GAP FORMULAE FOR THE WEIERSTRASS TRANSFORMS

Z. Ditzian

A gap formula for a transform

(1) f(x) = [ K(x-yloly)dy
is an operator J on {f(x)
(2) Jfx] = o(x+) - o(x-) .

Such operators are known for Laplace transform [1; p.91] and
[4; pp. 296-299], Stieltjes transform [4; pp. 351-353], a class of
convolution transforms [2] and others. Gap formulae for the Weierstrass

transform
1 ° 2
(3) =) = & -f_w exp [-(x-y)"/4] o(y)dy

and the Weierstrass-Stieltjes transform

(e}
(4) i) = = /e [-0ey)? /4] daty)

-
will be proved in the following two theorems.
THEOREM 1. Let «(t) be of bounded variation in any finite

interval and let the integral (4) relating f(x) to o(y) converge in
a< x< b, thenfor d satisfying a<d<b and -0< x< ©

1/2 d+ioco >
(5) lim -1 (1-t) f exp[(s-x)"/4t])f(s)ds = a(x+)- a(x-).
t—>1- d-ioco

THEOREM 2. Suppose: (i) ¢(y) ¢ L (A,B) for any finite A

and B.

(ii) The integral (3) relating f(x) to

¢(y) converges for a< x< b,
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(iii) There exist two numbers ¢(x+0) and

¢(x-0) such that
h
[ lelxtu)-o(x+0)du = ofh) nto.
0

Then for d satisfying a< d< b we have for -wo< x< ®

d+ico
(6) lim —1- (1-t)‘l/2 f (s-x)exp[(s—x)2/4]£(s)ds

t—>1- < d-ioo

= ¢(x+o) - ¢(x-0) .

Proof of Theorem 4. Theorem 7.3 of [3, pp. 189-190] implies

L = d+ico 2 o0
2;\/? fd-ioo exp[(s-x) /4t]f(s)ds f_oo ki(x—u, 1-t)a(u)du

n

where ki(x, t) = % [(41Tt)1/2 exp(-x2/4t)]. Writing

X

* f + f + f k1(x—u, 1-t)e(u)du
0 x-8 5

(am) 12 (1-n1/2 s
x+6f

= 11(t) + IZ(t) + 13(t) + I4(t) .

we have by simple integration for every § > o

x

(7) (4‘”)1/2 (1-t)1/2 f ki(x-u, 1-t)du = -1 +o(1) t—1-
x-6

and
x+6

(8) (4:11')1/2(1-t)1/2 f ki(x—u,i-t)du = 1 4+ o(1) t—>1- .
x

We can obviously choose & so that |a(u) - a(x-)|<e for x-8§ <u<x
and la/(u) - Q’(X+)' < e for x< u< x+86 and therefore

x
IIZ(t)-}-o((x-)l = I(Zw)i/z(i-t)i/z f k1(x-u,1-t)[a/(u)-a(x—)]duf + o(1)
x-8
< €. 1+o(1), t—>1-.
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Similarly ‘13(t)—oz(x+)I <e.1+o0(1) t—1-.

Using Lemma 2.1c of [3, Ch. VI] for some finite £ and n
a<fg<n<b

o (u) o(exp((u—n)2/4)) , u->o0, and

ofexp((u-£)2/4)), u— oo,

1"

o (u)
and since a(u) is, locally, of bounded variation
2
K exp((u-n) /4), u>x,

(9) la(u)] <
K exp((u-§)2/4), u< x .

Integration yields

x-8
EROIE ] E’j—‘:)’ exp(- (x-w)° /4(1-t) exp((u-£)°/4)du = of1) t— 1-
-0

and similarly also I4(t) = o(1) t—=-1-.

u
Proof of Theorem 2. Define o(u) = f ¢(v)dv., For a< d<b
0
d+ioo
I=-i (1-t)1/2 f > (s-x)exp[(s-x)z/4t]f(s)ds =
d-ico
d+ico 0
= -i(1-l:)1/2 f i— (s—x)exp[(s-x)2/4t]ds f ki(s-u,1)a(u)du
d-ico -
0 d+ieo
= -i-nY? J etwdu [ 217 (s-x)exp((s—x)2/4t)k1(s-u,1)ds.
-0 d-ico

The interchange in order of integration is justified by Fubini's
theorem since «o(u) satisfies (9) and therefore

) )
[ ta-f ¥y Pespl(a-x0"-y%) atley [ (yPHa-wP) P expl(y?- (a-w) /4] .

- 00 -0

. Ja(u)]du ,
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which dominates our integral, converges.

By the method employed in [3, p. 176-177] we calculate

1/2 d+oo
T

b= =7 f ‘ z(s-X)eXP[(s-X)Z/4t]k1(s—u,1)ds
2wit d-ioo
D @2 T aeenpl- (y-id-x0)% /4t (iy 4w, 1)d
=5 K f_th y-i(d-x))exp|-(y-i(d-x (1Y u, v
1 1/2 . % . 2 .
= Zr—r (%) f—w exp[-(y-i(d-x)) /4t]k2(1y+d—u,1)dy
2 2
where k_(8,t) = L k(s,t) = _a_((zmt)_i/2 exp(-ez/4t)). Since by
2 2 2
o8 o8
[3, p. 177]
)00
f_oo k(x-vy, ti) k(y—v,tz—ti)dy = k(x—v,tz)
we have
[o¢]
(10) f_ook(x—y, t ), (y-v, t-t )y = (e, t)

Combining (10) with Corollary 2.2 of [3, p.176] where o(y) = kz(y—v, 1-t),
tZ =1 and t1 =t we obtain J = kz(x-u, 1-t) and therefore

x- o

1/2 S} X x4+ ‘
(1-t) f + f + f +f fa{u)kz(x—u,i—t)du
x

-0 x-6 x+5

(47r)1/2

—
i

11(t) + IZ(t) + I3(t) + 14(t) .

By the method employed in the proof of theorem 1, lim Ii(t) =
t—>1-

lim I (t) = 0

t—>1- 4

A x
Iz(t) = (41T)1/L(1—t)1/2 j (p(u)ki(x—u,i—t)du +o(1) t—1-
x-8

Using (7) we have
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L0460 = [(am"2a-0'"? [* ok eu 1-0lot-olx-0)]au|
x-6
X
to() = |eam P!t i, (x-u, 1-t)B(a)du] +o(1)
x-6
X
_<_e(41r)1/2(1-t)1/2 f kz(x—u, 1—t),s—u]du +o(1)< e M +0(1)
x-§

t—>1-

Similarly [I3(t)—cp(x+o)l <e M +o(1) t—>t-, which concludes the

proof of our theorem.

Example. Let oft) = 0 for t< 0 and «(t) =1 for t> 0 then

1 2
f(x) = \[T;r‘— exp(-x /4). Since the integral (4) converges always

ioo

lim -1 1/2 2 1 21
tor 1o T i (1-t) f exp[(s-x) - Pt 4]ds
-ico
li ' 172 ) 2 (1-t) 2 2
= lim -1 (1- X x
1-t - +—]d
tw 1o g (70 [iwexr’[s yraral e L
2 2
.oexp(-x [4t(1-t)) . exp(x /4t)
1 x=0
1/2 2
= lim t / exp(-x /4t (1-t)) exp(x2/4t) =
t—1- 0 otherwise
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