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ON ABUNDANT-LIKE NUMBERS 

BY 

PAUL ERDÔS 

Problem 188, [3], stated: Apart from finitely many primes/? show that if n^ is 
the smallest abundant number for which/? is the smallest prime divisor of nP, then 
np is not squarefree. 

Let 2=p1<p2<- - • be the sequence of consecutive primes. Denote by n^] the 
smallest integer for which pk is the smallest prime divisor of nk

c) and <y(nk
c))>cnk

c) 

where c(ri) denotes the sum of divisors of n. Van Lint's proof, [3], gives without any 
essential change that there are only a finite number of squarefree integers which are 
nk

hs for some c>2. In fact perhaps 6 is the only such integer. This could no doubt 
be decided without too much difficulty with a little computation. 

Note that 4 2 ) =945=3 3 * 5 • 7.1 will prove that nk
2) is cubefree for all k>k0, the 

exceptional cases could easily be enumerated. The cases 1 < c < 2 causes unexpected 
difficulties which I have not been able to clear up completely. I will use the methods 
developed in the paper of Ramunujan on highly composite numbers [1]. A well 
known result on primes states that for every s, [2], 

(1) 2 i = l o g l o g x + 5 + o ( — 1 — ) . 
v<*p \(logx)7 

(1) implies 

(2) 2 1+a- = l o g ( l + f l ) + o ( - i — ) . 
x<v<x1+ap \(l0gx)7 

It would be interesting to decide whether 

(3) 2 1 + . - - l o g ( l + a ) 
x<p<x p 

changes sign infinitely often. I do not know if this question has been investigated. 

THEOREM 1. nk
2) is cubefree for allk>kQ. 

Clearly (see [1]) 
i 

(4) kk = IT P*+* ao >: «i ^ • * • >: «i-

It is easy to see that 

exp 2 > " ^ > exp 2 — - 2 — • 
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This, together with the definition of nk
c), and a simple computation imply 

and hence by (2) we have 

i J - = logc+o(f) 

(5) l i m ^ = l . 
&-oo pk 

Let c=2. We show that if s > 0 is small enough then for every u such that/?*+„< 
(\+e)pk. We have 

(6) afc+M > 2. 

If (6) would be false put 

( 7 ) N = tlk Pk+uPjc+u+lPk+u+2Pk+lPk+l-l < Wfc 

by (5) andpk+u+2<2pk. Further for k>k09 pk+u+2< (1 +2e)pk by the prime number 
theorem. Thus for sufficiently small s we have by a simple computation 

(8) - ^ > -XJLJ-
N 

(2) 

(7) and (8) contradict the definition of n(
k
2) and thus (6) is proved. 

Now we prove Theorem 1. Letpk+U be the greatest prime not exceeding (1 +e)pk. 
By the prime number theorem 

Pk+u> ( 1 + 2 / ^ 

Assume a&>3. Put iV1=«l2)/7fc+mpfc
1p^M. By (5), Nx<nk

2) and by a simple 
computation a(N^jN1ya(n{

k
))jn{

k\ which again contradicts the definition of nk
c). 

This proves Theorem 1. 

THEOREM 2. 4 2 ) = n t o / > L n U + i / W i wAere 

/ n x v Pfc+Z 1 T Pk+u ~ l /2 

(9) lim —y = 1, lim = 2 . 
fc-oo p7c fc=oo pk 

The first equation of (9) is (5), the proof of the second is similar to the proof of 
Theorem 1 and we leave it to the reader. 

Henceforth we assume 1 < c < 2 . It seems likely that for every c there are infinitely 
many values of k for which nk

c) is squarefree and also there are infinitely many 
values of k for which nk

c) is not squarefree. I can not prove this. Denote by A 
the set of those values c for which nk

c) is infinitely often not squarefree and B 
denotes the set of those c's for which nk

c) is infinitely often squarefree. 

THEOREM 3. A, B and A n B are everywhere dense in (1,2). 
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We only give the proof for the set A, for the other two sets the proof is similar. 
Let l < t / i < ^ < 2 . It suffices to show that there is a c in A with t/1<c<i?1. Let kx 

be sufficiently large and let lx be the smallest integer for which 

do) n ( i+—) = <r(nPfa+,)/n A*,> Ui 

Put x1=Yli=oPk +i- We show that for every a satisfying 

(11) Mi < < a < < vx 
xi Pkixi 

we have 

( 1 2 ) „<•> „ v 

To prove (12) write 

"i? = I ! Pki+i> ao > <*i > • • • > «r 
i=l 

We show a 0 =2, oc1=l,y=/1 which implies (12). Assume first a x >2. For suffi

ciently large kx we have from (5) 

a(T) ^ o(n%) rj, (a) - 1 - 1 . (a) j - v- / . 

T = nkl pkl+j+1pkl pkl+1 < nkl and — - > 
"hi 

which contradicts the definition of nk*\ Thus a 1 = l , y < / 1 follows from (5) and (11) 
and a 0 <3 follows like ^ = 1 . Thus by (10) /=/ and (12) is proved. Thus for the 
interval (11) nk

a) is not squarefree. Now put 

«foi) <*(PkiXi) 

X\ Pkixl 

Let/?&2 be sufficiently large and repeat the same argument for (w2, v2) which we 
just need for (ul9v^. We then obtain x2=Yll=o Pk+i so that for every a in 
u2<<y(x2)lx2<.(x.<a(pkx2)lpk2x2<v2 nk^=pk^x2 and is thus not squarefree. This 
construction can be repeated indefinitely and let c be the unique common point of 
the intervals (ui9 t?f), / = 1 , 2, Clearly nk

c*=pkiXi is not squarefree for infinitely 
many integers kt or c is in A which completes the proof of Theorem 3. 

I can prove that B has measure 1 and that for a certain a every l < c < l + a i s i n 
B. I can not prove the same for A. I do not give these proofs since it seems very 
likely that every c, l < c < 2 is in A n B. 

Let r > 2 be an integer. It is not difficult to prove by the method used in the proof 
of Theorem 1 thatp£ | nk

r) for all k>k0(r), but for k>k0(r), pr
k
+1 \ nk

r) i.e. nk
r) is 

divisible by an rth power but not an (r+l)st power. 

https://doi.org/10.4153/CMB-1974-108-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1974-108-5


602 PAUL ERDÔS 

REFERENCES 

1. Srinivasa Ramanujan, Highly composite numbers, Collected papers Cambridge Univ. Press 
and Chelsea Publishing Company 78-128. See also L. Alaoglu and P. Erdôs, On highly composite 
and similar numbers, Trans. Amer. Math. Soc. 56 (1944), 448-469 and J. L. Nicolas, Su Vordre 
maximum d'un élément dans le groupe Sn des permutations, Acta Arithmetica 14 (1968), 315-332. 

2. J. B. Rosser and L. Schoenfeld, Approximate formulas for some functions of prime numbers, 
Illinois J. Math. 6 (1962), 64-94. 

3. Problem 188, Canad. Math. Bull. Vol. 14 (4), 1971. 

https://doi.org/10.4153/CMB-1974-108-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1974-108-5

