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REPRESENTATION OF FINITE GROUPS AS
SHORT PRODUCTS OF SUBSETS

XlNGDE JlA

Let M be a finite quasigroup of order n. For any integer Jfc ̂  2, let H(k,M) be
the smallest positive integer h such that there exist h subsets Ai (i — 1,2,... ,h)
such that Ai--Ah — M and \Ai\ = k for every i = 1,2,... ,h. Define H(k,n) =
max H(k, M). It is proved in this paper that
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1.

A nonempty set M with an operation • is called a quasigroup if for any a,b £ M
both ax = b and xa = b have unique solutions. Clearly, a group is a quasigroup. Let
M be a finite quasigroup of order n. Let k ^ 2 be an integer. For any set A, \A\
denotes the cardinality of the set A. Let H(k,M) be the smallest positive integer h
such that there exist h subsets Ai (i = 1, 2, . . . , h) such that Ai • • • Ah = M and
\Ai\ — k for every i = 1, 2, . . . , fe. Define

H(k,n)= max ff(Jfe,M),
|M|=n

where the maximum is taken over all quasigroups M with |.M| = n.

Babai and Erdos [1] proved that

(1) H(2,n) <

In this paper, we shall prove that
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2/(fc,n) < -( h 1.
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We conjecture a slightly stronger bound and show how it solves an old problem in
additive number theory.
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2.

Our proof depends on the following lemma, which is a generalisation of a result of
Nathanson [6].

LEMMA. Let M be a quasigroup of order n. and let B be an r-element subset
of M. Then, for any integer k ^ 2, there exists a k-element subset A of M such that

\M-BA\ *<•%£.

PROOF: Let g\ £ M, C\ = Bg\, and tuj = \C\\ = r. Inductively choose g, 6 M
so that \Bgi — Ci-\ \ is maximal. Let d — Cj_i U Bgt and w,- = |Cj|. Then

wi-wi-i =\BDi\-\BDi-i\

= \B(Di-i\j{gi})\-\BDi-1\

= \Bgi-BDi.1\

g€M

1

- £ \{9 e M : x £ Bg}\
71

= -\M -BD^
n

= r--\BDi-1\n
r
n

which implies that

Hence

wk ^ n- ,fc-i

Let A = {pi, . . . , gk}• Then |.A| = k and it is easy to verify that the inequality in the
statement of the lemma holds. D

THEOREM 1. Let n ^ k ^ 2 be any integers. Then
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PROOF: Let M be a quasigroup of order n . We shall construct the subsets
Ai, ... , At inductively. Let Ai be any subset of M with \Ai\ = k. Suppose that
A\, . . . , Ai have been constructed. Applying the Lemma to B = A\- •• Ai, there
exists a fc-element subset Ai+i of M such that

(3)

We stop when M = A\Ai • • • At •

Let
\M-Al---Ai\ .

Pi = 1 f o r i = l , . . . , < — 1 .
n

It follows from (3) that

Pi+i ^ Pi for i = 1, ... ,t - 1.

Hence pt-i ^ p* • Noting that
k 1

P l = l - - , P t - i ^ - ,

we see that

\ n J n

which implies that
_ti-i/n 1

e ' > —.
n

Thus
logn loglogn

log fc log k

The proof of the theorem is complete. u

3.

We conclude with a conjecture and some remarks. In the abelian case, Erdos and
Hall [2] proved that

^( 2 » n ) < r ^ r ( ! + O(log log logn/ log logn)).log 2

Babai and Erdos [1] conjectured that
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It seems that the following extension of this conjecture is also true:

(4, *<*"><

Babai and Erdos [1] used (1) to prove an application in graph theory. We were
unable to use Theorem 1 to prove a similar application.

In 1937, Rohrbach [7] asked the following question. For any given integer h ^ 2,
is there a constant c = c{h) > 0 such that every finite group G of order n contains a
subset A with the following property:

Ah = G and |A| ^ cnl/h ?

Rohrbach showed that such a constant exists for the class of cyclic groups, and Jia [3]
proved the existence of such a constant for the class of nilpotent groups. Recently, Jia
[4] and Kozma and Lev [5] independently proved the existence of such a constant for
the class of solvable groups.

To solve Rohrbach's problem, we only need to show that conjecture (4) is true.
In fact, we shall show that any improvement over the constant 1 of (2) in Theorem 1
would imply that the answer to the Rohrbach's question is affirmative. More precisely,
we have

THEOREM 2 . Suppose there is a constant c < 1 such that

(5)
X ^ + ^ P + c.

logfc logfc

Let h ^ 2 be any integer. If n is a sufficiently large integer, then every quasigroup M

of order n contains a subset A such that Ah = M and

\A\ ^hn1/h + h.

PROOF: Let M be any quasigroup of order n. Let k — [ra1/'1] . Then (5) implies

that there exist fc-element subsets Ai, ... , At such that A\ • • • At = M and

logn log log n
t < H • : h c.

log k log k

Let n be a sufficiently large integer so that n^1~c^'1 > logn. Then

(6,

t

which, implies that t ^ h and kt < fin1'*1 + h. Let A - \J A{. Then \A\ ^ kt and

Ah D At •• • At = M. The proof is complete. D
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