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ON THE GENERALISED RUSCHEWEYH CLASS OF ANALYTIC
FUNCTIONS OF COMPLEX ORDER

O.P. AHUJA

The main object of this paper is to identify various classes of analytic functions
which are starlike, convex, pre-starlike, Ruscheweyh class of order a, /3-spiral-
like, /3-convex-spiral-like, starlike of complex order, complex of complex order, and
others as special cases of a family of analytic functions of complex order in the unit
disk. This makes a uniform treatment possible. Finally, we derive sharp estimates
for all coefficients of the functions from the family.

1. INTRODUCTION AND DEFINITIONS

Let A denote the family of functions / which are analytic in the unit disk A =
{z: \z\ < 1} and normalised such that /(0) = 0 = /'(0) —1. Denote by S the subfamily
of A consisting of the functions that are univalent in A.

An analytic function / is said to be subordinate to an analytic function g (written
/ <C g) if f(z) = g(u(z)), z £ A, for some analytic function w with w(0) = 0 and
|w(z)| < 1 in A. The Hadamard product of two power series

k=0 *=0

is defined as the power series

oo

(/ * 9){.z) = / akbkz > z £ A.

Denote Dx: A-» A the operator defined by

(1 — z)

Notice that drx j = z, D°f = f, D1 f = zf, D2 f = z{f + zf"/2). Let #£[/!, B]
denote the class of functions / in A satisfying the condition

(1.2) 1 + ^ ^
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where A > — 1 and 6 ̂  0 is an arbitrary fixed complex number. We call H^[A, B] the
generalised Ruscheweyh class of analytic functions of complex order b. This is due to
the fact that the class

(1.3) KX := {/ e A: Re (^f) > 1/2, z € A} = H^+X)/2[l, -1]

was first introduced and studied by Ruscheweyh [22].

A function / € A is said to be in S[A, B] if (zf'/f) -C (1 + Az)/(l + Bz), and in
K [A, B] if (1 + zf'lf) < (1 + Az)/{\ + Bz) for some arbitrary fixed real numbers
A and B(—1 ̂  B < A ^ 1) and for all z in A. Such classes were investigated in [12,
13, 14, 26, 27], and others. In view of (1.1) and (1.2), it follows that

(1.4) f€S[A,B)#feHl[A,B],

(1.5) f e K[A, B] & f <E Hl[A, B}.

For a, a < 1, let

ST(a) := {/ G A: Re(zf/f) > a, z € A},

CV(ct) := {/ e A: Re(l + zf'/f) > a, z <= A}.

The functions in ST(a) and CV(a) are called, respectively, starlike of order a and
convex of order a in A. It is well known that CV(a) C ST(a) C 5 whenever
0 ̂  a ̂  1. We observe that for a < 1,

(1.6) ST(a) = ̂ - [ l , -1] , CV(a) = Hl~a[l,-I).

In fact, by setting 6 = 1 and for different choices of A, B (-1 < B < A < 1), the
class Hl\A, B] will give rise to various subclasses of 5T(0); for instance, the class

(1.7) Hi [1, - 1 + I/a] = {/ e A: \zf/f - a\ < a, z £ A}, a > 1/2.

was introduced in [30]. For other such classes which may be obtained from H^[A, B],

one may refer to [19, 26, 27].

Other larger sets are formed by /?-spiral-like functions of order a, denoted by
SP(3;a), and /3-Robertson (or ^-convex spiral-like) functions of order a, denoted by
RB{f3\ a ) . Here a and 0 are arbitrary fixed real numbers satisfying the conditions
—TT/2 < f3 < TT/2 and 0 < a < 1. These classes were introduced, respectively, in [16]
and [9]. We recall that

SP(/3; a) := {/ G A: Re (e^zf/f) > a cos/?, z 6 A},

RB(/3;a) := {/ 6 A: Re e'^(l + zf'/f) > QCOS/3, Z € A}.
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Equivalent conditions are

(1.8) / G SP(/3; a)*>f€ Hf" CO9/3[1 - 2a, -1 ]

(1.9) / G RB[fi; a) * / G Hf" COS/9[1 - 2a, - 1 ] .

Incidently, by fixing b — e~x® cos/3, |/3| < TT/2 and A = 0, we may obtain several
known subclasses of SP(/?;0) from the family IT*[-4, B\\ for instance, for — 1 ^ B <
vl < 1, a> 1/2, c + O l , < f < c < < Z + l , w e have

(1.10) ^ ^ [ . 4 , £ ] = { / € A: e '^ / ' / / « i ± i f cos/3 + i sin/3, * G A } ,

- * p + i s i n / 3 ) |

(1.11) < acos / ? , z G A }

(1.12) < dcosfl, z G A} .

Denote the classes defined in (1.10) to (1.12), respectively, by SP(/3; A, B), SP(/?;a)
and SP[/3;c, d]. These classes were introduced and studied in [10], [15] and [29], re-
spectively. Analogous subclasses of RB(@; 0), denoted by R£(/3; A, B), KB(/3; a ) , and
KB[y9; c, d], may be obtained by fixing b = e~x® cos/3, A = 1 and choosing appropriate
values of A and B. In fact, several such classes studied in [2, 4, 11 , 17, 18, 21] may
be related to the family Hb

x[A, B}.

Let R a be the class of pre-starlike functions of order a ; that is, / G K a if and
only if

Z

Re {f{z)/z) > 1/2 a = 1, z G A.

Note that

(1.13) sa(z) = z/(l-z)2-2a

is a well-known extremal function in ST(a). Ruscheweyh [23] observed that

/ G KQ o Re (D2~2af IDl~2af) > 1/2, z G A, a ^ 1.

Equivalently,

(1.14) / 6 Ra <* / e Hll?a[l, -1] , a < 1.
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It is known [28] that R a C S if and only if a ̂  1/2.

Given a < 1 and /? < 1, a function / in A is said to be pre-starlike of order a
and type /3, / G R(a, 0), if / * sa G 5T(/3). Note that R(a, a ) = Rai a < 1. The
class R(a , /?) was investigated in [25]. Using (1.1) and the identity

(1.15) z(Dxf)'= {\ + \)Dx+if-\Dxf, A>-1.

we may write

R(«, /?) = {/ G A: Re ^ ( D 1 " 2 " / ) ' / D ^ f ) > / J , ^ A},

and thus it follows that

(1.16) / G R(a, /?) O / G ffflfjl, -1] , a < 1, 0 < 1.

Let Ej(a) denote the class of functions / in A satisfying the condition

for some A > —1, a < 1, and for all z G A. We may call R*(a) the Ruscheweyh class

of order a. In view of (1.3) and the identity (1.15), we have RA((1 - A)/2) = Kx for

A > - 1 . For A = n G {0, 1, 2, . . .} and 0 < a < 1, the classes Rn(0) and Rn(a) were,

respectively, introduced in [31] and [1]. Also, note that Dnf = [z{zn~1 / ) ( n ) ) / n \ ,

n G {0, 1, 2, . . . } . Finally, we observe that

(1.17) / G RA(a) ^ / G Hl—[l, -1], a < 1, A > - 1 .

and

(1.18) RA(«) = H{[1 - a, -1] = Jrj[-a[l, -1] , 0 < a < 1.

Some such classes involving the Ruscheweyh derivatives and related to -ff̂ [j4, B] were
studied in [3, 5, 6, 7, 24].

Aouf and Nasr [8] introduced the class Sb of starlike functions of complex order
b (b ̂  0 and complex); that is, f £ Sb if and only if

An analogous class Cb of complex order b is defined by replacing zf /f in (1.19) by
(1 + zf"/f); see [8]. Equivalently, we have

(1.20) fesb&fe ffo
6[i, - l ]

(1.21) fcCb&fe jr»[i, - l ] .
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In view of the relations witnessed in (1.3) to (1.12), (1.14), (1.16) to (1.18),
(1.20) and (1.21), we conclude that the notion of the generalised Ruscheweyh class,
S^[A, B], of analytic functions of complex order b, unifies several subclasses of A.
Thus a study of H{[A, B) may lead to information about Kx, S[A, B], K[A, B],
ST(a), CV(a), SP{P;a), RB(8;a), SP(/3;A, B), SP(/?;a), SP[/3;c, d], RB(I3;A, B),
Rm3;a), RB[/?;c, d], Ra, R(a, /?), R A ( " ) , Sb, Cb, and those obtained by choosing
A ̂  2 and suitable values of the parameters b, A and B. Finally, we obtain sharp
coefficient estimates of the functions in H^[A, B].

2. COEFFICIENT ESTIMATES

LEMMA 1. [20] Let

p=q

If g(z) = w(z)G(z) where w(0) = 0 and |w(z)| < 1 in A, then dq = 0 and

Jb-i

p=q+l p=q

LEMMA 2 . For a Axed integer m, m > 3, let

__ _ \(A-B)b-(j-2)B\2 ,

and

Then

m - l

E
p=2

(2.1) -(p - I)2} (C(A, p))2 f [ M,) =
i2 }=2

PROOF: We shall prove (2.1) by mathemat ica l induction on m . A brief calculation

shows tha t (2.1) holds for m = 3 . Assume tha t (2.1) is valid for m = 4, 5, . . . , < — 1;
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then for m = t, the left side of (2.1) gives

{(t-l)C(X,t)J [(A~B> V

f [ Mi + {\(A - B)b -(t- 2)B\2 - (t - 2)2}(<7(A, t - I ) ) 2
t-i

t-x

; = 2

This concludes the proof of (2.1) 0
OO

THEOREM. Let / € Hb
x[A, B], and f{z) = z+ 2 o-kz

k, ze A. Then
Jb=2

and if \{A-B)b-B\ <1 and k ̂  3, then

(2 3)(2-3)

Furthermore, if \(A - B)b - (k - 2)B\ > (k - 2), Jfc > 3 , let

\\{A-B)b-{k-2)B\]
[ i - 2 J

be the greatest integer less than or equal to the expression within the square bracket.
Then

k

(2.4) \ak\ < (1/(A + l ) t _ j ) J ] \(A - B)b - (j - 2)B\
; = 2

for k = 3, 4, . . . , M + 2; and

(k 2V M+a

- a - 2)B\
*-» i=2
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for k> M + 2. The bounds in (2.2) to (2.4) are sharp for all admissible b, X, A, B,
and for each k.

PROOF: From (1.2), we have

for some analytic function w with w(0) = 0 and |w(z)| < 1 in A. On simplification,
(2.6) yields

(A + 1)(1 + Bw)Dx+1f = {X + 1 + {(A - B)b + (X + l)B}u}Dxf,

that is,

(2.7)
(A + 1){DX+If - Dxf) = ({{A - B)b + (A + l)BJDxf - B(X +

Since

p=2

and C(X + 1, p) = ((A + p)/(A + 1))C(A, p), it follows that (2.7) is equivalent to

2 ^ (p - 1)C(A, p)apz
p = I 2^{{A - B)b - (p - l)B}C(X, p)api

p=2 \p=l

where aj = 1. Using Lemma 1, we have

) 2 | a | 2 < f ; | (A 5 ) 6 (p 1)2?|2 ((C(A p ) ) ) 2 | a | 2(p - 1)2(C(A, p))2 |ap|2 < f ; |(A - 5)6 - (p - 1)2?|2 ((C(A, p)))2 |ap|2 ,
p=2 p=l

which simplifies to

p=2

for every k = 2, 3, For fc = 2, we have

- (p - 1)5|2 - (p - 1)2}(C(A, p))2 |ap|2)

2^({A-B)\b\
' ^ ' A+l
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which proves (2.2). Suppose \(A - B)b - B\ ^ 1 and fc ̂  3 . Then it follows that

\(A-B)b-(k-2)B\ O-2, fc^3.

Since all the terms under the summation in (2.8) are non-positive, we obtain

which establishes (2.3). However, if

|(A - B)b - (fc - 2)B\ > (fc - 2), fc^3,

then all the terms under the summation in (2.8) are positive. We shall establish (2.4)
for integer A; ^ 3 and k ̂  M + 2, from (2.8), by mathematical induction. For fc = 3,
(2.8) contributes

l7^f(A-B)\b\\(A-B)b-B\|asi < i
which proves (2.4) for k = 3. Suppose (2.4) holds for fc = 4, 5, . . . , m — 1. Then for
fc = m, (2.8) yields

£ {\(A - B)b - (p - 1)5|2 - (p - 1)2}(C(A, p))2 \ap\
2)

p=2 '

=n
by Lemma 2. It is now easy to show that (2.4) holds for fc ̂  M + 2. Finally, suppose
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k > M + 2. Then we may write (2.8) as

M + 2

( " B)b~(p"

-(P-l)2}(C(A)P))2|ap|2
H

-(P-l)2}(C(A)P))2|ap|2)

t - i

p=M+i

M+2

E

M+2

= / ( M + 2)C(A, M + 3) \ 2 ̂  |(ii - B)b - (j -
(fc-l)C(A,*) ,/ 1=1 (A + j - 1 )

i=2

2M+S

by an application of Lemma 2; and thus (2.5) immediately follows from the above. The
equality in (2.2) and (2.3) are attained for the functions fk given by

z f,(l + ^ I ^ 1 " ' - 1 1 , B * 0
* (1 - z)x+1 \ z exp {Abz^ /(* - 1)), B = 0

where |(A — B)b — B\ < 1. Finally, the inequality (2.4) is sharp for the function /
given by

J' z { \ } )

*(l-z)x+1 [zexp(Abz), B = 0,

where \{A - B)b - {k - 2)B\ > Jfe-2, Jfc ̂  3. D

REMARKS. On choosing appropriate values of the parameters b, A, A, B in the above
Theorem, we may obtain the sharp estimates for all coefficients of the functions in sev-
eral subclasses of A. For instance, using the relations (1.3) to (1.6), (1.8) to (1.12),
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(1.14), (1.16), (1.18), (1.20) and (1.21), the Theorem will yield the corresponding coeffi-
cient estimates of the functions in the classes K\, S[A, B], K[A, B], ST(a), CV(a),
SP({3;a), RB((3, a ) , SP(/?;A, B), SP(/?;a), SF[/3;c,d\, Ra, R(a, /9) , RA(a) , Sb and
Cb, respectively. In particular, the above Theorem generalises the results for the classes
studied in [8, 10, 12, 16, 18, 26] and several others.
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