™ = max{sup(||rmz - Tmy\\ - \\z - y\\ : z e C), 0}
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and
bm = lim sup | | T n i + m z - y\\.

i

From Opial's property it follows that

bm+j = lim sup \\Tni+m+ix - y\\
i

^ lim sup \\Tni+m+jx - Tjy\\
i

<limsup(||Tn<+ma;-!/|| + ci)
i

= bm + Cj.

So lim sup bj ^ bm for all m ̂  0. Hence
3

b := I im6 m = inf{6OT : m ̂  0} .
m

If 6 = 0, then

l imsup \\Tjy - y\\ ^ lim sup lim sup lim sup (\\Tjy - Tni+m+jx\\ + \\Tni+m+jx - y\\)
j j m i

< lim sup lim sup (bm + Cj + bm+j)
j m

= 0.

So y is a fixed point of T. If b > 0, we may assume without loss of generality that

6 = 1 . Then Lin [11] has constructed a subsequence {rrij} with rrij € {rii + 1 :i,l &N}

such tha t

(i) Tmix^y;

(ii) l-(l/j)^\\Tmix-y\\^l + (l/j);

(iii) \\Tmix - r*tf || < 1 + Ci + (1/j) V0 < i ̂  j .

Consequently, if z is a weak limit point of {T'j/}, then

limsup \\Tmix - z\\ ^ limsup limsup \\Tmix - "Ty^
j » i

^ 1 = limsup \\Tmix-y\\.
j

Opial's property then gives that z — y. Thus we conclude that Tly —*• y, from which
GGLD entails that Txy -t y and hence y is a fixed point of T. To complete the proof
we have to show that if u = w — Urn, Trix is also a weak limit point of {Tnx}, then
we must have u = y. Indeed, if u ^ y, then noting that l i m | | T " x - p | | exists for
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every fixed point p of T and that u is also a fixed point of T, we deduce from Opial's
property that

lim \\Tnx - 2/|| = l im | |T n ' z - y\\
n i

< lim \\Tnix - u|| = lim \\TrJx - u\\
« 3

< lim \\Tr'x - y\\ = lim ||Tnx - y\\.
j n

This is a contradiction. D

REMARK 4. In [6] the same conclusion as stated in Theorem 2 is proved under the
stronger condition that T is asymptotically regular at x; that is, lim | |Tn+1x - Tnx\\ =

0.

THEOREM 3 . If X has GGLD and if T is, in addition, weakly asymptotically

regular on C (that is, w - lim (Tnx - Tn+1x) - 0 for all x € C), then T has a fixed

point.

PROOF: First as in the proof of [10, Theorem 4], there exists a subsequence {ni} of
N and a point x G C such that Tn*x —*• x. We may further assume that n, — n.j > i-j

for all i > j and lim||T"«x — x|| exists. Since T is weakly asymptotically regular at x
we have w — lim; Tn»+ mz = x for all m ^ 0. From the weak lower semicontinuity of
the norm it follows that for i > j ,

||Tn'x - Tn>x\\ ^ \\Tni-nix-x\\ +enj{x)

^ liminf||r"+(n*-"'Oa: - Tn^nix\\ + enj(x)

< lim inf \\Tn°x - x\\ + eni_n. (x) + enj (z).

Hence
limsuplimsup \\Tnix - Tn'x\\ ^ lim||rnsx - x\\.

j i

GGLD then implies that lim||Tn*z - x|| = 0. As TN is continuous and T is weakly
asymptotically regular at x, it follows that TNx = x. Now we have

Tx-x = TiN+1x - TiNx -± 0 as i -+ oo.

Therefore Tx = x. D
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