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EXPLICIT SURJECTIVITY RESULTS FOR DRINFELD
MODULES OF RANK 2

IMIN CHEN anD YOONJIN LEE

Abstract. Let K =F,(T) and A=F,[T]. Suppose that ¢ is a Drinfeld A-
module of rank 2 over K which does not have complex multiplication. We
obtain an explicit upper bound (dependent on ¢) on the degree of primes p
of K such that the image of the Galois representation on the p-torsion points
of ¢ is not surjective, in the case of ¢ odd. Our results are a Drinfeld module
analogue of Serre’s explicit large image results for the Galois representations
on p-torsion points of elliptic curves (Serre, Propriétés galoisiennes des points
d’ordre fini des courbes elliptiques, Invent. Math. 15 (1972), 259-331; Serre,
Quelques applications du théoréeme de densité de Chebotarev, Inst. Hautes
Etudes Sci. Publ. Math. 54 (1981), 323-401.) and are unconditional because the
generalized Riemann hypothesis for function fields holds. An explicit isogeny
theorem for Drinfeld A-modules of rank 2 over K is also proven.

81. Introduction

It is well known that there is a close analogy between the arithmetic of
Drinfeld A-modules of rank 2 over K =1IF,(T) (where A=T,[T] and F, is
a finite field of order ¢), and elliptic curves over Q, and that considering
arithmetical problems from both perspectives enhances our understanding
of the intrinsic difficulty of the problems in question. In this paper, we
investigate the problem of obtaining explicit large image results for the
fields generated by torsion points of Drinfeld modules.

Serre proved in [24] that if E is an elliptic curve over a number field K
without complex multiplication, then there is a constant cx r dependent
only on K and E such that the Galois representation pg ), on the p-torsion
points of I is surjective for any prime number p > ck g. There has been
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some work on obtaining explicit values for the constants cx r when K = Q
(Serre [26], Kraus [14], Cojocaru—Hall [4], Lombardo [16]). The assumption
of the generalized Riemann hypothesis allows one to considerably improve
these bounds [26].

In the case K =Q, the analysis normally proceeds by dividing the
argument into which type of maximal proper subgroup contains the image of
pEp- The most difficult case is when the image of pg , lies in the normalizer
of a Cartan subgroup of GLy(Z/pZ). In all other cases, one in fact has a
uniform bound on ¢k, g which is independent of the elliptic curve E without
complex multiplication, by work of Mazur [17] on rational points on modular
curves.

The analogue of Serre’s result [24] for Drinfeld A-modules of rank 2 was
proved by Gardeyn [11], using the earlier work of Pink on the Mumford—
Tate conjecture for Drinfeld modules [20]. In detail, if ¢ is a Drinfeld module
of rank 2 without complex multiplication over a fixed finite extension of K,
then there are only finitely many primes g such that the image of the Galois
representation pg , on the p-torsion points of ¢ is not surjective. The case
of general rank was recently proven in [21].

In this paper, we obtain an explicit upper bound on the degree of primes
@ of K such that py , is not surjective, for any Drinfeld A-module ¢ of rank
2 over K =T (T") without complex multiplication, in the case when ¢ is odd.

The proof is modeled on the strategy of [24] and [26], some parts of which
were made effective, though not explicit in [12].

New difficulties arise however in carrying out the strategy of [24, 26] in the
setting of Drinfeld modules. One of these is obtaining an explicit bound on
the degree of the different divisor of division fields of ¢, which in the function
field case does not follow immediately from algebraic considerations. For
this, we rely heavily on the results in [2, 3] to make explicit the bounds on
the different divisor and constant field extensions of torsion fields of Drinfeld
A-modules over K.

On the other hand, the generalized Riemann hypothesis holds for function
fields, so we are entitled to use better effective Chebotarev density theorems,
which makes the final results unconditional and stronger when compared to
the number field setting. In the Drinfeld module setting, we do not have
uniform bounds in the Borel case because Mazur’s method has not yet
been successfully adapted to work with Drinfeld modular curves in general.
However, there are some partial results in this direction [1, 19].
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As part of the proof of the Cartan case, we also derive an explicit isogeny
theorem for Drinfeld modules of rank 2 over K which uses the explicit
bounds on the different divisor and constant field extensions obtained in
[2]. A partially explicit isogeny theorem valid for general rank r and K is
proven in [3].

82. Main result

Let F, be a finite field of order ¢, A =TF,[T], and K =F,(T). Throughout
the paper, for the sake of simplicity, := is denoted to mean “is defined to
be”.

Let L be a finite extension of K, O, be the maximal order of L, that is,
the integral closure of A in L, and Fy, be the constant field of L. For a prime
ideal B of Oy, we let degy, B be the F-dimension of the residue class field
Fr o :=Or/B of B, extending this to a general ideal I of O, by additivity
on products. For a in Op, we define the degree of a by deg; a:=deg; (a),
where (a) is the principal ideal of Of, generated by a.

By a prime p (or place) of K, we mean a discrete valuation ring with
field of fractions K and maximal ideal g, and v denotes the discrete
valuation associated to a prime p of K. Let oo be the infinite prime of K
with corresponding discrete valuation veo(f/g) = degy g — degy f, where
fige A

Let 7 be the map which raises an element to its gth power. A Drinfeld
A-module ¢ over K is given by an F,-algebra homomorphism

¢:A— K{t}

such that ¢(a) has constant term a for any a € A, and the image of ¢ is not
contained in K.
A Drinfeld A-module ¢ of rank r over K is completely determined by

O(T) =T + ar1(®)T + az(¢)7* + - - + ay (¢)7",

where aj(¢) € K for j=1,2,...,7 and a,(¢) is nonzero. For any monic
a € F,[T], we then have

M1
(1) ¢la)=a+ Y aj(¢,a)r) + A(p)@ =D/ =DM

=1

for some a;(¢, a) € K, where M =1 degy a and A(¢) := a,(¢).

https://doi.org/10.1017/nmj.2017.26 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.26

20 I. CHEN AND Y. LEE

For any nonzero a € A, we define the A-module of a-torsion points as

la] = {A € K | ¢a(A) = 0},

where ¢, denotes ¢(a) and K is a fixed separable algebraic closure of K.
We have that ¢[a] ~ (A/aA)" (see for instance, [23, Proposition 12.4]). If T
is a nonzero ideal of A, we similarly define the A-module of I-torsion points

Sl ={)€ K | ¢o(\) =0 for every a € I}.

Let K(¢[a]) be the field obtained by adjoining a-torsion points of ¢ to K,
and let Ky 1:= K(o[I]).

Let £ be a finite prime of K. The £-torsion points of ¢ in K give rise to
a representation

po.e i G — Aut g0 (8[€]) = GL,(A/LA),

where Gi is the absolute Galois group of K. For a prime p of K, if ¢ has
good reduction at g, then pyg ¢ is unramified at @ if p # £.

If ¢ is a Drinfeld A-module defined over K, and all its defining coefficients
a;(¢) lie in A, then we say that ¢ is integral over A.If ¢ is integral over A,
then it has good reduction outside any set of primes S of K which includes
the prime at oo and the primes dividing the discriminant A(¢) of ¢. In
particular, the G x-modules ¢[£] :=J,,,»; #[£™] and ¢[£] are unramified
outside S U {£}.

For a prime p of K, let Frob, € Gk denote a Frobenius conjugacy class
at p, and let Te(¢) be the £-adic Tate module of ¢, which is defined as an
inverse limit of the ¢[£"], that is, l'&ngﬁ[ﬂ”].

Let ay(¢) denote the trace of Flrgbp on the Tg(¢) and Py(4)(X) the
characteristic polynomial of Frob, on the Tg¢(¢) (when the Frobenius
conjugacy class is unramified in the relevant extensions). It is known that
ay(¢) and P,(¢)(X) are independent of £ [9, Theorem 4.12.12].

The ring of K-isogenies of ¢ is denoted by Endg (o), and the ring of
K-isogenies is denoted by End(¢). We have that ¢(A) C Endg (¢). When ¢
is a Drinfeld A-module of rank 2 over K, End(¢) is either ¢(A) or an order
O in some quadratic imaginary extension over K. In the latter case, we say
that ¢ has complex multiplication (by O).

We use the following notation for Theorem 2.1 and throughout the paper.
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Notation 1:

In z = the natural logarithm of z, log, z = the logarithm of z to base g,
logy « = log, max {z, 1},
64
co =9+ log, ER
9 In(gco)

Sqg= —— 7,

In(geo) — 1
Cy=co+9log, co + 34 (logq 4 +log,(1 + log, co)),
¢ is a Drinfeld A-module over K,
Sy is the set of primes of bad reduction of ¢ over K,
) a ¢ q+1
i(¢) = sy

az(¢)
= the least positive integer such that —vs(j(¢)) < g™

—Uso(J()) —q™

o [T e i) >
0 if —0ne(j(6)) <1

s1() = AUEN L,

o uslasle)) +

Sl(d’)—q—_l,

dp = the (monic) denominator of j(¢) as represented by a fraction in
reduced form,

n¢ = the product of finite primes p of K such that ¢ has bad reduction
over Ky, where K, is the completion at p of K.

We state the main result of this paper as follows.

THEOREM 2.1. Let ¢ be a Drinfeld A-module of rank 2 over K without
complex multiplication with ¢(T) =1i(T) + a1()T + az(#)7%, and let q be
odd. Let Sy be the set of primes of bad reduction of ¢ over K. Let py , be
the Galois representation on the g@-torsion points of ¢, where @ is a finite
prime of K. Let q, be the cardinality of the residue field A/p. We use
notation given in Notation 1.

If py.o 1s not surjective, then either:

(1) qo <5 orpe Sy,
(2) or, the image of py, lies in the normalizer of a Cartan subgroup of
GL2(A/p) but not in the Cartan subgroup and

degp 9 <2(Cy+ W + 5, log,, (co + W),
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where
= 2
W = log, 2 <degK Mo + —— degg o + 1+ kg (¢ - 1))
q _
1

2

(3) or, the image of pg,, lies in a Borel subgroup of GLa(A/p) and

degye o < p((q — 1)(¢° — 1)ng) degy P,
where ¢ denotes the Fuler-phi function, P is the least degree prime of K

at which ¢ has good reduction, and ng < (q* — 1)(¢*> — ¢)(1 + ke /51())
18 a positive integer.

This paper is organized as follows. We establish an explicit isogeny
theorem for Drinfeld modules of rank 2 in Section 3 which is used in
the Cartan case. Some ingredients needed to set up the proof of the main
theorem are discussed in Sections 4 and 5. Section 6 (Section 7, respectively)
deals with the Cartan case (the Borel case, respectively). The proof of
Theorem 2.1 is then given in Section 8.

83. An explicit isogeny theorem for rank 2

Let L/K be a finite extension. Writing divisors in terms of places instead
of primes, the different divisor ®(L/K) of L/K is defined as

D(L/K) = w(D(Lu/K,))w,
and its degree is given by
deg, D(L/K) = w(D(Ly/Ky)) degy w,

where w ranges through all normalized places of L, and D(L,,/K,) is the
different ideal of L,,/K,. For convenience, we define the degree with respect
to K of O(L/K) as

degg D(L/K) =Y max {v(D(Lw/Ky)) : wlv} degy v,

where v ranges through all normalized places of K.

The following theorem presents an upper bound on the degree of
the different divisor ®(K(¢[a])/K) of K(¢[a]) over K based on work
from [2, 3].
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THEOREM 3.1. Let ¢ be a Drinfeld A-module of rank 2 over K with
o(T) =4(T) + a1(d)T + az(¢)72 and a be nonzero in A. Let j(¢), m, kg,
dp and ng be the same as given in Notation 1. Let D(K(¢[a])/K) be the
different divisor of the torsion field K(¢[a]) over K. Then

2
degr D(K(dla])/K) < 2degy a + degg 1y + -1

(2) x degy 0 + 1+ wg(g™t! —1).

Proof. See [2, 3]. 0

We have an upper bound on the extension degree of the constant field of
K(¢[a]) over I, as follows.

THEOREM 3.2. Let ¢ be a Drinfeld A-module of rank 2 over K with
&(T) =i(T) + ar1(¢)T + az(¢)7? and a be nonzero in A. Let j(¢), m and
K¢ be the same as given in Notation 1. Let v4q:= [Fr(gja)) : Fql, where
Fr(gla)) denotes the algebraic closure of Fy in K(¢[a]) (that is, Fg(g(a)) 15
the constant field of K(¢la])). Then we have

3) Yo < (@ = Dla” ~ )1+ 705

where $1(¢) = (voo(a1(¢)) +q)/(¢ — 1).

Proof. Let g4 o0 = [Koo(Ago0) : Koo, where K, denotes the completion
at oo of K, Cy denotes the completion of an algebraic closure of Ko
and Ay o is the lattice associated to the uniformization of ¢ over Cu. As
Ko (Ag o) contains ¢la] and Fg_ = Fg, we have that

Fr(ga) : Fr) S [Froo(hgo)  Fro) < [Koo(Ago0) t Kool

Hence, Y44 < g¢,00-

One can bound gy using knowledge of the successive minima of the
lattice Ay oo associated to ¢ [12, Proposition 4(i)]. Concerning the term
9¢,00, We have from [12] that

96,00 < (¢© = 1)(@° — Q)2,00(0) /V1,00(6),

where v; o (¢) is the ith successive minima of ¢ associated to its uniformiza-
tion over Cu. From [2], an explicit bound for these successive minima
Vi oo(¢) is determined as follows:
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Case 1: If —uso(j(¢)) < g, then v1 oo(¢) = 12.00(¢) = —51(9),

Case 2: If ¢ < —v00(j(9)) < g™, then 11 oo(¢) = —51(¢) and va,0o(9) =
—51(¢) — kg, where notations for s1(¢) and 5;(¢) are given in Notation 1.

Combining all these yields the result. 0

REMARK 3.3. Under the assumptions of Theorem 3.2, if —v(j(¢)) < ¢,
then 7, < (¢2 — 1)(¢* — q), and if ¢ < —v(ji(¢)) < ¢™ ", then we see that

m(q—1) )

2 2
Vo0 < (¢ =1)(¢" —q) <1+1M‘“(W

Recall the isogeny theorem for Drinfeld A-modules, proven in [27,
Proposition 3.1].

THEOREM 3.4. Let ¢ and ¢’ be rank r Drinfeld A-modules over K. Then
¢ and ¢' are K-isogenous if and only if Py(¢)(X) = P,(¢')(X) for all but
finitely many primes p of K.

The following theorem is an explicit and effective version of the isogeny
theorem for rank 2 Drinfeld A-modules over K. The proof of Theorem 3.5
is similar to that of [3, Theorem 1.2], except that it uses more refined
and explicit bound on the different divisor and the degree of constant field
extensions given in Theorems 3.1 and 3.2. For completeness, we summarize
the proof to explain and justify all the new constants, for example, cg, s4, Cy,
Ky, 51(Pi), 04,, which arise.

THEOREM 3.5. Let ¢1 and ¢o be Drinfeld A-modules of rank 2 over
K which are not K -isogenous with ¢;(T) =T + a1(¢;)T + az(¢;)7? for i =
1,2. Let j(¢;) = ar(¢s) " Jag(¢s) and m; be the least positive integer such
that —veo (j(¢i)) < ¢™ T fori=1,2. Let S =Sy, U Sy, U{oc} be the set of
primes of bad reduction of ¢1 or ¢o over K together with the infinite prime
oo of K.

Assume that o & S is a prime of K of least degree such that P,(¢1) #
P,(¢2). Then we have

(4) degr p<4 (Cq + W + s, logq(co + W)) ,

where we let co, sq, Cq, Kg,, 51(Pi), 0p, and ng, for each ¢;, i=1,2 be the
same as given in Notation 1, and
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N 2
W =log, | degg ng,mg, + -1 degc 9,0,
+ 2+ Ky (q”¢>1+1 — 1) + Ky (q“¢2+1 — 1) >

n i(((f - 1)(¢* —q))? (1 T (¢1)> <1 * s;fé)) '

Proof. Let p ¢ S be a prime of K with least degree such that P,(¢1) #
P,(¢2) (which exists from the hypotheses and Theorem 3.4). Let o be a
nonzero coefficient of P,(¢1) — P,(¢2). It is known that a root v of P,(¢1)
or P,(¢2) satisfies

Voo () = —% degg 0,

(cf. [10, Theorem 3.2.3(c)(d)], [12, Proposition 9]). This implies that each
coefficient 5 of P,(¢1) and P,(¢2) satisfies degy § < degg g, and hence
each coefficient a of P,(¢1) — Py(¢2) also satisfies degy o < degy p, in
particular degy g < degy .

We choose a finite prime £ of K by [3, Lemma 5.2] such that

(5) a#0 (mod £) and degg £<1+log,degy p,

and write £ = (a), where a is monic in A. Note that either degy o <2 or
£ # o by the above inequality.

Suppose we are now in the latter case where £ # . Consider the
representation

@Z)g : GK — AutA/2(¢1 [S]) X AutA/£(¢2[£]) = GLQ(A/S) X GLQ(A/S),

where g = pg, ¢ X pg,,¢. Let Gg be the image of this homomorphism. Let
C'¢ be the subset of G¢ consisting of pairs (a, b) such that the characteristic
polynomials of a and b are not equal. Note that C¢ is invariant under
conjugation, so it is a union of conjugacy classes in Gg. Since £ # p, we
have that C¢ # (), and in particular, there is some conjugacy class C C C¢
in G¢ with C # ().

Let S¢=SU{£}. Then the Galois representation g is unramified
outside Sg¢. We have that A/€2~F, where ¢ = ¢%*8x ¢ Let K/K be the
field extension associated to ¥g, and let n (resp. n’) be its extension degree
(resp. geometric extension degree). By an explicit Chebotarev argument
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as in [3, Theorem 1.2], we deduce that there is a prime P ¢ Sg¢ such that
Frobp =C C C¢ and

(6) degye P <4log, 5(B+3)+m

where

=) p2%:=) p m=[Fz:Fgl,

peSe pes
(7) degy X' < degy 1, Mg, +degr £+1,
D =D(K/K) is the different divisor ofK /K,
B =max {degy ¥', degz D,2} .

By using the explicit bound on the different divisor ® in Theorem 3.1, we
obtain

2
(8) degz @ < (4 degj a + degy g, Mg, M 7 degx 09,06, + €4, ¢2> ;

where €4, ¢, =2+ kg, (qfwl _ 1) + Ky (qn¢2+1 . 1) ‘

Then from (6) and (7), we note that B is bounded above by the upper
bound of deg © in (8); thus we have that

4 16
log, §B < log, n' +log, 0 + log, (log, £) + log;

2
X <degK N1 Mgy + q_il degg 0¢,0g, + €¢17¢2> :

(We use the inequality log,(z +y) <log, = +log, y for =,y > 2; in more
detail, in (8), both 4degyg a and the other terms, degg 14, 14, +
(2/(q—1)) degg 5¢15¢2 + €4,.4,, are greater than 2 since €4, ¢, > 2.)

We note that n' <n=|Ge| <%, so log, n’ < 8log, {. Returning to (6),
we obtain

64
degyp P <4 ( log, 3 + log,(log, ¢) + 8log, ¢
N 2
+ logy ( degg mg,mg, + -1 degg 04,00, + €419, | | +m
64 .
4( log, 3 +9log, £ +logy | degg ng, Mg,

2
+ ﬁ degg 0,00, + 6¢17¢2)> +m.
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By construction of Cg, we have that Pp(¢1) # Pp(¢2) (mod £). Thus, we
have degy o < degy P, and from (5), it follows that

64 «
degy p < 4( log, 3 +9(1 +log, degg p) + log,
9 m
(9) X | degg Mgy Mg, + =1 degg 04,04, + €p1,00 | + 7))

As 1 +log,y>1 and (log, y)/y < 1, we have that

degg g
1+ log,(degy p)

<A4(co + W),

where co:=9 +log, (64/3) and Wy :=log(degy ng,Mmp, + (2/(q — 1))
degg 0, 0g, + €41,0) + m/4.
Thus, (9) can be written as follows:

(10) degg o < 4(co + Wo + 9log, degg ).
Let t* = (In(gco) — 1)/ In(gcp) and s* = 1/t* =1In(qep)/(In(geg) — 1). If z :=

degy = co, then using [3, Lemma 5.3 and the calculation in (32)] with
c* = ¢y, we see that

1+ log, Co>

1
log, degy p =log, z < t log, (4(CO " WO)W
i)

< 5% (log, 4 + log,(co + Wo) + log, (1 + log, co))

1
— 1
() e
< 5% (log, 4+ log,(co + Wo) + log, (1 +log, co))

(11) + log, co.
Substitution of (11) into (10) yields
(12) 1 degy p < Cy + Wo + 9s* log, (co + Wo),

where Cy := ¢ + 9 log, ¢o + 9s* (logq 4 +1log,(1 + log, co)) .
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Finally, from Theorem 3.2, it follows that m < vg,v¢, and

g 2_1 2_ 2<1+ K'¢1 ><1+ H¢2>.

VorVe: < (¢ = 1" — q)) 1 (61) 51(69)

Therefore, we either have the above upper bound (12) on degy ¢ or
degy p < co < Cg; so in the end, we get

(13) degr p<4 (C’q—i—W—i—sq logq(co+W)) ,

where s, = 9s*. The result thus follows as desired. N

84. Twists of Drinfeld modules

Let L/K be an extension where K =TF,(T'). Suppose that ¢ and ¢’ are
rank r Drinfeld A-modules over K given by

o(T) = Z a7’ and ' (T) = Z a;-Tj.
j=0 Jj=0

Then ¢ and ¢ are isomorphic over L if and only if there is a ¢ € L* such
that

¢'(T)e= (Z a}ﬂ) c=c Z cqj_la;Tj =co(T).
i=0 =0

Explicitly, this implies that a;- = aj/cqj*1 forany j=0,1,...,r. Herece L*
is regarded as an element of Homp (¢, ¢') and induces a map L — L as
Drinfeld A-modules by x > cx, where the first L is an A-module under ¢
and the second under ¢'.

LEMMA 4.1. Let K =F(T) and q be odd. For Drinfeld A-modules ¢, ¢’
of rank r over K, suppose there is an isomorphism f(x) = cx from ¢ to ¢’
gwen by cop, = ¢lc, where ¢ = o/ for some 6 € K*. Let €: G — FJ
denote the Galois character such that o(c) = €(o)c for o € Gg. Let ¢[a] and
¢'la] be the A-modules of a-torsion points of ¢, ¢’ with a € A nonzero and
let

Poa * GK — GL(¢[G])’ P a GK — GL(¢/[G])
be their associated mod a representations. Then py q = py o @ €.

Proof. Let 1) : ¢la] = ¢'[a] be the isomorphism induced by f, namely
P cP, where P € ¢[a]. For P € ¢[a], we then have that py ,(o)(¥(P)) =
P .a(0)cP =0(cP) =0(c)o(P)=¢€(0)co(P) = €(0)(ppq(o)(P)), hence the
result follows. [
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In the above lemma, we call the resulting ¢’ the twist of ¢ by e.

LEMMA 4.2. Let ¢, ¢' be Drinfeld A-modules of rank r over K =F4(T),
and suppose that ¢’ is the twist of ¢ by a nontrivial character € : G — Fy.
Assume that End(¢) = ¢(A) (that is, ¢ has no complex multiplication). Then
¢ and ¢ are not K-isogenous.

Proof. We note that there is an isomorphism v : ¢’ — ¢ defined over K
but not over K. Explicitly, it is given by the element c € K" but not in K*
such that c¢/(a) = ¢(a)c for all a € A.

Suppose there is a K-isogeny \: ¢ — ¢'. Explicitly, there is a g € K {7}
such that go(a) = ¢'(a)g for all a € A. Hence, 1 o X: ¢ — ¢ is given by cg so
that (cg)p(a) = ¢(a)(cg) for all a € A. We may assume now that cg € ¢p(A) or
else End(¢) is strictly bigger than ¢(A). Hence, cg = ¢(m) for some m € A.
But this means that ¢ € K {7}, contradicting the fact that ¢ € K~ but not
in K*. [

LEMMA 4.3. Let ¢1, ¢pa be Drinfeld A-modules of rank 2 over K =Fq(T),
and suppose ¢ is the twist of ¢1 by a nontrivial character €: Gg —>]F;
which is ramified on a subset of the set of primes of bad reduction of ¢1.
Then the bound on the different divisor for K(¢p2[a])/K from Theorem 3.1
can be taken to be the bound on the different divisor for K(¢i]a])/K from
Theorem 3.1.

Proof. This follows from the fact that the dependence of the bounds
from Theorem 3.1 on ¢ is only through the j-invariant of ¢ and the set of
primes of bad reduction of ¢. 0

85. Semi-stable reduction in rank 2 and Weil pairings

Let P be a finite prime of K, Kp be the completion at P of K and
Op C Kp be the valuation ring of P. We say that a Drinfeld A-module ¢
of rank 2 over K has stable reduction at P if there exists a Drinfeld module
¢’ over Kp which is integral over Op such that its reduction modulo P
defines a Drinfeld module over Op/P and ¢’ is isomorphic to ¢ over Kp.
Furthermore, we say that ¢ has good reduction at P if ¢ has stable reduction
at P such that P{ay(¢), otherwise we say that ¢ has bad reduction at P.
If ¢ has bad reduction at P, but has stable reduction over Op such that
Ptai(¢), we say that ¢ has bad Tate reduction at P. If ¢ has good reduction,
or bad Tate reduction at P, we say that ¢ is semi-stable reduction at P.
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LEMMA 5.1. Let P be a finite prime of K and Op C Kp be the
valuation ring of P. Let ¢ be a Drinfeld A-module of rank 2 over K,
with ¢(T) = i(T) + a1(¢)T + a2(¢)72, and a1(¢), az(¢) € Op. Then there is
a finite tamely ramified extension K'/Kp such that ¢ attains semi-stable
reduction over K' and the degree of K} - K' /K" divides q®> — 1, where Ky
1s the maximal unramified extension of Kp.

Proof. A twist ¢’ of ¢ has the form:

¢ (T) =T+ ay(¢)7 + az(¢) 1>
=T+ a1($)" 7 + ag(¢)ct 72,

Let m € Op be a uniformizer, and let v be the corresponding valuation at
P of K which we extend to K.

Recall j(6) = a1 ()" /as(6).

Case v(j(¢))=0: Let ¢=1/7°@2(0)/(@*=D  The corresponding twist
# over K’ then has wv(ai(¢))=v(a1(¢)c?1) >0 and wv(az(¢)) =
v(ag(¢)c” 1) =0, where K’ = Kp(n*(a2(9))/(¢>~1)) Hence, ¢ has good
reduction over K.

Case v(j(¢)) < 0: Let ¢=1/7@(#)/(¢=1) The corresponding twist ¢’
then has v(ay(¢)) =v(a1(¢)c® 1) =0 and v(az(¢')) = v(az(¢)c? 1) >0,
where K' = Kp(n?(@1(9)/(a=1)) Hence, ¢’ has bad Tate reduction over K’.

In both cases, K'/Kp is tamely ramified and the degree of K3 - K’/ K}
divides ¢ — 1. 0

THEOREM 5.2. Let ¢ be a Drinfeld A-module over K of rank 2 with
&(T) =i(T) + a1(¢)T + az(p)7%, q be odd, and let vp be the Drinfeld A-
module over K of rank 1 defined by ¥(T)=T — as(p)T. If © is a finite
prime of K, then we have that

det p¢7p = p’lﬁ:p

Proof. This follows by combining the second part of [31, Theorem 5.3]
and [31, Proposition 7.4], under the assumption that ¢ has rank 2 and
A =T,[T]. It can also be deduced by showing that det py, ,, and py ,, coincide
on Frobenius elements using [8, Theorem 2.11], again under the assumption
that ¢ has rank 2 and A =T,[T], so by the Chebotarev density theorem,
the two Galois characters are the same. [

For a definition of the Weil pairing between a Drinfeld A-module and its
dual, see [22].
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We use the convention x(P) := x(Frobp) for a Galois character x : Gx —
(A/p)™.
PropPOSITION 5.3. Under the hypothesis of Theorem 5.2, we have that

det pg, o, (Frobp) = py o (Frobp) = €o(P)P (mod p),

for all P not in Sy and P # o, 00, where €9 : Gx — Fy C (A/p)* is a Galois
character.

Proof. Note that v is isomorphic to the Carlitz module C(T) =T+ 7
over K (c), where ¢ = (—ax(¢))"/(@=V that is, C o f = f 0 ¢ where f(z) = cz.
Thus, we have that py, , = pc,, ® €9, where €g : G — qu giving the action
of Gk on c.

Now, C[P] = A/P and the elements of (A/P)* correspond to the roots
of C(P)(X)/X.

Furthermore, from [23, Theorem 12.10], we have that C'(P)(X)/X € A[X]
is an BEisenstein polynomial for the prime P. Hence, C(P)(X)= X"l
(mod P), where |P| = ¢gd°8x P,

Let B be a prime of K(C[p]) lying above P. We then have that
C(P)(X)= X"l (mod R).

Let A be a generator for C[gp]. Since Frobp()\) = A"l (mod ) and
C(P)(\) = NPl (mod B), we have that pc ,(Frobp) = P (mod p).

Thus, we get that det py ,(Frobp) = py o (Frobp) = pc, @ eo(Frobp) =
eo(P)P (mod ). [

86. The Cartan case

In this section, we assume throughout that ¢ is odd.

Let ¢ be a Drinfeld A-module of rank 2 over K without complex
multiplication, and let p be a finite prime of K. In this section, we suppose
throughout that the image of pg, lies in the normalizer N of a Cartan
subgroup C of GL2(A/p) but not in C.

Consider the associated character €, : Gx — {£1} obtained by applying
pg,o and then the quotient map N /C = {£1}. Let K'/K be the quadratic
extension associated to €.

Gardeyn studies the image of the inertia group Ik, of ps , at the finite
prime p of K [11, Theorem 2.23, Corollary 2.24]. He shows the following
theorem, where we do not need the assumption that the image of py , lies
in the normalizer A of a Cartan subgroup C of GLy(A/p) but not in C.
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THEOREM 6.1. Let ¢ be a Drinfeld A-module of rank 2 over K with good
reduction at p and I, be the inertia group at o of K. Then pg o(If,) is

(1) a nonsplit Cartan subgroup of order q; — 1 (if ¢ has good reduction at
© of height 2);

(2) a semisplit Cartan or semisplit Borel subgroup of order divisible by
qo — 1 (if ¢ has good reduction at o of height 1),

where qq, is the size of the residue field A/p.

Proof. See [21, Proposition 2.7], [11, Theorem 2.23, Corollary 2.24],
[24, Proposition 11, 12, 13]. 0

REMARK 6.2. The elliptic curve analogue of the above theorem is
described in [24, Proposition 11, 12, 13]. The reader may be curious about
the situation of bad Tate reduction at . For elliptic curves, one knows by
[24, Proposition 13|, that pgp(I,) lies in a semisplit Borel subgroup if £
has bad multiplicative reduction at p. However, for Drinfeld modules, we
only have that pg (1) lies in a Borel subgroup, for reasons that we explain
below.

If ¢ has bad Tate reduction at p, then over Cy,, where C, is the completion
of an algebraic closure of K, we have a uniformization [6] given by a
surjective analytic map e, : C, — C, which relates ¢ to a Drinfeld A-module
1 of rank 1 with good reduction at g via the relation v, o e, = e, 0 ¢,. Let
A be the set of zeros of e,,. Then by [6], A, = A -\ is an A-lattice in C,
of rank 1, where the A-module structure on Cy, is given by « - x :=1)o(z).

Write o = (a). The analytic map e, is Gk -equivariant and induces an
isomorphism ¢! (Ay,) /Ay, = ¢[p]. We also have an exact sequence

0= lp] = ¥y ' (Ap) /Ay — Ap/a- Ay, — 0.

/
X *
Po.p = <0 X//) )
where X' = py . Since 9 is of rank 1 and has good reduction at p, by
application of [21, Proposition 2.7], we see that XT I has image F; = (A/p)*.
Since Ay, is G -invariant, we have that
a(A) =x"(o)\,

where 0 € G, and x"(0) € AX =F;. This implies that Nl =ce K.
Now, x” is unramified at p if and only if v,(c) =0 (mod ¢ — 1):

Thus, pg , has the form
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Write ¢ = un@V*+7 where 0 <r<q¢—1, 7 is a uniformizer for K,
and v is a unit in K. Then A\ = /@ Drkrr/(a=1)  which lies in Kg
or K;r(ﬂ/(q_l)) = K;r(wl/(q_l)) accordingly as r=0 or r#0. In the
former case, Kg¥(A1) = K is unramified, and in the latter case, K;'(A1) =
K;r(wl/(q_l)) is tamely ramified.

Thus, in general both x’ and x” are ramified at p.

LEMMA 6.3. Suppose o ¢ Sy and q,>5. Then the character €, is
unramified at .

Proof. Using Theorem 6.1, py ,(Ix,) is a nonsplit Cartan subgroup,
semisplit Cartan subgroup, or semisplit Borel subgroup. In the first case,
we obtain that e,(Ix,) =1 by definition of €.

Recall we are under the running assumption that py , has image contained
in the normalizer of a Cartan subgroup A. Hence, the last case does not
occur as no semisplit Borel subgroup can be contained in .

In the second case, py,,(If,) is a semisplit Cartan subgroup contained in
N. As q, > 5, it follows that pg (I, ) is the unique such semisplit Cartan
subgroup in A (the proof in [24, Proposition 14] works for general finite
fields). Since this semisplit Cartan subgroup is contained in C, we have that

co(Ix,) = 1. 0

COROLLARY 6.4. Assume the notation and hypotheses of Lemma 6.3.
Let ¢' be the twist of ¢ by the character €,. Then

deg e ngngy = degy 13 = 2 degg 1y,
and in fact, Ny =Ny .

Proof. The character €, is unramified outside the set of primes containing
oo and the primes which divide ng. Thus, 74 | 7y from Lemma 4.1. On the
other hand, ¢ is the twist of ¢’ by €, as well, so we obtain 7 | 74 . 0

Let ¢’ be the twist of ¢ by the character €y, and let S denote a set of
primes outside of which both ¢ and ¢’ have good reduction. We have that

(14) Py o= Pop @ €

by Lemma 4.1 as ¢’ is the twist of ¢ by €,. Thus, ap(¢') = ap(¢)ey(Frobp),
where a,(¢) denotes the trace of a Frobenius conjugacy class Frob, at
© on the Tate module T¢(¢), and similarly for ap(¢'). Also, py o |G, =

X

¢ S0 we have

Pé.o |l = o for a 1-dimensional representation o : G — F,
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Pl o = Indg; 0= py . Hence, we have ap(¢') =ap(¢) (mod p) for all
primes P ¢ S. Now, if €,(Frobp) = —1, we get that

(15) ¢ |2ap(9)

by the relationship between ap(¢') and ap(¢) following (14). Since ¢ does
not have complex multiplication and €, is nontrivial, by Lemma 4.2 we
have that ¢ and ¢’ are not K-isogenous. Hence, by the isogeny theorem [27,
Proposition 3.1], there are only finitely many P ¢ S such that e,(Frobp) =
—1 and ap(¢) =0.

We now use Theorem 3.5 with ¢’ being the twist of ¢ by €, to obtain the
following result.

THEOREM 6.5. Assume that q is odd, p & Sy, and q, > 5. Let ¢ be a
Drinfeld A-module of rank 2 over K without complex multiplication, and let
© be a finite prime of K. Suppose that the image of py , lies in the normalizer
of a Cartan subgroup of GLa(A/p) but not in the Cartan subgroup. Let
€p: Gk — F be the associated Galois character as before.

Letp & S =S, U{oo} be a prime of least degree such that e, (Froby) = —1
and ap(¢) # 0; such a prime exists since ¢ has no complex multiplication.
Then

(16) degy p <4(Cq+w+sq logq(co+W)),

where

= 2
W .= log; 2 <degK Ny + q—il degy 6 + 1+ Ky (q"wﬂ . 1))

1 _ B K 2
an @@ -2 (147 )

and the notation is taken from Notation 1.

Proof. Let ¢’ be the twist of ¢ by €, over K given explicitly by c¢, = ¢,,c,
where ¢ = v/§ for some 6§ € K* with v, (5) < 0.

We note that if e, (Froby) =1 then ap(¢) = ay(¢’). Therefore, if ap(¢) #
ap(¢'), we have that e,(Froby) = —1 and a,(¢) # 0.

Since p ¢ Sy and ¢, >5, by Corollary 6.4, we have that ns =ny.
Furthermore, as j(¢) = j(¢'), we have that d, = d5. We thus have s;(¢') =

$1(¢) — 3Vo(8) since a1 (¢) = ar (@) /71
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By taking ¢2 = ¢’ to be the twist of ¢; = ¢ by €, and Sy U Sy U {oo} =
S¢ U {0} =5, we deduce from Theorem 3.5 that

(18) degy p <4 (Cy+ W + sqlog,(co + W)) ,

where

2
W = logZZ (degK 77¢—|—q_71degK by + 1+ kg (qnqsﬂ . 1))

} 2 _ 2 \\2 K¢ K¢
+ (@ =1)(¢" ) <1+81(¢)> <1+81(¢)_;%(5)>.
Since 1/(s1(¢) — 2v50(6)) < 1/51(¢), the result follows. [

The above theorem implies the following bound on the degree of p in the
Cartan case:

THEOREM 6.6. Assume that q is odd. Let ¢ be a Drinfeld A-module of
rank 2 over K without compler multiplication, and let  be a finite prime
of K. Suppose that the image of py, lies in the normalizer of a Cartan
subgroup of GLa(A/p) but not in the Cartan subgroup.

Then either p € Sy, or

degyp p <2 (Cq + W+ 8¢ 1og,(co + W)) ,
where

—~ 2
W .= log 2 (degK Ny + Y degy dp + 1+ Ky (qn¢+l _ 1))

Lota? — 102 — o2 ro \*
1) @002 (147

and the quantities in the above formula are as given in Notation 1.

Proof. Note that if g, <5, then the conclusion follows as the bounds on
p are larger than 1, so we may assume without generality from now on that
o ¢ Sy and ¢, > 5.

As ¢ has no complex multiplication, there exists a prime p & Sy U {o0}
of least degree such that e,(Froby)=—1 and ay(¢) # 0. Then applying
Theorem 6.5, it follows that

(20) degy p <4 (Cq + W+ 8¢ 10g,(co + W)) ,

where the quantities in the above formula are as given in Notation 1.
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Then g | 2ay(¢) by (15). Since the analogue of Hasse’s Theorem [7] gives

degy ap(9) < % degg b,

we obtain
(21) degp p <2 (C’q—I—W+sq logq(CO+W~/)> .
Hence, the assertion follows. 0

§7. The Borel case

The arguments in this section are Drinfeld module analogues of the
arguments in [24, Section 5.6] for elliptic curves.

In this section, let K =F,(T'). Let ¢ be a Drinfeld A-module of rank 2
over K without complex multiplication, and let p be a finite prime of K
such that pg , is not surjective.

We also suppose that the image of pg,, lies in a Borel subgroup of
GL2(A4/p).

Let x', X" : Gk — (A/p)* be the characters of Gk such that

Po(9) = (X/ég) x”? g)> :

We use the convention x(P) := x(Frobp) for a Galois character x : Gx —
/.

We fix K C K p for each prime P of K.

Recall we let Sy be the set of primes of bad reduction of ¢ over K. Let
S; be the subset of Sy of primes where ¢ does not have bad Tate reduction.

PROPOSITION 7.1.  We assume that the image of pg lies in a Borel
subgroup of GLa(A/p).

(1) The characters x' and X" are unramified outside Sy U {p, 0o}.
(2) For all primes P ¢ Sy U {p, 0o}, we have that

ap(¢) =x'(P)+x"(P)  (mod gp) and
eo(P)P = x'(P)x"(P)  (mod p),

where ap(¢) is the trace of pg ,(Frobp) and eg : Gx — (A/p)* is some
character.
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(3) Suppose p ¢ Sg. Then one of X" or X" is unramified at p. Denoting this
by a,, we have that

ap(¢) = ay(P) "‘EO(P)PO‘p(Pr1 (mod p),

for all primes P ¢ Sy U {oo}.
—1)(a2—1)n

uppose . en we have that o =1,
4) S 0 ¢Sy Th have that o~ 7" — 4

where ng < (2 —1)(¢* — @) (1 + kg /s1(})) is a positive integer, and s1(¢)
and kg are the same as gwen in Notation 1.

Proof. Since py p is unramified for P ¢ Sy U {p, oo}, the same is true for
X' and x”; hence, the part (1) follows.

If P ¢Sy U{p, oo}, then from Proposition 5.3, we obtain that ey(P)P =
X' (P)x"(P) (mod p), and hence

ap(¢) = x'(P) + x"(P) (mod p).

Suppose p ¢ Sg. Then py ,(Ifc,) is a semisplit Cartan or semisplit Borel
subgroup from Theorem 6.1 (the image of py , is assumed to lie in a Borel
subgroup, which does not contain any nonsplit Cartan subgroup, so the
case of a nonsplit Cartan subgroup in Theorem 6.1 does not occur under
the hypotheses of this proposition). From Theorem 6.1, we also know that
X’ can be assumed to be unramified at p, which we now denote by «a,. Thus,
we have

ap(¢) = ay,(P) + eO(P)Pap(P)_l (mod p),

for all P ¢ Sy U {p, co}.
Now, if P = g, then we still have

ap(9) = ap(9) = ap(p) (mod )

by the following argument. Note that we now define a,(¢) as the trace
of pg o (Froby) on inertial invariants. The inertial invariants under py , are
spanned by the vector 7(1,0). Then we have that Frob,, acts on the vector
7(1,0) via ay, hence ay(¢) = ay(p) (mod p).

Thus, parts (2) and (3) follow.

For the part (4), suppose that p ¢ Sy, so as before a, is unramified at p.

1) (g2 —
We show that aqu D@D s unramified at every prime P # p. This will
be done according to each of the following cases:
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(i) PeSy\S)with P#p,
(i) Pes).

In the case (i), P is a prime of bad Tate reduction of ¢ over K and P # p.
Then over Cp, where Cp is the completion of an algebraic closure of Kp,
we have a uniformization [6] given by a surjective analytic map ep: Cp —
Cp which relates ¢ to a Drinfeld A-module ¥ of rank 1 via the relation
g 0 ep =ep o ¢,. Let Ap be the set of zeros of ep. Then by [6], Ap=A -\
is an A-lattice in Cp of rank 1, where the A-module structure on Cp is
given by a - x 1=, ().
Let K% = Kp(Ap, ¥[p]). Then Gardeyn [12, pp. 247-248] shows that:

(1) Kp(olpl) C Kp(p' (Ap)) = Kp(s1), where s1 € ¥p! (A1);
(2) the conjugates of s; over K% lie in s1 + [g).

The equality K% (5" (Ap)) = K%(s1) can be seen as follows. Pick a s; € Cp
such that ¥p(s1) = A1. Then if « € A, « - 51 := 14 (51) so that Yp(a-s1) =
Yp 0 Pa(s1) = Yo 0 ¥p(s1) = Ya(M) =a- A1, Hence, 5 (Ap) D A-sq1. If
T e w;l(AP), then Yp(z) =a- A\ =¢p(a-s1) for some o € A. Hence, z €
A-s1+ Ap. Since K?D D Ap, we have K%(wlgl(Ap)) = K%(sl).

The above properties yield a representation p: Gal(K%(s1)/K%) — ¢[g]
from the formula o(s1) = s; + p(o). Hence, the image of py , consists only
of elements of order a power of p when pg , is restricted to G K9

Finally, since P # p, we have that K%/Kp(Ap) is unramified, so the
inertia subgroup I (s ,) of Kp(Ap) is contained in G KO- Hence, the image
Pé,0(IKp(Ap)) consists only of elements of order a power of p. It follows that
x'; X" are unramified when restricted to G, (s p)-

Since ¢ has bad Tate reduction at the finite prime P, by [12, Proposition
4(i)], we have that [Kp(Ap): Kp] is bounded above by gp = # GL(1,F,) =
g — 1. In fact, the proof in [12, Proposition 4(i)] shows that [Kp(Ap): Kp] |
¢ —1. Thus, o3 is unramified when restricted to G,

In the case (ii), P € Sy (we then have that P # p because p & Sy 2 ).
We know that there exists an extension K’ of Kp such that ¢ attains semi-
stable reduction over K’ by Lemma 5.1, and the extension degree [Kp - K’ :
K¥] divides ¢* — 1.

Let P’ denote the prime of K’ above the prime P. If P’ is a bad Tate
reduction prime of ¢ over K’, we thus have P’ # ¢, where ¢’ is a prime of
K' lying above p, so the same argument as above shows (by replacing K by
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K', P by P') that a% ! is unramified when restricted to G K, (the results
from [12] used above apply equally well over the extension K7, ).

Now KW - K’ is Galois over K of degree dividing ¢ — 1, where K} is

1) (g2—
the maximal unramified extension of Kp. Also, ag] D(g"—1)

1) (g2~
when restricted to Gk, if and only if ozg] D@D s unramified when

is unramified

restricted to Gy, which is the case.

. (g=1)(g?-1) . . . .
Finally, oy is unramified at every finite prime of K.

Furthermore, we claim that as a character of G, we have that
ozé,q_l)(qQ_l)% =1, where ng < (¢* — 1)(¢* — ¢)(1 + sf(—“;)) is a positive inte-
ger.

Let L be a finite, separable, tamely ramified, and geometric extension of
K (recall L is a geometric extension of K if and only if the algebraic closure
of Fg in L is Fg itself). Suppose that M is a field with K C M C L and
L/M is unramified except possibly at the primes oo; lying above a prime oo
of M. From Riemann-Hurwitz, since L/K is tamely ramified, we have the
following equality:

t

29, —2=m(29x —2) + »_(ei = 1) f;,
=1

where m:=[L: K|, g (resp. gu) is the genus of L (resp. M), and e;
(resp. f;) denotes the ramification index (resp. the inertial degree) of
00; over oco. This implies that 297, =2 —m — Y _, f; since gy =0 and
Zle e;fi =m. Thus, we have m <2 — 22:1 fi <1 as gr 20, and hence
m =1, that is, L =M.

Suppose that a Galois character 1 : Gx — F is unramified at every finite
prime of K. Let L be the field cut out by ¢ and M =F, - K =Fy» - K (where
Fr, =F4» is the algebraic closure of Fx =F, in L) so L/M is a geometric
extension. Applying the previous paragraph, we deduce that L = M. It thus
follows that a Galois character ¢ : Gk — Fj which is unramified at every
finite prime of K must factor through the Galois group of a finite constant
field extension Fyn K/K for some positive integer n, where n = [Fr, : Fg].

Applying the above to the character ozéjqfl)(th) (which is unramified at

C1)(q2—
every finite prime of K) and using Theorem 3.2, we get aqu D(@"—Dny _
1, where ng < (¢> —1)(¢®> — q)(1 + ke/s1(¢)) is a positive integer as

claimed. [
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THEOREM 7.2. Let K =Fy(T) and ¢ be a Drinfeld A-module of rank 2
over K without complex multiplication and g be a finite prime of K. Let P
be the least degree prime of K where ¢ has good reduction.

Suppose that the image of pg, ., lies in a Borel subgroup of GLa(A/p).

Then either

pESy or degk p< ¢((g—1)(¢° = )ny) degg P,
where @ is the Euler-phi function, si(¢) and kg are the same as given in
Notation 1, and ny < (2 — 1)(¢> — q)(1 + k4 /s1(9)) is a positive integer.
Proof. Suppose p ¢ Sg. From Proposition 7.1, we have that

(22) ap(¢) =2 +e(P)Pz"!  (mod ),

where z is a (¢ — 1)(¢? — 1)nyth root of unity in A/p.

Let d be the order of z, Sg(X) the dth cyclotomic polynomial, and
Fp(X)=X2%—ap(¢)X + e(P)P.

The congruence in (22) implies that S; and Fp have a common root mod
@, hence their resultant R € A is divisible by p. The resultant R is given by

R=][=- @& -0,

where z and 2/ are the two roots of Fp(X) and ¢ runs through the set of
primitive dth roots of unity.

Let |2| = ¢~¥>=®) denote the absolute value of z associated to the prime
0o. Then we have that

1/2) degy P and

|z = |2'| = ¢
I¢|=1.

Hence, we have that

0< ‘R’ < max{q(l/Q) deg P’ 1}2n
_ ndegg P
=q )

where n = deg Sq(X) = ¢(d). Since d divides (¢ — 1)(¢> — 1)ny, we have that
).

n<o((g—1)(g® - ng
Now, p divides R, so we get that

deg 9 <¢((q—1)(¢° — 1)ny) degy P.
The result thus follows. [
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§8. Proof of Theorem 2.1

Let ¢ be a Drinfeld A-module of rank 2 over K =F,(7T") without complex
multiplication, and g be a finite prime of K such that py , is not surjective.

We first recall a classification of the proper maximal subgroups of
PGLy(k), where k is a finite field of characteristic p.

THEOREM 8.1. The mazimal proper subgroups of PGLo(k), where k is
a finite field of characteristic p, are:

(i) the projective image of a Borel subgroup of GLa(k);

(ii) the projective image of the normalizer of a Cartan subgroup of GLa(k);
(ili) PSLa(k);

(iv) dsomorphic to the subgroup PGLy (k') for some proper subfield k' of k;
(v) isomorphic to one of the groups A4, Sy, or As.

Proof. This result is stated in [11, Proposition 3.12] as being deduced
from the version of Dickson’s classification of the subgroups of PSLa(k)
proven in [13, Theorem 8.27, Chapter II]. For completeness, we explain how
to deduce the above classification. In order to shorten the arguments, we
also rely on [24, Proposition 16] (or [15, Chapter XI, §2, Theorem 2.3)).

Let K be a finite field of order p/. From [13, Theorem 8.27], a subgroup
of PSLy(K) is one of:

1
2

an elementary abelian p-group;

a cyclic group of order n | (pf £ 1)/w where w = (pf — 1, 2);
a dihedral group of order 2n with n as in (2);

isomorphic to Ayg;

= W
~— D N —

5
6
7

isomorphic to Sy;

isomorphic to As;

a semidirect product of an elementary abelian p-group of order p” with
a cyclic subgroup of order t with ¢ | (p™ — 1, p/ — 1);

(8) isomorphic to PSLo(K'), where K’ is a subfield of K, or PGLy(K’),
where a quadratic extension of K’ is a subfield of K.

(
(
(
(
(
(
(

We note that the proof of [13, Theorem 8.27] shows that the subgroups
in the case (8) are in fact PGLy(K)-conjugate to PSLa(K’) or PGLo(K").
However, since we do not need this additional information for the proof of
our results, we omit further discussion of this point.

Let H be a maximal proper subgroup of PGLy (k). If pt }I?
that H is

, then we have
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(1) the projective image of the normalizer of a Cartan subgroup of GLy(k);
(2) isomorphic to Ay, Sy, or As

by [24, Proposition 16]. Thus, let us now assume that we are in the case
p||H]

If p=2, then PGLgy(k) = PSLa(k). If p is odd, then PGL2 (k) is a subgroup
of PSLy(K) where [K :k]=2. Hence, applying [13, Theorem 8.27] to
PSLy(K), H is isomorphic to one of the eight types of subgroups listed
above.

Cases (2) and (3): The condition p| |H| implies that we are not in the
case (2). If H is in the case (3), then p =2. Consider the cyclic subgroup
Z of order n of H. If n=1, then H is generated by a unipotent element of
order 2 and hence lies in a Borel subgroup of GLy(k).

Assume now that n > 1. Since p{n, we have that Z is contained in the
projective image of a Cartan subgroup C of GLa(k) by [24, Proposition
16]. An element of GLy(k) which conjugates a nontrivial element of C to
another nontrivial element of C' must in fact normalize all of C. Hence H
is contained in the projective image of the normalizer of a Cartan subgroup
of GLa(k).

Cases (1) and (7): We show here that H is contained in the projective
image of a Borel subgroup of GLa(k). Let E be the elementary abelian
p-subgroup of the case (1) or the case (7). Let E be the inverse image
of E under the homomorphism 7 :SLy(K) — PSLy(K). Note that E is
abelian and E = Ey x E’ for a unique elementary abelian p-group Ey which
is isomorphic to E under 7 and an abelian group E’ of order coprime to p.
Since every element in Ejy has order dividing p and FEjy is abelian, it follows
that Fy up to conjugation is contained in the subgroup

{3}

of SL2(K) which has order p/.

An element of SLo(K) which conjugates a nontrivial element of U to
another nontrivial element of U must in fact normalize U. Let H be the
inverse image of H under 7. Then H is contained in the normalizer of U in
SLo(K) which is given by

{(g Cﬁl):aeK*,beK}.
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It follows that the line that is fixed by F is also fixed by all of H. Hence,

H is contained in the projective image of a Borel subgroup of GLa (k).
Case (8): Here, H is isomorphic to PGLg (k") for some proper subfield &’

of k, or PSLy(k). [

Assume that g, > 5. Suppose also that p ¢ S, so that p,(If,) contains a
nonsplit Cartan subgroup or a semisplit Cartan subgroup by Theorem 6.1.
The projective image of a nonsplit Cartan subgroup and of a semisplit
Cartan subgroup has a cyclic subgroup of order at least g, £ 1 > 5, which
rules out the case (v). On the other hand, the order of the projective image
of a nonsplit Cartan subgroup or of a semisplit Cartan subgroup does not
divide the order of PGLy(k') for a proper subfield &’ of k, ruling out the
case (iv). Since the image of the determinant map on a nonsplit Cartan and
semisplit Cartan subgroup is (A/p)*, the case (iii) is ruled out.

Thus, we are in one of the following cases:

(1) Image of pg, is contained in the normalizer N of a Cartan subgroup
C, but not in C;

(2) Image of py, is contained in a Borel subgroup;

(3) Image of py, is contained in a nonsplit Cartan subgroup.

PROPOSITION 8.2. Assume q is odd. The representation pg, cannot
have image contained in a nonsplit Cartan subgroup.

Proof. Let ¢ be an element of G(K(Clp]|)/K) = (A/p)* of order ¢, — 1,
where g, = qd°8x ¢ and C is the Carlitz module as in Proposition 5.3. Extend
¢ to an element ¢ € G of order ¢, — 1.

From Proposition 5.3, there is a Galois character €y : G — F and a rank
1 Drinfeld A-module ¢ such that det py ,(Frobp) = py. ,(Frobp) = €o(P)P
(mod p) for all primes P of K such that P ¢ Sy and P # g, .

Let ¢/ be the twist of ¢ by ¢, ! From the proof of Proposition 5.3, we have
that det py o, = pc,e- If pg,, has image lying in a nonsplit Cartan subgroup,
then py , also has image in a nonsplit Cartan subgroup. Therefore, py ,(c)
is contained in the scalars, and hence det py ,(c) is a square; thus, the
order of det py ,(c) divides (g, —1)/2. But det py ,(c) = pc,p(c) = ¢ has
order g, — 1, yielding a contradiction. 0

Thus, Case (3) is ruled out. We dealt with Case (1) in Section 6, and
with Case (2) in Section 7. Combining all the results together, we obtain
Theorem 2.1.
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