18

Characteristic problems for the conformal
field equations

This chapter discusses the basic theory of characteristic problems for the
conformal field equations. Characteristic problems have been of great conceptual
value in the development of the modern theory of gravitational radiation. Indeed,
the seminal works by Bondi et al. (1962) and Sachs (1962b), in which the
modern understanding of gravitational waves was established, were carried out
in a setting based on a characteristic initial value problem; see also Sachs
(1962c) and Newman and Penrose (1962). The connection between characteristic
problems and the notion of asymptotic flatness, already present in the seminal
work by Penrose (1963), was further elaborated in Penrose (1965, 1980). From a
mathematical point of view, the realisation that the characteristic initial value
problem for the Einstein field equations leads to a symmetric hyperbolic evolution
system for which the machinery of the theory of partial differential equations
(PDES) is available was first established in Friedrich (1981b). In Friedrich (1981a,
1982) these ideas were subsequently extended to a situation in which part of
the data is prescribed at null infinity —a so-called asymptotic characteristic
initial value problem, the subject of this chapter. These results established
the local existence of analytic solutions and were later extended to the smooth
case by Kénndr (1996b) using the method of reduction to a standard Cauchy
problem by Rendall (1990); see Section 12.5.3.

There are two basic types of asymptotic characteristic problem for the
conformal Einstein field equations. The first type is the so-called standard
asymptotic characteristic problem —introduced in Friedrich (1981b) — where
initial data are prescribed on null infinity and a null hypersurface intersecting
null infinity in a two-dimensional surface with the topology of a 2-sphere; see
Figure 18.1, left. In the second type — the so-called characteristic problem
on a cone, first discussed in Friedrich (1986¢) — one prescribes information on
a null cone down to its vertex; see Figure 18.1, right. For reasons discussed in
Section 12.5, characteristic problems on a cone are more technically involved.
Existence results have been obtained in Chrusciel and Paetz (2013).

https://doi.org/10.1017/9781009291347.023 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291347.023

478 Characteristic problems for the conformal field equations

2

Figure 18.1 Two possible asymptotic characteristic problems for the conformal
field equations: on the left, initial data are prescribed on an outgoing null
hypersurface .4/ and null infinity .#; on the right, data are prescribed
on a null cone representing past null infinity .# . The vertex of the cone
corresponds to past timelike infinity, ¢ ™.

The standard and characteristic initial value problems have several structural
properties in common. Moreover, the characteristic problem on a cone can be
regarded as a limiting case of the standard characteristic problem. In both
cases, the Finstein field equations on the initial hypersurfaces split into a set
of interior (or intrinsic) equations and a set of transverse equations.
The interior equations split, in turn, into constraint equations which need to
be satisfied only on some subsets of the initial hypersurface (the intersection of
the null hypersurfaces or the vertex of the cone) and transport equations
which propagate information along the generators of the null hypersurfaces.
The transverse equations dictate the evolution off the initial hypersurfaces.
One of the key aspects of the analysis of asymptotic characteristic problems
is the identification of freely specifiable data from which the full data for the
evolution equations can be derived. An appealing feature of this type of setting
is the natural interpretation of the free data in terms of radiation fields so that a
clear-cut connection with the theory of asymptotics as discussed in Chapter 10
can be established.

The discussion in the present chapter is mostly concerned with standard
characteristic problems. Certain aspects of the characteristic problem on a cone
are briefly considered. The existence results discussed are local in nature. That
is, one obtains existence of solutions in a neighbourhood of the intersection of the
null hypersurfaces or the vertex of the initial cone. From the perspective of the
physical spacetime these local neighbourhoods represent unbounded domains in
the asymptotic region.

18.1 Geometric and gauge aspects of the standard characteristic
initial value problem

This section provides a discussion of the geometric setting and the gauge
fixing procedure for the standard asymptotic characteristic problem. Taking into
account the general theory of characteristic problems described in Section 12.5.1
one can consider two possible configurations (see Figure 18.2): (i) that of a
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Figure 18.2 The two possible standard asymptotic characteristic problems for
the conformal Einstein field equations. Case (i) where data are prescribed on a
future-oriented (outgoing) null hypersurface .4 and future null infinity .#+,
and case (ii) where data are prescribed on a past-oriented (incoming) null
hypersurface .4 and past null infinity & .

future-oriented (i.e. outgoing) null hypersurface intersecting future null infinity
or (ii) a past-oriented (i.e. incoming) null hypersurface intersecting past null
infinity. In order to compare with the characteristic problem on a cone, the
present discussion focuses in the latter case. A careful inspection of the setting
discussed here leads to the formulation of case (i).

18.1.1 Geometric setting

In what follows, let (M, g, =) denote a conformal extension of an asymptotically
simple spacetime (M, §) satisfying Ric[g] = 0 which contains past null infinity
#~. Let W denote a region of M with W ~ RT x Rt x S? bounded by an
incoming null hypersurface A and past null infinity # . It will be assumed
that both .#” and .#~ have the topology of Rt x S?. Let & = A4 N .#~ with
Z ~ S%. One has that W C J*(Z). A schematic representation of the geometric
setting can be seen in Figure 18.3.

An adapted coordinate system (z#) and an associated null tetrad {e4 4/ }will
be used to describe the geometry of the region W. Let {wAAI} denote the
associated coframe and require that

g(eaa,eBp’) = caBea'p’- (18.1)

On £ one considers some coordinate system (z*) where A = 2, 3. The complex
vectors eg1 and e1or = €g1/ of the null tetrad {e4 4’} will be chosen so that
they span the tangent bundle 7'(%) — recall that in standard Newman-Penrose
notation the vectors egy and eqqgs correspond to m and m.

Now, choose egg: so that, on £, it is tangent to the null generators of
the conformal boundary — in standard Newman-Penrose notation this vector
corresponds to . Let v denote an affine parameter of these generators with the
property that v|z = 0. Thus, one has that eger ~ 8, where, following the
conventions of Chapter 10, the symbol ~ denotes equality at .# . The vectors
eo1’ and e1g can be extended to the rest of .#~ by parallel propagation along
the null generators. Accordingly, one has

Voo eoor ~0, Vooeor =0, Voogeio =0, on ., (18.2)
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Figure 18.3 Schematic representation of the set up for the standard asymptotic
characteristic problem. The existence results are restricted to a neighbourhood
Uof & in JT(2Z).

where Voo = ego®V,, is the directional derivative in the direction of egg/. Given
ve € [0,00), let Z,, C £~ denote the two-dimensional surfaces given by

Zw={pe I v(p) = ve}.

As aresult of their parallel propagation, the vectors eg1- and e1o/ span T'(Z,,, ).
Having fixed the vectors ego, €g1r and ejgr on £, regarding the conformal
boundary as a submanifold of M, and given that the spacetime metric g is
assumed to be known, it follows that at every point p € ., there exists a unique
future-pointing null vector linearly independent to {ego’, €01/, €10’ }. This vector
is used to complete the null frame {e 4 4+ } on &~ — accordingly, it will be denoted
by e11/, or n in Newman-Penrose notation. The vector eq7/ is fixed by the four
conditions

9(611'7 eBB/) = €1B€1'B’-

Now, for fixed v,, there exists (at least locally) a unique null hypersurface .4,
in M satisfying A4, N #~ = Z,, such that at Z,, the vector ey is tangent to
Ny, — this involves solving the eikonal equation g(d®,d®) = 0 for some scalar
® € X(W) near .#~ with the appropriate initial conditions; for further details
see, for example, Stewart (1991), section 4.3. By varying ve one thus obtains (at
least locally) a foliation of null hypersurfaces intersecting .# ~. Thence, the affine
parameter v along the null generators of .# ~ can be used as a coordinate on W.
Accordingly, one sets 2z = v, and has

oo ={p e Wlv(p) = ve},
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so that the normal to .4;, is given by dv. The vector e11 can now be extended
into W by requiring it to be tangent to the generators of these hypersurfaces;
that is, one has

611/ = gﬂ(dx[)’ ) (183)

Let r denote an affine parameter of the integral curves of e;1/ so that one can
write e;1/ = 8,.. Without loss of generality one can choose r ~ 0. The coordinate
system (z*) on W is then completed by setting ' = r and by extending the
“)

coordinates (z*) on %, so that they are constant along the integral curves of

eoo’ and eq1/. As a consequence of this construction one has
N ={pewl|(p) =0}, I ={pew]|z'(p) =0}

The vectors egg’, €91/ and e can be extended off &~ by parallel propagation
along the direction of eq1/. Accordingly, one has

Vireir =0, Vireopr =0, Vireio =0, on W. (18.4)

To obtain an explicit expression for the frame {esa’} in the coordinates
() = (v,r,2A), it is observed that from Equation (18.3) — rewritten in the
form g(8,,-) = (dv,-) — one obtains the pairings

9(81”7 av) =1, g(am aT) =0, 9(87’7 aA) =0. (185)

Taking into account the above, the most general form for the frame {eaa’}
consistent with Equations (18.1) and (18.3) is given by

eoo = 0y, + U, + XA 4,
eir = 0y,

eor = wd, + 404,

e1o = w8, + {18 4,

where U and X are real functions and w and ¢4 are complex functions. Observe,
in particular, that because of the conditions in (18.5), ep1r and ejp cannot
have a v-component. Using, again, relation (18.1) one finds that the components
g" = g*(da*,dzV) are of the form

0 1 0
@) =11 g ¢ |,
0 gAl gAB

where

g = 2(U — wi), g = XA (A + ), gAB = —(£AEB 4 EAEB),
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In particular, one has that U ~ 0, X** ~ 0, w ~ 0, consistent with the fact that
e11 is tangent to the generators of null infinity and that v is an affine parameter;
hence, e11/ ~ 8,. Observe also that eg1r ~ 48 4. Thus, the pull-back to Z, of

gP04®8p = — (616" + €465)0a © B3,

to be denoted by ¢*, corresponds to the two-dimensional (contravariant) metric
of the sections of null infinity. Now, by assumption %, ~ S? so that < is conformal
to the standard metric of S2.

Finally, combining the propagation conditions (18.2) and (18.4) with the
definition of the spin connection coefficients — see Equations (3.31) and (3.33) —
in the form

PaaBc = %GBP<‘-‘-’PQ/7 Vaaecq)
one finds
Toor10 ~ 0, Too700 ~ 0,
and
Poo11 = Movor +T10100 Torar =Tiovrs T1ap =0, on WC M.
The discussion of this section is summarised in the following

Lemma 18.1 (frame gauge conditions for the standard characteristic
problem) Let (M,[)) denote an asymptotically simple spacetime satisfying
Riclg] = 0 and let (M, g,=) with g = Z2g be a conformal extension thereof for
which the condition 2= = 0 describes past null infinity & ~. The frame {eaa’}
can be chosen so that, given a null hypersurface N intersecting ¥~ on Z ~ S?,
one has

I'oo'11 =T'10170’ +T10710,
I'o111 =T101717, Ti1raB =0, on W C M.

In addition, one has that
Too01 = Loor10 = Looroo =U = XA =w =0, on I~

Remark. The conventions used here for the vectors egger and ej;r are the
opposite of those used in Kdnndr (1996b). They have been chosen to agree with
the standard conventions in the treatment of asymptotics as given in Penrose
and Rindler (1986) and Stewart (1991) and to ease the comparison with the
characteristic problem on a cone.
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18.1.2 The choice of conformal gauge

The geometric setting discussed in the previous section has an inherent conformal
gauge freedom which can be exploited to simplify the analysis.

As discussed in Section 8.2.5, the Ricci scalar R[g] plays the role of a
conformal gauge source function for the conformal field equations. A
possible choice in the present setting is to fix the conformal factor Z linking
the metrics g and g in such a manner that R[g] = 0. To see that this can always
be done, consider first a situation involving a generic conformal factor = for

which R[g] # 0, and let

—~
—_
(0]

g =g, 6)

with ¥ a positive function on W. Defining =/ = 9= one finds that g’ = ='%g.
Consistent with the above conformal rescaling one considers the following

transformation behaviour for the g-orthonormal frame {eaa-}:
660/ = €0/, 6’11/ = 19_2611/, 661/ = 19_1601/, 630/ = 19_1610/.

Using the transformation law under conformal rescalings for the Ricci scalar,
Equation (5.6¢), one finds that the requirement R[g’] = 0 is equivalent to the
wave equation

1
VVai = < Rlg) (18.7)

see also Equation (8.30). The general theory of the characteristic problem for
wave equations ensures the existence of a unique solution to this equation in
a neighbourhood U of % in J*(Z) if some suitable data are prescribed on
AU I see, for example, Rendall (1990). A natural requirement on the initial
data for Equation (18.7) is to have w*'" = d=’ on 2 where {w'44'} denotes
the coframe dual to {€4 4, }. This is equivalent to setting

W' =9dZ2  on Z.
By choosing 97| » = e11/(Z)|2 = (dZ, e11/)| # one can, in fact, ensure that
e1(E)=(d=e};) =1 on Z.

The principal part of the wave Equation (18.7), expressed in terms of frame
derivatives, is given by

€00’ (611' (19)) + e1r (600' (19)) — €ov/ (610'(19)) — €10/ (601' (19))
Thus, Equation (18.7) implies an intrinsic propagation equation on A for eggr (1)

if e11/(¢¥) is known on 4. Analogously, one has an intrinsic propagation equation
on I~ for ey1:(9) if ego/ (V) is known on .# . The freedom in the specification
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of characteristic data can be exploited by observing that under the conformal
rescaling (18.6) one obtains the transformation rules

o111 = Lorr1n — 9 terr (9), Lo00 =Y *T'10r00 — ¥ eqo (9).
Accordingly, by setting
e11/(9) = 9lor11, eoo’ (V) = 910700 on &,
one obtains
9111 =0, 1000 =0, on Z.

To propagate the freely specifiable components of V g4 40 along 4" and ./~ it
is convenient to consider the transformation law under conformal rescalings of
the trace-free part of the Ricci tensor

L= Dy = —209 ! (vavbﬂ — 2071V, 9V, 0

1 . .
- Zgab(vcvcﬁ — 219*%19%9)). (18.8)
Now, recalling that
_ a b / 1 a !/ bx/
(PAA/BB/ — €AA' €BB’ (I)aln ¢AA/BB’_6AA’ BB’ ¢ab7

one can consider the propagation equations

€11/ (611/ (19)) — 219_1 (611/(’(9))2 = 19@22 on JV, (18.9&)
€00’ (600/ (19)) — 21971 (600/ (19))2 = 19@00 on .¥ . (189b)

These two equations can be read as ordinary differential equations along the
generators of A4 and £~ for ej1:/(9¥) and ego(¥), respectively. Accordingly,
a solution exists in a neighbourhood of 2 on .4 and, respectively, on ..
Comparing with Equation (18.8), one sees that these solutions ensure

Py =0  on A, (18.10a)
Po=0 on.I. (18.10b)

Once the solutions eq1/(¥) and ego/ (¥) to the propagation conditions (18.9a)
and (18.9b) have been obtained, one can use the intrinsic equations implied by
(18.7) on A U #~ to obtain ego/ (¥) on A and eq1/(Y) on I .

The analysis of this section can be summarised in the following:

Lemma 18.2 (conformal gauge conditions for the standard characteris-
tic problem) Let (M,g) denote an asymptotically simple spacetime satisfying
Riclg] = 0 and let (M, g,Z) with g = Z2g be a conformal extension thereof

for which the condition = = 0 describes past null infinity # . Given the frame
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{eaa'} of Lemma 18.1, the conformal factor Z can be chosen so that given a
null hypersurface N intersecting &~ on Z ~S? one has

Rlg] =0, in a neighbourhood W of & on J*(Z).
Moreover, one has the additional gauge conditions
e (E) =1, lo1/11 = 10700 = 0, on %,
Py =0 on N,
Yaa = 6111(5)(5,416,4/1,, Doy =0, on I~

Remark. In the gauge given by Lemma 18.2 one has that Laa'sp = Paa'Bp’-
This fact will be used repeatedly in the following without any further mention.

18.2 The conformal evolution equations in the standard
characteristic initial value problem

This section analyses general aspects of the standard characteristic initial value
problem for the conformal Einstein field equations with data prescribed on
the null hypersurfaces .4/ and .# ~. The spinorial conformal field equations, as
discussed in Section 8.3.2, will be used to formulate this problem. Accordingly,
on W it will be required that

YaaBp =0, Z°paapp =0, (18.11a)
Eaa =0, ZaaBp =0, Zaa =0, Z =0, (18.11b)
Acpep =0, Appcp =0, (18.11c)

where, for convenience, one defines

Haa =Xaa —Vaak

Following the conventions of Chapter 13 let u denote the collection of indepen-
dent components of the unknowns appearing in the conformal field Equations
(18.11a)—(18.11¢) and let u, be its value on A U FT.

Strictly speaking, as no hyperbolic reduction procedure has yet been applied
to equations (18.11a)—(18.11c) — that is, the equations do not constitute a
symmetric hyperbolic system — one does not directly obtain a characteristic
problem in the sense described in Section 12.1.2. Nevertheless, the structure of
the conformal evolution equations can be used to obtain a symmetric hyperbolic
system for which the theory of Section 12.5 can be applied. Thus, it is necessary
to analyse the properties of the conformal field equations on the hypersurfaces .4
and .# . When evaluated on .#/"U.# " the system (18.11a)—(18.11c) splits into a
set of interior and a set of transverse equations. As the name suggests, interior
equations contain only derivatives which are intrinsic to the null hypersurfaces.
The interior equations divide, in turn, into transport equations containing the
directional derivative along the generators of the hypersurface and constraint
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equations which do not contain this derivative. In the transverse equations one
deals with the directional derivative transverse to the surface.

To see how this split comes about, it is convenient to recall some aspects of
the hyperbolic reduction procedure for the Equations (18.11a)—(18.11c). Given
a timelike vector 7# and a suitable set of gauge source functions F'*(x) and
Fap(z) on W, one obtains a symmetric hyperbolic system for the independent
components of the various conformal fields. As discussed in Proposition 13.1,
the characteristic polynomial of this system contains factors of the form g"¢,¢, .
Accordingly, the combined null hypersurface .4 N# 7 is a null hypersurface of the
reduced evolution system. Following the discussion of Section 12.1.2; it follows
that the reduced system contains equations which are intrinsic to .4 N .#T and
equations which are transverse to the initial hypersurface. In the following, it is
shown how this observation can be extended to the full conformal field equations.

The interior equations on N

The interior equations on the null hypersurface .4  should contain only the
directional derivatives along the directions given by ej1/, eg1r and ejq .
Inspection shows that the subset of (18.11a)—(18.11c) with this property is given
by the equations

B =0, Zivaa =0, Zi1 =0, (18.12a)
1 =0, E°pirep =0, (18.12b)
Aipp' =0, Aprcp =0. (18.12c¢)

More explicitly, taking into account the gauge conditions given by Lemmas
18.1 and 18.2 one has the equations

e11(2) = Y11/, (18.13a)
e11(So0) = —E®11 — 5, e11(Sor) = —EPr1a, e (S11/) =0, (18.13b)
e1(s) = —P11 X112 + 2012301/, (18.13c)
e (epp”) = Tpp recr” —Tp s veic”, (18.13d)
e (Cppep) = Trreples ™1 —Tireple s’ v

—EZ¢BepicrB — PcrpB B, (18.13e)

e11/(®poBB’) = Vioo®p1'BB' — VD1 ®P10BB + VDO P11/ BB
—2¥1p'¢BDO1 + 208 $BDI11, (18.13f)
e1r(¢aBco) = Vordasci, (18.13g)

with the understanding that equations for quantities already determined by
gauge conditions are dropped from the list. Despite their apparent complexity,
the above equations possess a delicate hierarchical structure which allows one to
solve them sequentially from some basic data on 2 and .#". This structure is
briefly described in the following paragraphs.
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One starts by combining Equation (18.13a) with the third equation in (18.13b)
and then using that e;; = 8, to find that 922 = 0. Hence, taking into account
Lemma 18.2 one concludes that Z = r along .#". Next, one can consider Equation
(18.13e) for I'g1/11 and I'1pr11 (in standard Newman-Penrose (NP) notation ~y
and \) which, in view of the gauge conditions, gives the subsystem

O Tor11 = —(Tor11)* — Tro11l1011/,
0rl'1011 = —2l017111M 10711 + Zhs.
The above Riccati system can be solved if ¢4 is known along 4. With I'g1/11

and I'1r11 known, one can then make use of Equation (18.13d) for egy: = €4
which takes the form

0t = —Tor116* — Tro11 €N
This equation together with its complex conjugate constitute a system of
ordinary differential equations for ¢4 and &4 which can be solved with the
information already available. To determine the frame coeflicient w one considers
Equation (18.13d) for egy/* = w so that
Oyw = —Tor11w — T'1011@ + Torr01 + Tr00r1r

Accordingly, one also needs to consider the equations for I'g1:01 and I'1g01
(8 and « in NP notation), namely,

9 To1:01 = —Tor01T1011 — F1or01T 1701717 + P12,

O T1001 = —Toroil'1011 — T1o01lo11717 + Eds,
so that, in addition, one requires equations for ¢3 and ®,5. These can be found
to be given by

Oy 3 = Wiy + 40404 — AT01/1103 + 4T01/01 64,

0 @12 = Yo1 s — Y11/ 3.
Thus, to close the system one considers the third equation in (18.13b). The key
observation is that for a given choice of ¢4 on A4 and with the knowledge of
I'o1/11 and I'1g/11 from a previous integration one obtains a system of ordinary
differential equations along the generators of .4 for the unknowns w, £, To1/01,

Ioo1, @3, P12 and Xo1/.
At this point, one considers Equation (18.13d) for e11/**. One has

9 XA = —To0116* — Toror1 €L

Recalling the gauge condition TI'gor11 = 101700 + 1010 one has enough
information to integrate along the generators of .4". Next, one considers the
equations for I'gy/00 and 100 (0 and p in NP notation):

0rl'o1700 = —T'o1700l'01711 — I'1000L 0171717 + Po2,

0rI'o00 = —To1700l'1011 — 10001071717 + E¢2.
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Hence, one has to couple the above to the equations for ¢, and ®gs:

Orpy = WO, b3 + 2D 4¢3 + To1/0004 + 2T01/01¢3 — 3To1/1162,
0r®o2 = V1o P12 + Xo1/¢3 — Yoo Pa.

Thus, it is then necessary to consider simultaneously the first equation in (18.13b)
and Equation (18.13c) to determine Yoo/ and s — notice that at this stage one
already knows all the frame and connection coefficients appearing in Vig/. In
turn, this forces the coupling with the equation for ®;; obtained from (18.13f):

0r®11 = Vio P12 — Y11/ ¢2 + Xo1/ 3.

Recapitulating, one has obtained a further closed subsystem of ordinary differ-
ential equations along the generators of .4 for the fields I'g1:00, I'10700, ¢2, Po2,
®q1, s and Ygo-. With the information obtained from the solution to this system,
one can also solve for the frame coefficient U and the connection coefficient I'ggro1
(e in NP notation) via the equations

9.U = —Too11w — F'o01/1@ + Too'01 + Looo1/,

0rl'o0r01 = —To1/01l'0011 — 1001001717 + Ed2 + P11

The integration of the connection coefficients can now be completed with the
equation for I'ggrgo (k in NP notation) dictated by (18.13e), that is,

O Toor00 = —Lo1/00l'00'11 — '10'00T 00117 + E1 + Pot,
which needs to be supplemented by the equations for ¢; and ®q;:

Or¢1 = Vor 92,
0r®o1 = V1o P11 — o1/ P2 + Xoo ¢3.

Again, one has a subsystem of ordinary differential equations along the generators
of 4. The integration of the interior equations on .4 is completed by considering
the equation for the rescaled Weyl spinor component ¢

Ordo = Vo1 é1,
which, too, is an ordinary differential equation, and by that for ®qq:
0r®oo = V1o Po1 — Vo1 Po1 + 2X00/ P2 — 2X01¢1 + Voo P11

This last equation is different from the other ones in the hierarchy as its last term
in the right-hand side (i.e. Vgor®11) contains transverse derivatives. However,
using the evolution equations in Section 18.2.2, this term can be formally
computed on 4 from the available data.

https://doi.org/10.1017/9781009291347.023 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291347.023

18.2 The conformal evolution equations in the initial value problem 489

The interior equations on %~

On .~ the intrinsic equations should contain only the derivatives along the
directions given by ego/, €10/ and eg1/. The relevant subset of (18.11a)—(18.11c)
is, in this case, given by

Zaa =0, Zaa =0, Zpaapp =0, for ga # 11/, (18.14a)
YaaBp ~0, E°paapp ~0, for aa, BB #1v, (18.14b)
Aopep' >0, Apocp ~0. (18.14c)

More explicitly, taking into account the gauge conditions given by Lemmas
18.1 and 18.2 the above equations encode the following transport equations:

€00’ (E) ~ 0, (1815a
600/(211/) ~ —8S, (18 15b
€00’ (S) ~ —(1311211/7 18.15¢

(
' (

cc’ cc
eoo’(€01") 2 Too "% orecc” —Torr ™" oorecc”,

PcpooBB' ~ —E¢BCcDoco B’ — PcopB €0B BB’ 7 1175 (18.15e
Voo ¢aBc1 = Vio¢aBco, (18.15f
Voo ®p1'BB’ + VDo Por'BB’ — Vo1'PD0o BB’

— Vb1 ®oo BB ~ 2X1B'¢0DB1, (18.15g)

where, following the notation of Chapter 8, the field Pcpaa'p’ denotes the
geometric curvature. In addition to the above, Equations (18.14a)—(18.14c) also
contain the constraint equations

€o1/ (E) ~ 0, 601/(211/) ~ 0, 601/(8) ~ 7(1)01211/, (1816&)
eo1(e10") — eror(€o1/") =~ I‘01/00/10’600/” - Flo’cclorecc’u» (18.16b)
Pcpoi1o ~ Edicpocrro — Pcipor- (18.16¢)

If Equations (18.16a)—(18.16¢) hold in a certain section of .# ~, then using an
argument similar to that of the propagation of the constraints in the standard
Cauchy problem, it can be shown that they will hold everywhere else on null
infinity by virtue of the transport Equations (18.15a)—(18.15g). Thus, they need
to be solved only on Z.

In analogy to the transport equations on .4, the transport Equations (18.15a)—
(18.15g) can be solved along the generators of .#~ exploiting a hierarchical
structure if some basic data are provided. Some inspection reveals that the
basic data are given by either the connection coefficient I'19/17 or the rescaled
Weyl spinor component ¢g. The details of this construction will not be further
elaborated.
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18.2.1 The freely specifiable data

The discussion of the hierarchical structure of the interior equations on A4 U .7~
allows the identification of the basic reduced initial data set r, from which
the full initial data u, on A4 U .~ for the conformal Einstein field equations
can be computed. As already observed, the choice of reduced initial data sets is
not unique. Two possible ways of specifying the reduced data are given in the
following:

Lemma 18.3 (freely specifiable data for the standard characteristic
problem) Assume that the gauge conditions given by Lemmas 18.1 and 18.2
are satisfied in a neighbourhood % of % on A U Z~. Initial data u, for the
conformal Finstein field equations on N U F~ can be computed from either of
the two following reduced initial data sets:

(i) r1. consisting of
10011 on I,
¢4 on N,
¢3, Gat o, &4 on Z;
(ii) ro. consisting of
oo on I,
bg on N,
Tion1, $ao, 63, dotda, &Y on Z.

In both cases the field £ is chosen so that —(EAEB+EAEB)D 4205 is conformal
to the standard (contravariant) metric on S?.

Remark. The reduced set ro, in (ii) has the advantage of being symmetric with
respect to 4 and ¥ .

Proof The proof of this lemma follows from the discussion in the previous
subsection. Further discussion can be found in Friedrich (1981a). O

18.2.2 The reduced conformal field equations

To apply the theory on the characteristic initial value problem discussed in
Section 12.5 one has to extract a suitable symmetric hyperbolic system out of the
conformal field Equations (18.11a)—(18.11c). Given the split between intrinsic
and transverse equations, a hyperbolic reduction procedure such as the one
discussed in Chapter 13 is not required. Instead, a suitable choice of reduced
conformal field equations is given by the combinations

5111 = 07 le, = 07 le’AB’ = O, (18178.)

Y1vee =0, “p1reE =0, (18.17b)
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—Aipco =0, Aopco —Aipcr =0, Aopcrr =0, (18.17c¢)
—Ao100 =0, AooBc —ArBec =0, A1011 =0. (18.17d)

A more explicit form of the equations is discussed in Section 18.3. From
these expressions, adopting the matricial notation of Chapter 12 and considering
suitable multiples of the equations, the reduced conformal field equations can be
written schematically in the form

A*(z,u)0,u+ B(z,u) =0, (18.18)
with A# Hermitian matrices and
AMWO, +w' ) positive definite. (18.19)

Thus, one obtains a symmetric hyperbolic system for the components of u.
Using the expressions for the principal part of the system (18.17a)—(18.17d),
a computation shows that the characteristic polynomial of the reduced system
contains factors of the form ¢g"”¢,{, so that the null hypersurfaces .4 and ¥~
are indeed characteristics of the system. It follows from (18.19) that the surfaces
with normal w® + w" are spacelike for the symmetric hyperbolic system.
Although the coordinates °
have non-negative values, the reduced Equations (18.17a)—(18.17d) also hold for
negative values of the coordinates. It follows that the hypersurface

= v and 2! = 7 have been constructed so that they

Se={peRxRxS*|2°p) +2'(p) =0} (18.20)

is spacelike for Equation (18.18) in a neighbourhood of % .

18.3 A local existence result for characteristic problems

As discussed in Section 12.5, the existence and uniqueness of solutions to a
characteristic initial value problem can be obtained via an auxiliary Cauchy
initial value problem on a spacelike hypersurface — in the present case the
hypersurface S, defined by (18.20). The formulation of this auxiliary Cauchy
problem crucially depends on Whitney’s extension theorem so that initial data
on A4 U~ can be extended to a spacetime neighbourhood U of Z. In turn, the
application of Whitney’s theorem depends on being able to evaluate all (interior
and transverse) derivatives of the initial data on A4 U .7 .

18.3.1 Computation of the formal derivatives on AN U .7~

To verify that one can compute all derivatives of the initial data on A4 U.#~ one
needs to inspect the principal part of the reduced Equations (18.17a)—(18.17d).
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Borrowing the notation of Proposition 13.1, the reduced Equations (18.17a)—
(18.17b) take the form

oro = G(o,I',®, ¢), (18.21a)
ore = H(e,T), (18.21Db)
o,T =K(T, ®, ¢); (18.21¢)

that is, they are transport equations along the direction given by eqq/. For the
equations in (18.17c) one has

Dp®og — @0, Byy — EAD4 Do = Loo(T, ®, @), (18.22a)
0, ®1g — 00, ®11 — EADL P11 = Lip(T, @, ), (18.22b)
0, ®og — 00, Bgy — EADL Py = Loo(T', ®, ), (18.22¢)
0r @21 + 0y®o1 + U, Poy + XA04Po1

— w0, Pgy — EAD Doy — 0D, Doy — E1D 4 Pgy = My (T, ®, ), (18.22d)
0r P11 + 0, P11 + UD, P11 + X0 4P11

— w0, B — EADLD 1) — 0O, D1y — EAD4 P10 = My (T, ®, ), (18.22¢)
0 ®o1 + 0y D1 + U, Doy + XA04P01

— WO By — EADL PGy — 0D, Doy — EADL Py = Moy (T, @, ), (18.22f

Dy oy + U Doy + XA 4Dy — wd, gy — E404Pa1 = Noo(T', ®, ), (18.22¢g
0y @120 + U0, P10 + XA8A<I>12 — w0, P11 — §A8A<I>11 = ng(l_‘, P, qf)), (18.22}1
Dy ®oz + U Dpg + XA 4Dy — 00, Doy — E404 P = Noo(T, ®, ), (18.22i

—_— — — ~—

where Lgo, L107 Loo, Mgl, Mll, M()l, N22, N12 and NOQ are smooth functions
of their arguments — their explicit form will not be required. Finally, for the
Equations (18.17d) involving the components of the rescaled Weyl tensor one has

Orpo — wOrp1 — E1D Dy = Wo(T, ), (18.23a)
Orp1 + Oyp1 + U,y + X040 (18.23b)
— @0y — EX0ad0 — w2 — E4D a2 = Wi (T, @), (18.23¢)
Oy s 4 Oupy + Ubypy + X0 uh2 (18.23d)
— @0 p1 — EADud1 — w3 — 1D ads = Wu(T, @), (18.23¢)
Oy b3 + 0utps + Udrgps + XA0ad3 (18.23f)
— @0y — E20 a2 — w0 Gy — EXDads = W3(T, ), (18.23g)
By + Udpps + XA u¢ps — 00,3 — E29 493 = Wu(T, ), (18.23h)

with Wy, Wy, Wy, W3 and W, smooth functions of their arguments — again, their
explicit form will not be required.

In what follows, it is shown that all formal partial derivatives on A U.#~ can
indeed be computed from the above equations.
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Computation of formal derivatives on &~

To compute the formal derivatives on .#~ one first observes that the partial
derivatives d,, 02, O3 are interior, while 0, is transverse. In this case, direct
inspection shows that except for

8r¢47 ar(I)227 arq)l% ar(I)OZv

all 9,-derivatives of the unknown u can be computed using Equations (18.21a)—
(18.21c), (18.22a)—(18.22f) and (18.23a)—(18.23g). The exceptional cases shown
above arise due to the fact that w = U = 0 on .#~ so that Equations (18.22g)-
(18.22i) and (18.23h) evaluated at .#~ do not, in fact, contain J,-derivatives.
To get around this problem one computes the 9,-derivative of (18.22g)—(18.22i)
and (18.23h) and then evaluates on .~ to obtain the system

0y (0r®22) + 0, U, @3 + 0, X0 4 P2y — Oyw0, P1a

— 0,640415 — £1040, P15 ~ 0, Nao,
Oy (a'r‘(I)IZ) + 0, U0, @12 + 9, X104 P12 — 0,00, 01,

— 0,6104P 11 — £1040, P11 ~ 0, N1a,
90 (0, ®02) + 0, U8, Pos + 0, X A0 4P02 — 0rw0, Py

— 0,6404P01 — £10.40,Po1 ~ 0r N,
9y (0r04) + 0. U0r b4 + 0, X0 ubs — 0,00, 03

— 0,003 — €040, 05 ~ 0, W1,

The latter can be interpreted as a system of first-order linear ordinary differential
equations for 0.¢4, 0,Po9, 0, P12, 0,Pp2. The initial data on Z for these
equations can be computed from the data on A4 U .#~. General results of the
theory of ordinary differential equations ensures that this system of equations can
be solved in a neighbourhood of 2 on .# ~. Accordingly, all the first transverse
derivatives on .#~ can be explicitly computed. The argument described in this
paragraph can be generalised, by repeatedly differentiating the reduced equations
with respect to 0, to iteratively compute higher order O,.-derivatives as the
solution to a system of algebraic equations and linear PDEs.

Computation of formal derivatives on N

The analysis of the formal derivatives on .4 is almost the mirror image of that
on .. In this case 0,, 0, 03 are interior derivatives, while 9, is transverse.
After an inspection of the list of Equations (18.21a)—(18.21c), (18.22a)—(18.22i)
and (18.23a)—(18.23h) one finds that only

Opds, Oud3, Ouda, 0Oudr,
Ov®22, 0vP12, 0vP11, 0O0uvPo2, 0OvPo1
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are algebraically determined by the initial data on .#". To obtain the remaining
transverse derivatives, one computes the 0,-derivatives of Equations (18.21a)-
(18.21c), (18.22a)—(18.22c) and (18.23a) and evaluates them on .4 to obtain a
first-order system of ordinary differential equations along the generators of .4~ for

Oyo, Ove, O,I', 0,P02, 0v®o1, Oy®oo, Oyvo.

Supplementing this system with the information on 2 implied by the initial
data for the reduced equations, one finds that the general theory of ordinary
differential equations ensures the existence of solutions in a neighbourhood of
Z on 4. In this manner one obtains a complete set of first-order transverse
derivatives on .#". Higher order transverse derivatives can be obtained iteratively
by computing higher order 9,-derivatives of the reduced conformal field equations
as required.

The analysis described in the previous paragraphs can be summarised in the
following:

Lemma 18.4 (computation of formal derivatives) Any arbitrary formal
derivatives (%), of the vector unknown u on A'UF~ can be computed from the
prescribed initial data u, for the reduced conformal field equations on A U ™.

18.3.2 The subsidiary system

To show that the solutions of the reduced equations imply a solution to the
full conformal field equations if initial data satisfying the constraints on .4 and
#~ are prescribed, it is necessary to obtain a suitable subsidiary system for the
zero quantities encoding the conformal field equations. The propagation of the
constraints is ensured by the following:

Proposition 18.1 (propagation of the constraints) A solution u of the
reduced conformal field Equations (18.17a)—(18.17d) on a neighbourhood U of &
on JY(Z) that coincides with initial data on A U .F~ satisfying the conformal
equations is a solution to the conformal field Equations (18.11a)—(18.11c) on U.

A subsidiary system adapted to the geometry of the characteristic problem
described in the previous sections is obtained from the following derivatives of
the zero quantities associated to the conformal field equations:

V11844, Vi1 Zaa’, Vi1'Zaa BB,
Vi1Xaa'BB Vi1'Ecpaa'BB’
(Voo + V1i1))AcpBB', (Voo + Vi1 )ABB'cD-

Using arguments similar to those employed in Sections 13.3 and 13.4.5 one
rewrites the above derivatives as homogeneous expressions in the zero quantities.
Further details of these lengthy calculations can be found in Friedrich (1981a).
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Once a subsidiary system of the required form has been obtained, the propagation
of the constraints follows from the uniqueness of solutions to the characteristic
problem.

In addition to Proposition 18.1 one has the following:

Corollary 18.1 (preservation of the conformal gauge) Let u denote a
solution to the characteristic problem for the conformal field equations on a
neighbourhood U of 2 on J*(Z) which satisfies the gauge conditions given in
Lemmas 18.1 and 18.2. Then the metric g constructed from the components of
the solution u satisfies the vacuum Einstein field equations R[g] = 0.

This result follows from an argument similar to the one used to prove the
propagation of the algebraic conformal field equation encoding the trans-
formation rule for the Ricci scalar in Lemma 8.1. Here one considers the
derivative

Vi (EVAYV 44 2 — 2V 4 0 EVAL'E)

and makes use of the conformal field equations to rewrite it as a homogeneous
expression in zero quantities. In view of the transformation law of the Ricci
scalar under conformal rescalings, the term in brackets coincides with R[g]. Now,
from the discussion leading to Lemma 18.2 one concludes that R[g] = 0 on
AU Z ™. The corollary then follows from the uniqueness of the solutions to the
characteristic problem.

18.3.3 The existence result

Combining the analysis developed in the previous subsections with the theory
of characteristic initial value problems for symmetric hyperbolic systems of
Section 12.5, one obtains the following existence result:

Theorem 18.1 (existence and uniqueness to the standard asymptotic
characteristic problem) Given a smooth reduced initial data set vy for the
conformal Einstein field equations on A U F~, there exists a unique smooth
solution of the conformal field equations in a neighbourhood U of Z in JT(Z)
which implies the prescribed initial data on A U F ™.

Proof 1t follows from Lemma 18.4 that the formal derivatives of u can be
computed to any arbitrary order from the reduced data r, on A U ..
Hence, it is possible to formulate an auxiliary Cauchy problem for the reduced
conformal field Equations (18.17a)—(18.17d) with data implied by the extension
to a neighbourhood of & given by Whitney’s theorem. Thus, using Theorem
12.7 and the discussion in Section 12.5.3 there is a neighbourhood W of 2 in
JT(Z) in which there exists a unique solution u to the reduced conformal field
equations which on A4"U.#~ coincides with the data u, implied by the prescribed
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reduced initial data — as & ~ S?, it is necessary to combine solutions in two
different patches. Finally Proposition 18.1 and Corollary 18.1 imply that the
solution to the reduced equations is, in fact, a solution to the full conformal field
equations. O

The characteristic problem on A" U .#T

The analysis leading to Theorem 18.1 can be adapted to analyse the dual
asymptotic characteristic problem with data on .47 U.#* where .4 is a future-
oriented null hypersurface. In this case one endeavours to find a solution in a
neighbourhood U’ of 2/ = A" N 7% in J~(Z’). All the relevant expressions
can be obtained from those for the characteristic problem on .4 U .#~ through
the replacements g — 1, 1 — ¢ in the spinorial frame indices so that

€o0’ > €11/, €11 — €o0’, €01’ V> €10/, €10’ ' €o1’-
In particular, one has

G0 = Pa, P1 @3, P2 P2, P31, Pa = Po

and
W@, A A

Similarly, for the connection coefficients and the components of the trace-free
Ricci spinor one has

o100 = I'10/11, D3 = P19 = Po, and so on.

For consistency, one should replace the coordinate v along the generators of .~
with a coordinate u along the generators of # 7.

18.4 The asymptotic characteristic problem on a cone

As discussed in the introduction, an alternative characteristic problem for the
conformal Einstein field equations consists of a configuration where initial data
is prescribed in a neighbourhood of the vertex of a cone representing the
timelike infinity of a Minkowski-like spacetime; see Figure 18.1, right. This
type of geometric setup for a characteristic initial value problem was originally
introduced in Friedrich (1986¢) and is intended to model purely radiative
spacetimes, that is, a system describing gravitational radiation from past
null infinity which interacts non-linearly with itself and eventually escapes to
future null infinity. Intuitively, one would expect this type of solution to the
Einstein field equations to have a smooth structure at null infinity. To ensure
that the gravitational field consists only of gravitational radiation one requires
that the generators of null infinity are complete and that past timelike infinity is
represented by a point ¢~ which is reqular from the point of view of the conformal
completion.
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To discuss the geometric setting in a more precise manner it is convenient to
introduce some definitions.

Definition 18.1 (spacetimes with a cone past boundary) A spacetime
(M, g) is said to have a cone past boundary if:

(i) There exists a causal, oriented and time-oriented spacetime (M’,g’) (the

ambient manifold).

(i) There exists a point o € M’ such that the set consisting of o and all points
of M’ which can be joined to o by a causal curve in M’ — to be denoted by
Jt (o, M) —is closed in M’.

(iii) Given N, = dJ* (0o, M"), then A, \ {o} is a smooth null hypersurface of
M.

() The set M corresponds to J* (0, M’) together with the structures it inherits
from (M, g’") — in particular, g is the pull-back of g’ to M.

Given p € M, the set N, C M is called the future null cone of p.
In terms of the above notions one introduces the further notion:

Definition 18.2 (spacetimes with a complete past null infinity cone)
A wvacuum spacetime (M,Q) is said to be a solution to the FEinstein field
equations with complete null cone at past timelike infinity i~ if there
exists a conformal extension (M, g,=) with cone-like past boundary ;- such
that the conformal factor satisfies

E>0 on M\ -, (18.24a)
E= on M-, (18.24b)
d=#0 on -\ {i"}, (18.24c¢)
d= =0, HessZ non-degenerate at i, (18.24d)

and there is a diffeomorphism by means of which the manifolds M and M\ ;-
can be identified so that g = =2 on M\ A;—. The set A;- \ {i~} is swept by
the future-directed null geodesics through i~ and represents the past null infinity
Z = of the spacetime.

Equipped with the above definitions, one can formulate a pure radiation
problem in which one asks: given data on a cone N, is there a unique solution
to the Finstein field equations with complete past null infinity implying fields on
I~ which can be identified with the data prescribed on A, and such that the
point o can be identified with i~ ¢

18.4.1 Gauge conditions

This section gives a brief discussion of the gauge specification process for the
characteristic initial value problem on a cone. As is the case in all initial value
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problems concerning the conformal field equations, one has to consider three
different types of gauges: conformal, coordinate and frame gauges. These are
analysed in turn.

The conformal gauge

Given a null cone 4, with vertex o, let I denote the vector tangent to the null
generators of .4,. Consistent with conditions (18.24a)—(18.24d), it is assumed
that one has a conformal factor = such that

==0, d= =0, s#0 at o.

Mimicking the discussion of Section 16.3, one can transvect the conformal field
equations

VoVE = —ELgp + 5Gab, Vas = —VELpa, (18.25)

with I to find that Z = 0 and s # 0 on .4, and, moreover, that d= # 0 on .4, \{o}.
It is also observed that if s|, = 0, then d= = 0 on .4,. The behaviour of the
conformal gauge at o can be refined by considering a rescaling as in Equation
(18.6) with ¥ > 0. Making use of the transformation formula for the Friedrich
scalar s, Equation (8.29b), one finds that s'|, = (s971)|,. Let v(¢) with ¢ € R
denote a future-directed null geodesic on A, with v(0) = o such that I = %
and, consequently, V;I = 0. Setting I’ = ¥~!l, one finds that g’(l’,l') = 0 and
V;,l/ = 0 as well. Using the transformation formula for the trace-free Ricci tensor
®,p, Equation (18.8), one finds that along ~ it holds that

PP, = 97U Dy, + 200V, (19V, (971)).

Thus, if the value of the component I’*]"*®’, is prescribed, the above equation
can be read as an ordinary differential equation for 9 along the null geodesic ~.
The initial value of ¥ can be fixed through the specification of s|,. Using the first
of the equations in (18.25) one finds that

slog' (U)o = Vi Vi |,.

In order to have a local minimum of Z at o, one needs that ViV Z'|, > 0 forcing

slo > 0 — in the signature (+ — ——). Without loss of generality, one can then set
s=2 at o, (18.26)

and
1°0°®,, =0 on ¥, near o. (18.27)

In this construction there is still the freedom of specifying the value of d¥ at o.
Adapting the arguments of Section 18.1.2 one can set a characteristic initial value
problem on .4, for the wave Equation (18.7) in such a way that

Rlg]=0 on Jt(A;) near o. (18.28)
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The coordinates and the frame near o

A convenient four-dimensional description of the null cone .4, is obtained using
g-normal coordinates y = (y*) centred at o; see Sections 2.4.5 and 11.6.2.
Accordingly, one has that y*(0) =0, g, (0) =Nuv, Orguv(0) =0 and ',V x(0) =0.
These properties can be more concisely summarised in the expression

Y9 = Yy in a neighbourhood of o. (18.29)

In these coordinates, for fixed (y*) # 0 one has that the curve v : ¢ — ¢y* is a
geodesic through o and that

Mo ={y" € R* [nuyty” =0, y° > 0}

Thus, in these coordinates the null cone A, can be thought of as being the null
cone through the origin in Minkowski spacetime.

Associated to the g-normal coordinates, it is natural to consider a normal
frame centred at o, that is, a frame {e,} which, in a neighbourhood U of o,
satisfies g(eq,ep) = 7ap and Vse, = 0 for any geodesic passing through o.
Without loss of generality, one can assume that the frame coefficients in e, =
eqt 0, satisfy eq”(0) = do". Using the properties of the exponential function, it
can be shown that the frame coefficients e,* depend smoothly on the coordinates
(y*). It can then be verified that g(%, eq) is constant along ~. Moreover, using
that g, = nabw“#wby, it can be shown that

yu(;liaeay(y) = yya y“nuyeay(y) = y“mytsa”. (1830)

The above conditions can be regarded as an alternative definition of normal
coordinates. More precisely, if a set of coordinates y = (y*) and frame coefficients
{ea"} satisfy the conditions in (18.30) the metric components g,, will satisfy
condition (18.29).

To complete the discussion, it is convenient to introduce the vector field
y(y) = y" 0, tangent to the geodesics through o. One then has

y(o) =0, (Vuy”)|o =4,", Vyy=y.

Writing y in terms of a g-normal frame one has that y = y®e, where y%(y) =
0,%y”. Furthermore, using Vye, = 0 one concludes that

Y (Y)Tale(y) = 0,%Y" Tabe(y) = 0, close to o.

The coordinates y = (y*) and the frame {e,} satisfying the conditions
discussed in the previous paragraphs will be collectively known as a nmormal
gauge. This gauge system is supplemented by a normalised spin frame {e4“}
satisfying yAA/VAA/eAB = 0 such that {eaa'} = {€a€a'} with eqn =
ocaa ®eq —here yAA/ is the spinorial counterpart of the vector y. In what follows,
all spinors will be expressed in components with respect to this type of frame.
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Adapted coordinates on A,

The coordinates y = (y*) introduced in the previous subsections provide
a convenient spacetime description of .4,. However, to analyse the intrinsic
geometry of the cone, one needs adapted coordinates. The construction of these
coordinates is similar to that of the coordinates (v,r,z*') used in the analysis
of the characteristic problem on 4" U .#~ in Section 18.1.1. The fundamental
difference is that, in the case of a cone, these adapted coordinates degenerate
at the vertex o. More precisely, one can consider adapted coordinates x = (z#)
such that .#, is given as a level surface by the condition » = ' = 0 and v = 2°
is a parameter along the generators with tangent I — thus, I = 8,. The two-
dimensional spacelike surfaces Z;,, = {p € A | v(p) = ve} satisfy Z,, ~ S?,
except for the limit case 25 = {0} which is a point. As in Section 18.1.1, ()
denote local coordinates on %, . On .4, the covector n’ = dr is null and normal
to A,. The coordinate r can be chosen so that one has the usual normalisation
g(l,n) = 1. Finally, the vectors I and n can be completed to a frame by choosing
a pair of complex conjugate vectors m, m € T(%,,), for ve # 0, such that
g(m,m) = —1. As in Section 18.1.1 the vectors m and mm can be parallelly
propagated along the generators of .4, off some fiduciary section 2, .

18.4.2 Null data on the cone

As in the case of the characteristic problem on .4 U.# ~, there are several ways of
prescribing the free data. The most physically meaningful specification consists
of the so-called radiation field encoding information on the two components
of the Weyl tensor with the slowest fall-off at null infinity, and can be thought
of as describing the two polarisation states of incoming radiation.

To describe the null data, let, as in previous sections, I denote the vector
tangent to the generators of the null cone .4;. As 1 is a null vector, there exists a
spinor k* such that (44" = k4z4" with ZAA‘/ the spinorial counterpart of I. The
spinor x? is defined up to a phase K — eYx4 with ¥ € R constant along the
null generators. The radiation field is then defined as the component

b0 = kKPP papcp

of the rescaled Weyl spinor. Due to the phase ambiguity in x4, the radiation
field is a spin-weighted quantity. The information encoded in the radiation field is
equivalent to information on the pull-back of dupeql®l¢ to A,. More precisely, if m
and m are complex vectors tangent to the sections of .4, such that g(I,m) = 0,
then it follows from the symmetries of the Weyl tensor that ¢g = dgpeql®mPlIcm?.

Solving the constraints on A,

In analogy to the characteristic problem on .4” U .#~, and making use of the
adapted coordinates = = (v,r,2**) and of the frame {I, n, m, m}, the conformal

https://doi.org/10.1017/9781009291347.023 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291347.023

18.4 The asymptotic characteristic problem on a cone 501

Einstein field equations split into equations transverse and intrinsic to .4,. The
intrinsic equations divide, in turn, into propagation equations (i.e. ordinary
differential equations) along the generators of the cone and constraints which
need to be solved only at a particular cut. Assuming the conformal gauge
discussed in Section 18.4.1, the knowledge of the radiation field ¢ on .4, allows
one to compute the value of the remaining conformal fields in a neighbourhood
of 0o on #,. More precisely, one has the following;:

Proposition 18.2 (reduced initial data for the asymptotic characteristic
problem on a cone) In the conformal gauge given by conditions (18.26),
(18.27) and (18.28), the transport equations induced by the conformal Finstein
field equations and the structure equations on A, uniquely determine the fields =,
s, PaaBp and dapcp on AN, once the radiation field ¢o has been prescribed.
The resulting fields satisfy the constraint equations on A,.

Details on this result can be found in Friedrich (2014b).

Evaluating formal derivatives on A,

In addition to solving the constraint equations on .4, and in order to apply the
theory of characteristic problems on a cone, given a choice of radiation field, it is
necessary to show that the (formal) derivatives of any order of the conformal
fields can be determined on the null cone along the generators of .4,. This
analysis is analogous to the one discussed in Section 18.3.1 for the characteristic
problem on A4 U .. In the present case, however, the analysis is more delicate
as the set & = A4 N ¥~ shrinks to a point, so that the information for the
integration along the generators has to be extracted solely from the null data.
The key result is the following (see Friedrich (2014b)):

Proposition 18.3 (computation of formal derivatives at the vertex) In
a neighbourhood of the point o let the fields 2, s, Paa'Bp ®aBCD, €ant,
TF'aa'Bc be smooth and be expressed in an o-centred normal gauge and a
conformal gauge satisfying Equations (18.26), (18.27) and (18.28). If the above
fields satisfy the conformal field equations, then the Taylor expansions of the fields
2,8, Paarpp and papep n a suitable neighbourhood of o are determined by
the null datum ¢q.

Remark. In the above proposition, the neighbourhoods of o are spacetime
neighbourhoods in the ambient manifold M’ containing the cone .A4;.

18.4.3 The existence result

The setting described in the previous paragraphs leads to the following existence
result, adapted from Chrusciel and Paetz (2013):
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o=1

Figure 18.4 Schematic representation of the set up for the asymptotic
characteristic problem on a cone. The existence results are restricted to a
neighbourhood U of o in J* (o).

Theorem 18.2 (local existence for the asymptotic characteristic prob-
lem on a cone) For any smooth prescription of the radiation field ¢o on the null
cone at the origin of the Minkowski spacetime, A,, there exists a neighbourhood
U C JT(0) of 0, a smooth metric g and a smooth function Z such that:

(i) N, is the light cone of o for g.
(i1) =0 on A,.
(iti) d= =0, Hess=Z # 0 on o.
(w) d= # 0 on 0J (o) NU \ {o}.
(v) The function = has no zeros on UNI*(0) and the metric g = = 2g satisfies
the vacuum FEinstein field equations on U N I+ (0).

Moreover, the rescaled Weyl spinor papcp of the pair (g,Z) extends smoothly
across N, and the restriction of apcpeo” coCeo®eo” to N, \ {0} coincides with
the prescribed radiation field ¢o. The solution is unique up to isometries.

Remark. It follows from points (ii), (iii) and (iv) that the set .4, \ {o}
corresponds to the past null infinity £~ of the resulting spacetime, while the
vertex o is its past timelike infinity ¢~. A schematic representation of the set up
of the above theorem is given in Figure 18.4.

The proof of the above theorem, as given in Chrusciel and Paetz (2013), makes
use of the metric version of the conformal field equations and the associated wave
equations discussed in Paetz (2015); see also Section 13.5.2. The reason behind
the use of a hyperbolic reduction based on wave equations — as opposed, say, to
the first-order symmetric hyperbolic systems used throughout this book — lies
in the fact that the available theory of characteristic problems on a cone is well
understood for this type of equations; see Dossa (1986, 2002).

18.5 Further reading

Characteristic problems in general relativity have a long history. The first sys-
tematic discussion has been given in Sachs (1962c). Further classical discussions
can be found in Penrose (1965, 1980) and Miiller zu Hagen and Seifert (1977).
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A review on the various approaches to the problem, including an analysis of the
possible choices of free data, can be found in Chrusciel and Paetz (2012); this
reference provides a convenient point of entry to the literature on the subject.

The basic theory of asymptotic characteristic initial value problems for
the conformal field equations has been developed in the articles by Friedrich
(1981a,b). A version of Theorem 18.1 in the analytic setting was given in Friedrich
(1982). This result has been extended to the smooth setting in Kdnnar (1996b)
using the reduction to an auxiliary Cauchy problem given in Rendall (1990).
The geometric set up for the asymptotic characteristic problem on a cone has
first been given in Friedrich (1986¢). The relation between Taylor expansions at
the vertex of the null cone and the interior equations implied by the conformal
Einstein field equations has been examined in Friedrich (2014b). The existence
result for the characteristic problem in the cone has been given in Chrusciel
and Paetz (2013). Characteristic problems on a cone are less studied than those
on intersecting null hypersurfaces. A good point of entry to the literature is
Choquet-Bruhat et al. (2011).

Characteristic problems provide a natural approach to the construction
of solutions to the Einstein equations by means of numerical methods. An
advantage of this formulation is its clear-cut connection with the notion of
gravitational radiation; see, for example, Damour and Schmidt (1990). A review
on the subject can be found in Winicour (2012).

The characteristic initial value problem has been used in the seminal work by
Christodoulou on the collapse of a spherically symmetric self-gravitating scalar
field; see Christodoulou (1986).
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