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SHILNIKOV TYPE SOLUTIONS
UNDER STRONG NON-AUTONOMOUS PERTURBATION

ELiAs TuMA

We study the behaviour of solutions in a neighbourhood of the origin for a certain type
of non-autonomous system of partial differential equations whose linear approximation
is non autonomous.

1. INTRODUCTION

To study either the bifurcation which arises from a homoclinic orbit I', when a
system of differential equations is perturbed, or the behaviour of solutions close to T, it
is necessary to know the Poincare map defined in a transversal section of I",with some
precision. The Poincare map is defined as a combination of two dynamics, one of them
in a neighbourhood of the origin and the other in a tubular neighbourhood of the orbit
T.

Far away from the origin we may appeal to the continuity of the solution with respect
to the initial data. So we consider the solutions in a neighbourhood of the origin (1, 5].

This paper focuses on the derivation of exponential expansions (Deng [3], Bldzquez-
Tuma [2]) for solutions of systems of the type employed in the Shilnikov theorem [5],
with a non linear, non autonomous perturbation and with a non-autonomous linear part.

Let us consider the equation

(1.1) i+ Az = f(t,2)

where A is a sectorial operator in a Banach space X and f is both locally Holder in ¢
and f € C¥(X®,X),k > 2,0 < a < 1,in z. The equation (1.1) has a local solution.

We assume that the origin is a hyperbolic equilibrium point, that is, f(¢,0) = 0,
V¢t € R and the linearisation about the origin is:

(1.2) 2+ Az=Bz+C(t)z +g(t, 2)
where the non linear part g(t, z) = zg1(¢, z) with ||g1(¢, 2)|| = 0(||z||*), some a > 0, or

lg(t, z1) — g(t, z)|| < k(P)llzs — z2llay VEER

Received 16th November, 2004
Financed partially by: Universidad Técnica Federico Santa Maria Grant No.120361.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/05 $A2.00+0.00.

315

https://doi.org/10.1017/50004972700038272 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038272

316 E. Tuma 2]

with J|zill« < p, ¢ = 1,2 and SEka(S) = 0 Let us denote by L = A — B and
L(t) = A — B — C(t) and we assume
Hl. o(L) = 01Jos where
(i) o1 = o(L) N {A/Re(X) > 0}, and there exists a simple, real eigenvalue
B € o such that ReA > 3 >0, VA€o, — {5}
(i1) o9 = o(L) N {A/ReX < 0}, and there exist two complex conjugate eigen-
values p + iw € o, such that 0 > p > Re()); VA € 03, ReA # p;
(i) p+B8>0
Under some conditions on C(t),we prove that the solution z(t) of the non au-
tonomous system (1.2) has an exponential expansion in a neighbourhood of the origin.
That is, for small [|2]|o = ||2(0)||,, there exist 0 < ¢ < g, such that

Z(t, th ZO) = K(ZOa tO)e—‘p(t_tO) + E(ta tO)

with ||e(Z, t0)||, < Cllzollae™9=? and K (zo,to) € ker(L — BI).

The Banach space X® can be written locally as X* = X @ XJ where X#,1=1,2
are invariant sub manifolds associated to the spectral sets o; with projections E;,7 = 1, 2.
If L; = L/X?, we have that 0(L;) = o; and the bounds ([4]).

(1.3) le="1*E; 2|

Me P ||Eyz|la < Me P2 Ey 2| ; t>0
lle=**E,z| <

| <
| < Me™||Epz|la < Me™||Esz]| ; t<0
Let z = E; 2, and y = E;z. Then equation (1.1) can be written as

&+ Li(t)z = Erg(z,y,t) = 91(z, 9, t)
(14) y+L2(t)y = E29($,y, t) =92(x1 yvt)

Let us assume either one of the following conditions on C(¢)
H2.1 /|C(t)|2dt < P? < co.

R

H2.2 C(t) is bounded that is ”C(t)” <k some k > 0.

We know that the linear systems z + L, (t}z = 0, and y + L,(t)y = 0, have unique
solutions z(t) = z(t;to, Zo); Y(t) = y(t;to, yo) such that z(ty) = o ,y(te) = yo- These
solution generate a family of evolution operator {Ti(¢,s)/t > s} and {T3(t,s)/t < s}
such that

z(t; to, To) = T1(2, to)To; y(t; to, Yo) = Ta(t, o) vo.

Using Gronwall’s inequality [4, Lemma 7.11], we obtain the following.

LEMMA 1. Under the hypothesis H1, we have:
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(i) If C(t) satisfies H2.1 then for 0 < o < 1/2 there exist a constant K such
that

T3(t,5)|| < Ke &9 5 >
ITo(t, 9)]| < Ke 2, t<s

with f = B — PM/+/(1 — 2a) > 0. ‘
(ii) IfC(t) satisfies H2.2 then there exists a constant K such that

T3t 8)|| < Kem6-GMIa-ap === 45
| < Keft=2) ; ‘<

withd=p—-—kM >0
PROOF: Let us prove the bounds for 7Ti(t, s):

(i)
z(t) = e L3Iz (s) + /e"‘(“’)C(r)x(r) dr)|z(®)]),

t
< Me P9 |z(s)||, + / Me Pt — r)y=2||C(r)| |||z ()|, dr = ||=(t)]| €4

< M||3:(s)||tx +/Meﬂ("’)(t'— r)“’”C(r)“”z(r)“adr

using Gronwall’s inequality [4]

l2@)]|?¢ < Mja(s)]| e t-n=<|et) e

Since for 0 < a < 1/2

fe-rtein < (fu-rwe)”fewre)”

< [P/\/fl - 2a)](t - 8)(1/2 - a)

the result follows.

(i)

(0l < M (o), + [ MeAe =)< Cte) o)
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then

Izl < Ml|z(s)]l, + / M=t — )= C)|[l=(r)], dr

Using Gronwall’s inequality [4]
(0l % < K[a(s)]| Br-a (Ot - 5)

where

© = (kMT(1 — a))l/l_a; Ei_o(6(t — 5)) ~ 1/(1 — )¢9
Hence we have
IT3 (2, 8)2(s)||, < K[z(s)|| e~ E-*MTUaP/1=o)e=s),

Inmediately, from the lemma, we have.
THEOREM 1. There exist local stable (W?*) and unstable (W*) manifolds of (1.4).

PRroOOF: Let

S= {Zo/“ElZo” < p/K, ”z(t, tO,ZO)“a(pv t)to}

If 2y € S then
2(t) = z(t) + y(t) € X7 & X3,

where .
¥(0) = Talt, o) Bazo + [ Talt, o) Bag s, 2(9)) ds
to
Hence
TQ(O, t)y(t) = T2(0, to)EoZo + / Tz(o, S)Ezg(s, Z(S)) ds
to
But

||T2(0, t)y(t)”a < Ke""“y(t)”n —+0, ast—00 = Tg(O,to)EgZo

]

—/TZ(O s)Egg(s Z(S)) ds = EzZo

to

/TZ(O s)Eag(s, 2(s))ds, t>ty = z(t)
to

= Ti(t,to)a + /Tl(t, s)Eig(s,z(s)) ds — /T2(t, s)E2g(s, 2(s)) ds < R(2)
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say.
Similary if @ € X, with ||a|]| < p/2K then we shall prove that there exists a unique
solution, z(t,to,a), with E\ 2o = E\(2(to, to, @)) = a, and [|z]|a < p, Vt > t,. In fact

t
Iella < Ke6~all+ [ e Exg(s, 2(s)) | ds
to

o0
Erg(s, z(s))||ds+/Ke‘5(“’)
t

o0 o
< p/2 + Kk(p) (uElu [etmavri [ du) <p
0 0

so R(z) is a contraction map, in the space of continuous functions with sup ||z||, < p and
satisfying F,z(to) = a. Hence there exist a unique fixed point z(¢;tg,a). Furthermore,
from the integral representation it follows that the application ¢ — 2(t,tg,a) is Holder
continuous. Therefore if z is a solution of the equation (1.2) with initial conditions.

o0

h(a) = z(to, t0,0) = a — /Tz(to, s)E29(s, 2(s)) ds

to

then E h(a) = a Morover
S = {h(a)/a € X}, |lalla < p/2K}
and ||h(a) —a||, = O(llalla). Similarly
S =W"(0) = {h(a)/a € X3, llalla < p/2K}. 0
REMARK. The stable and unstable manifolds are given locally by
Wise : ¥y = h(z,8);  Wig. : = k(y, 1)

Letting
-z —k(y,t), y—y-—hzt)

then
Wie :y=0; Wg.:2=0

and thus equation (1.4) becomes
T+ Li(t)z = fi(z,y,t)z
(1.5) ¥+ La(t)y = fa(z,9,t)y
with f;(0,0,¢) =0 V¥t > 0 The integral form of (1.5) is given by

2(t) = Ty (t, to)z0 + / Tu(t, s) fu (5, 2(5), y(s)) z(s) ds
to

(1.6) y(t) = Ta(t, t)y + / Ta(t, s) f2(s, z(s), y(s) )y(s) ds
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for any tp and ¢;.

LEMMA 2. For||zo|la, llt1lla sufficiently small there exist a unique solution of (1.5)
in a neighbourhood of the origin for 0 < ty < t;

PROOF: Let
H = {@)/[s®)]l v, < K < o},

H is a complete metric space with the norm:

d((zlvyl)a (xz,yz)) = ||lz2 — z1lla + lly2 — 1lla-

Let T'(z,y) = (Ti(x,y), Tz(z,y)) where T} and T; are given a the right hand side of
(1.6). Then T : H — H is a contraction map:

t
T3 (2, 9)]|, < Ke™¢|zolla + / Ke " k(p)|a(s)[|,ds = ||Ti(z,9)]| "
t
, 0
< Klzolla+ K [ S 9k(a)]a(s)]]ds
to

< Kllz<to>|l°(l + / k(p)ds) <p

Similarly

]

1 T2(z9)||, < Ke® D ly]la + / Ke'k(p)ly(s)||,ds < p
t

Furthermore
t
”Tl(xy y) — Ti(z1, yl)”a < /Ke‘ﬂ("’)k(p)”z(s) - xl(s)”ads < gllz = z1||a
to

and

4

”Tg(z,y) - T2(-’£1,y1)”a < /Ked(t_’)k(P)Hx(s) - 31(3)"st <4qlly — nilla

with ¢ < 1, for small k(p).
Then the result follows by the fixed point theorem. 0

LEMMA 3. The solution of (1.1) under the hypothesis H1-H2.1 satisfies

2@, < Kee™¢f2(5)],
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PROOF: Let
# = {20/ [20)], < Kse ) x(s)], )
and define on H

F(2) = T(t, s)2(s) + / T(t, r)gu(r, 2)2(r) dr
Then s

t
IF(2)|, < Ke"lsl(t—s)“Z(S)”a+/Ke‘31(t—r)“gl(7', =), dr = [|F(2)] e
; S
<K=, + / KKseP"||gy(r, 2)||||2(5)] e~ dr

t
<kl (1+ [ Kl ar) < Ko

but . .
/”gl(r, z)|| dr < /Ks(e—ﬂx(t—s)nz(s)”)adT <K

Then F(z) € H and F is a contraction. In effect

”F(u) — F(v)”u < /”T(t, r)(g(r,u) — g(r,v)) ad‘r < /Ke"s‘(“’)k(p)[,drﬂu ~V||a

For small k(p) we have
|F(w) - FO)||, < gllu —vlla a <1
THEOREM 2. Under the conditions of the lemma the solution z(t) has an expo-
nential expansion (taking ¢ = f;) if
(28)'72% > 4P M*T(1 - 2a)
ProoF: Let X = X @ X§ where X = ker(L — BI); X$ = S(L — BI) and
L; = L/ X2 and E; be projections, i = 1,2. Then z =u+ v € X*. Then

t

v(t) = e 20 By (29) + /e_Lz("”) (C(s) + Exg(t, 2))v(s) ds
to

Let «v,0 such that 0 < f < ¢ <. Then we have

o)l < Kem | E>(zo) |

o
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Let
H = {v@)/o(t)]|, < Kse™*)||By(=)], }

Then if F(v) is the right hand side of the integral equation, we have
t
IF@)|, < MeT™ )| By(z0)|, + / K™t =) (|| Bag(s, )|
t

+c@|) v, s

t
< Me™ %) Egzollq + Me™(t=t0) /(t - 5)_0(”0(3)“
to

+|Bag(s, 2)])) e~ | Byzolla ds

t
< Me—”(t’t°)|]Ezzo”a (1 + /(t - s)—a”C(s)”e-(v—a)(t—a) ds

to

)
+ [ = sy e Eagle =1 s )

to

1/2
< Me~ot- ‘°)||Egzolla(1+[/ e ds] [/(t 2"6“2(7“’)(“’)113]

+k(p)/( —s) ae‘(‘Y a)(t—s) ds) < Ke_a(t_to)
to

Furthermore F' is a contraction, since

IF (o) - vz)ll

<M / et = )2 (OO + Bagl) 1o — vllads)

< M(/ et (t — )~ (“C )|| ds + /e"”“’”(t - $)"%k(p) ds)||v1 - v;”a)

to to

t 1/2 t
<M (P [/ e~2t-9)(p — 5)~2e ds] + k(p) / e =)t — 5)~@ ds) lvr — v2l|a
to

to

<M (P [5((217—)—,_2—;‘.—)} v + Lk(p)) llvr - vella

< (P [%(21/3_)7:?}] . + Lk(p)) llvr — valla
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So let us choose p such that MLk(p) < 1/2, and taking
(1 - 20)
(2[3)1—2&

it follows that F is a contraction as required.
On the other hand

P2M2[ <1/4

/(t _ S)—aeﬁx(t—to)e—ﬁ(t—S)(”C(s)“ + ||E1g”) l|2(s)]|, ds

to
=]

< /(t — 5)"2e Alt=9)ghilt-to) (”C(s)” + ||Elgl|)Ke'ﬂ‘(“_‘°)Elzo ds

to
0

< K/(t _ s)—ae-(PM/\/fl-za)(t-s)(”C(s)“ + I|Elg||)E120 ds < oo

to

then
K (20,t0) = lim 2(t)e1 %)
—00
t .
= Eyzo + tl_i’rg/e-ﬁ(s—to)eﬂx(t—to) (C(s) + Elg) z(s) ds
to
and E2K(20a tO) =0. - D

LEMMA 4. The solution of (1.1) under the hypothesis H1-H2 (b) satisfies
2], < Krem-GMPA=eN 2=l | 5|
PROOF:

2@, < M |2(2o)],

t
+ M / e A=) (¢ — s)“’(

Then, using the inequality of [4, Lemma 7.11], we have

C(s) + “g(s,u(s))”“a) ||z(s)||a ds

&)™~ < Mlz(®)]|,Er-a(O(¢ — t0)) < M|2(to)] e~~~

where

o= (M(k+ k@)1 -a)) "

and the result follows. 1]
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THEOREM 3. Under the condition of the lemma the solution z(t) has an expo-
nential expansion taking

p=8-(kMT(1-0a))/"">0

PROOF: As in Theorem 2 let us put X® = X & X2, z(t) = u(t) + v(t) € X* Then

t

o], < Me9)|| Ba(to)||, + M / e =9t - )7 (||C(s)]| + IBagll) ||u(s)]], ds

s

So that
o, < MI[Esz(a)], + M [ e =k + k) (o] .

Using Gronwall’s inequality, we have:
||v(t)|| < M”Ezl(to)“ - el SHM(k+k(p))T(1-a)) /1= =](t—to)
[+ «

On the other hand
t
u(t) = T(¢,to) Er12o + / T(t, s)Erg(s, 2(s))u(s) ds,
to

SO

”u(t)”a < K”E‘lz(to)”ae—[ﬂ—(kMr(l—a))‘/1—°](¢—to)

t
K [ B EM-en e g o)< gl u(s)| s
to .

Thus
(o) - Mma-eD =21 — 1) < K| Bustt)],

t
+ K / B~ (RMT(1-a)) /1= Yis—t0) (1 _ g)=ag(~a~)B=(M(k+kE)T(1=a))!/ 1= (s=to) g
to

Choosing k(p) small enough the integral is bounded and
0<f—(kMI(1-a)/'™* <6~ (M(k +k(p)L(1 - a))l/l_u).

Then
K (20, 1) = lim z(t)e” F~:MT1-a))/1=2(t—to),
t—o0
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