
G A P F O R M U L A E F O R T H E W E I E R S T R A S S T R A N S F O R M S 

Z . D i t z i a n 

A g a p f o r m u l a f o r a t r a n s f o r m 

00 

(1) f(x) = l ^ k ( x - y M y ) d y 

i s a n o p e r a t o r J o n f(x) 

(2) J [ f ; x ] = , , (x+) - <p(x-) . 

S u c h o p e r a t o r s a r e k n o w n fo r L a p l a c e t r a n s f o r m [ l ; p . 91 ] and 
[ 4 ; p p . 2 9 6 - 2 9 9 ] , S t i e l t j e s t r a n s f o r m [ 4 ; p p . 3 5 1 - 3 5 3 ] , a c l a s s of 
c o n v o l u t i o n t r a n s f o r m s [2] and o t h e r s . G a p f o r m u l a e f o r t h e W e i e r s t r a s s 
t r a n s f o r m 

00 

(3) f(x) = j = = . / e x p [ - ( x - y ) 2 / 4 ] ^ ( y ) d 
N/ 4TT 

- oo 

y 

and t h e W e i e r s t r a s s - S t i e l t j e s t r a n s f o r m 

oo 

(4) f(x) = j ± r J exp [ - ( x - y ) 2 / 4 ] dor(y) 
- oo 

w i l l b e p r o v e d i n t h e f o l l o w i n g t w o t h e o r e m s . 

T H E O R E M 1 . L e t a(t) b e of b o u n d e d v a r i a t i o n i n a n y f i n i t e 
i n t e r v a l and l e t the , i n t e g r a l (4) r e l a t i n g f(x) to a(y) c o n v e r g e i n 
a < x < b , t h e n f o r d s a t i s f y i n g a < d < b and - oo < x < oo 

1/2 d + i ° ° 2 
(5) l i m - i ( 1 - t ) J e x p [ ( s - x ) / 4 t ] f ( s ) d s = c*(x+)- a ( x - ) . 

t-»-l- d-ioo 

T H E O R E M 2 . S u p p o s e : (i) <p(y) e L (A, B ) f o r a n y f i n i t e A 

and B . 

( i i ) T h e i n t e g r a l (3) r e l a t i n g f(x) _to_ 

<p(y) c o n v e r g e s f o r a < x < b . 
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( i i i ) T h e r e e x i s t t w o n u m b e r s <p(x+0) and 

(p(x-O) s u c h t h a t 

h 

J M x + u)-<p(x + 0 ) ] d u = o(h) h i o . 

0 

T h e n f o r d s a t i s f y i n g a < d < b w e h a v e f o r -oo< x < oo 

d+ioo 

(6) l i m — ( 1 - t ) ' f ( s - x ) e x p [ ( s - x ) / 4 ] f ( s ) d s 
*. A 2i J j . 
t - > l - d-ioo 

= <p(x+o) - <p(x-o) . 

P r o o f of T h e o r e m 1 . T h e o r e m 7 . 3 of [ 3 , p p . 1 8 9 - 1 9 0 ] i m p l i e s 

,__ d+ioo ? oo 

— jz f exp[(s-x) /4t]f(s)ds = f k.(x-u,l-tMu)du 
£TTl ^ t J d-100 ^-00 1 

w h e r e k (x, t) = — [(4irt) e x p ( - x / 4 t ) ] . W r i t i n g 
1 ox 

, 1 / 2 , . , , 1 / 2 ) ^ , , X
 + f

X + 5
 + f

x | 
x-5 x 

( 4 T r ) " / " ( l - t ) 1 / ' : ^ J + J + J +f { k ( x - u , l - t ) a r ( u ) d u 
-oo x - 5 5 x+5 f 

= I (t) + 1 (t) + 1 (t) + 1 (t) 
1 2 3 4 

w e h a v e b y s i m p l e i n t e g r a t i o n f o r e v e r y 6 > o 

x 
(7) ( 4 î r ) d / 2 ( l - t ) 1 / 2 f k f x - u , l - t ) d u = - l + o ( l ) t - > l -

x - 5 

and 

x+5 
(8) ( 4 T r ) 1 / 2 ( l - t ) 1 / 2 J k ( x - u , l - t ) d u = l + o ( l ) t - * l - . 

x 

We c a n o b v i o u s l y c h o o s e 5 s o t h a t \a(u) - » ( x - ) | < € f o r x - 5 < u < x 
and IQ'(U) - <z(x+) I < € f o r x < u < x + 5 and t h e r e f o r e 

| l 2 ( t ) - h * ( x - ) | = | ( 2 T r ) 1 / 2 ( l - t ) 1 / 2 J k ( x - u , l - t ) | > ( u ) - Q r ( x - ) ] d u | + o ( l ) 

x - 5 

< € . 1 + O ( l ) , t "> 1 - . 
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S i m i l a r l y 11 (t)-a(x+) | < e . 1 + o( l ) t -* 1- . 

Using L e m m a 2 . 1 c of [3, Ch. VI] for some finite £ and r\ 
a < g < T) < b 

2 
» (u) = o(exp((u-r|) /4)) , u -** oo , and 

2 
a (u) = o(exp((u-£) /4)) , u -> oo , 

and s ince Q'(u) i s , local ly, of bounded v a r i a t i o n 

J K exp((u-r|) /4) , u > x , 

2 
K exp((u-g) /4 ) , u < x . 

(9) k ( u ) | < 

In t eg ra t ion yie lds 

| l i ( t ) | < K / j ^ exp(- (x-u) / 4 ( l - t ) exp((u-ê) /4)du = o( l ) t - 1-
- 00 

and s i m i l a r l y a l so I (t) = o( l ) t -*• 1- . 

u 
P roof of T h e o r e m 2 . Define a[u) = f <p(v)âv. F o r a < d < b 

0 

d+ioo 
I E - i (1-t) ' f T ; ( s -x )exp[ ( s -x ) /4t]f(s)ds = 

d-ioo 

1/2 d + i ° ° 1 2 °° 
= - i ( l - t ) f — (s -x )exp[ ( s -x ) /4 t ]ds f k ( s -u , l)or(u)du 

^ T . 2 t J 1 
d-ioo -oo 

1/2 °° d + i ° ° 1 2 
= - i ( l - t ) f ff(u)du f — (s -x )exp( ( s -x ) /4t )k ( s -u , l ) d s . 

J J . . Zt 1 
-co d-ioo 

The i n t e r change in o r d e r of i n t eg ra t i on i s just if ied by F u b i n i ' s 
t h e o r e m s ince a{u) s a t i s f i e s (9) and t h e r e f o r e 

oo oo 

/ ( ( d - x f + y 2 ) 1 / 2 e x p [ ( ( d - x ) 2 - y 2 ) / 4 t ] d y / ( y 2 + ( d - u ) 2 ) 1 / 2 e x p [ ( y 2 - ( d -u ) 2 /4 ] 
- 00 - 0 0 

. \<x (u) |du , 

2 5 1 
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w h i c h d o m i n a t e s o u r i n t e g r a l , c o n v e r g e s . 

B y t h e m e t h o d e m p l o y e d i n [ 3 , p . 1 7 6 - 1 7 7 ] w e c a l c u l a t e 

1 /2 d+ioo 

f — ( s - x ) e x p [ ( s - x ) / 4 t ] k ( e - u , l ) d e 
J , , 2 t 1 , . 1 / 2 •> 2 t 

2-rrit d-ioo 

7 " < 7 ) 1 / 2 f T 7 ( y - i ( d - x ) ) e x p [ - ( y - i ( d - x ) ) 2 / 4 t ] k ( i y + d - u , l ) d y 
ZTT t «/ Zt 1 

- 00 

, 00 

^ ( f ) / e x p [ - ( y - i ( d - x ) ) 2 / 4 t ] k 2 ( i y + d - u ) l ) d y 

2 2 
n r) - A / "? ? 

w h e r e k ( s , t ) = — - k ( s , t) = - ( ( 4 i r t f e x p ( - B / 4 t ) ) . S i n c e b y 
2
 9 B Z 8 S 

[ 3 , p . 1 7 7 ] 

00 

j k ( x - y , t ) k ( y - v , t 2 - t i ) d y = k ( x - v , tj 
- oo 

w e h a v e 

oo 

(10) J k ( x - y , t i ) k 2 ( y - v , y t ^ d y - k ^ x - v . y . 
- 00 

C o m b i n i n g (10) w i t h C o r o l l a r y 2 . 2 of [ 3 , p . 1 7 6 ] w h e r e <p(y) = k ( y - v , 1 - t ) , 
t = 1 and t = t w e o b t a i n J = k ( x - u , 1- t) and t h e r e f o r e 
2 1 2 

1 /2 A 12 f X ~ 6 X X + Ô °° I 
I = (4TT) ( 1 - t ) / / + J + J + / > tt(u)k2(x-u,l-t)du 

l - o o x - 5 x x+6] 

= I , ( t ) + 1 (t) + 1 (t) + I (t) . 
1 2 3 4 

B y t h e m e t h o d e m p l o y e d i n t h e p r o o f of t h e o r e m 1, l i m I (t) = 
t - M - i 

l i m I (t) = 0 
4 

t » l -

I 2 ( t ) = ( 4 T i ) 1 / ^ ( i - t ) 1 / 2 / <p(u)k ( x - u , l - t ) d u + o ( l ) t - 1 - . 
x-6 

U s i n g (7) w e h a v e 
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|I (t)-Mx-0)| = | (4Tr) 1 / 2 ( l - t ) 1 / 2 fX k (x-u, l-t)Mu)-^(x-o)]du| 
ù x-ô 1 

+ o(l) = | ( 4 i t ) 1 / 2 ( l - t ) 4 / 2 f k (x-u, l-t)p(u)du| +o(l) 

x-6 

i/2 1/2 X 

< 6 ( 4 T T ) ( 1 - t ) f k_ (x-u, l - t ) | s -u | du + o(l) < e M + o(l) 
x-6 

t - • 1 - . 

Similarly 11 (t)-<p(x+o) | <_ e M + o(l) t -> t- , which concludes the 

proof of our theorem. 

Example. Let a(t) = 0 for t < 0 and <*(t) = 1 for t > 0 then 
1 2 

f(x) = p-— exp(-x /4). Since the integral (4) converges always 

ioo 
lim _zj_ ., ,A/2 r u .2 1 2 1 , , 

t - ~ l - ^ (1_t ) i . exP[(8"x) • ^" s VdB 

= lim -i , , ,1/2 7 r r 2 (1-t) 2sx x , , 
— (1-t) / / exp[8 i — i - — + — — ] ds> t-M-N/4ir V - 4t 4t 4t(l-t)" 

( -ioo 

2 2 
. exp(-x /4t(l-t)) . exp(x /4t) 

1/2 2 2 J 1 x = 0 
lim t exp(-x /4t (1-t)) exp(x /4t) = < 

t-*-l- I 0 otherwise 
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