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Abstract

For a given set S C N, Rg(n) is the number of solutions of the equation n = s+ s, s < §’,s,5 €S.
Suppose that m and r are integers with m > r >0 and that A and B are sets with AU B =N and
AN B={r+mk:keN}. We prove that if R4(n) = Rp(n) for all positive integers n, then there exists
an integer [ > 1 such that » = 2% — 1 and m = 22*! — 1. This solves a problem of Chen and Lev [‘Integer
sets with identical representation functions’, Integers 16 (2016), A36] under the condition m > r.
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1. Introduction

For a given set S C N, the representation function Rs(n) is the number of solutions
of the equation n = s + 5" with s < s, 5,5 € S. For a nonnegative integer a and a
set of nonnegative integers S, we define the sumset a + S ={a + s : s € §}. Define
R4 p(n) to be the number of solutions of @ + b = n witha € A, b € B. The representation
function was studied by Erdds, Sarkozy and Sés in a series of papers many years ago
(see [3-7]). Sarkozy asked whether there exist two integer sets A and B with infinite
symmetric difference and R4(n) = Rg(n) for all large enough integers n. In 2002,
Dombi [2] proved that the set of positive integers can be partitioned into two subsets
C and D such that R¢(n) = Rp(n) for every positive integer 7.

Let A be the set of those nonnegative integers that contain an even number of
ones in their binary representation and 8 =N\ A. Put A = AN IO, 2/~ 1] and
B, =8Bn10,2! —1]. In 2017, Kiss and Sandor [8] gave the following extensions of
Dombi’s result.
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Tueorem 1.1 [8, Theorem 2]. Let C and D be sets of nonnegative integers such that
CUD=Nand CND=0,0¢eC. Then Rc(n) = Rp(n) for every positive integer n if
and only if C=Aand D= B.

THeorem 1.2 [8, Theorem 3]. Let C and D be sets of nonnegative integers such that
CUD=[0,mland CND =0,0eC. Then Rc(n) = Rp(n) for every positive integer n
if and only if there exists a natural number | such that C = A; and D = B,.

In 2016, Chen and Lev [1] obtained the following result.

TueorEM 1.3 [1, Theorem 1]. Let I be a positive integer. There exist sets C and D such
thatN=CUD,CND=Q2%-1)+ 2" - )N and Rc(n) = Rp(n) for every positive
integer n.

There are many investigations of partitions and their representation functions (see,
for example, [9, 11-15]). In [1], Chen and Lev posed the following two problems.

ProBLEM 1.4. Given that Rc(n) = Rp(n) for every positive integer n, C U D =N and
C N D =r+mN with integers r > 0 and m > 2, must there exist an integer [ > 1 such
that r =2% - 1,m =2%*1 — 17

ProBLEM 1.5. Given that Rc(n) = Rp(n) for every positive integer n, C U D = [0, m]
and C N D = {r} with integers r > 0 and m > 2, must there exist an integer | > 1 such
thatr =2% —1,m=22"1-2,C=AyUQR* -1+ By)and D = By U 2% — 1 + Ay)?

In 2017, Kiss and Sandor solved Problem 1.5 affirmatively.

TueorEM 1.6 [8, Theorem 7]. Let C and D be sets of nonnegative integers such that
CUD=[0,m]and |CND|=1,0eC. Then Rc(n) = Rp(n) for every positive integer
n if and only if there exists a natural number [ such that C = Ay U 2% — 1 + By)) and
D=%5,U (221 -1+ Ay).

Recently, Li and the second author of this paper focused on Problem 1.4 and
obtained the following result.

Tueorem 1.7 [10, Theorem 1.2]. Let m > r > 0 be integers. Let A and B be sets of
nonnegative integers such that AU B =N and ANB={r+mk:keN}. If Ra(n) =
Rg(n) for every positive integer n, then there exists an integer [ > 1 such that r = 22! — 1.

In this paper, we solve Problem 1.4 affirmatively under the condition m > r.

TueoreMm 1.8. Let m > r > 0 be integers. Let A and B be sets such that AU B =N and
AN B={r+mk:keN}. IfRy(n) = Rp(n) for every positive integer n, then there exists
an integer 1 > 1 such that r = 2% = 1 and m = 2**+! — 1.

Throughout this paper, the characteristic function of the set C is denoted by

oo [0 ifrec
XDV dfrec,

and C(x) denotes the set of integers in C that are less than or equal to x.
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2. Lemmas

Lemma 2.1 [8, Claim 1]. Let 0 < r| < --- <rg < m be integers. Then there exists at
most one pair of sets (C, D) such that C U D =[0,m],CND={r,...,rs}, 0 C and
Rc(k) = Rp(k) for every k < m.

Lemma 2.2. Let I > 1 be a positive integer and let E, F be sets of nonnegative integers
suchthat EUF =1[0,3-2% -2],0€ Eand EN F = {2* = 1}. Then Rg(n) = Rp(n) for
every positive integer 1 <n <3 -2% —2 ifand only if
E:=AyUQ¥-1+8y) U —1+(Byn[0,27 -2])u{3-2% -2}, (2.1)
F =8y U Q" —1+Ay) U@ 1+ (Ayn[0,2% - 2))). (2.2)

Proor. Sufficiency. It is easy to verify that EU F =[0,3-2% -2],0€ Eand ENF =
22— 1),
First, if 1 <n < 22! -2, then

Re(n) = Ry, (n) + Ry 3, (n — (2% = 1)), Rp(n) = Rg, (n) + Ry, 3, (n — (2 = 1)).
By Theorem 1.2, Rg(n) = Rp(n).
Next, if 2241 -2 <n <3 -2% — 3, then
Re(n) = Ra, 8,(n — (2% = 1)) + Ra, 8,(n — (2*' = 1)) + Rg, (n — 22* - 1)),
Rp(n) = Ra, 8,(n — (2% = 1)) + Ra, g, (n — 2% = 1)) + Ra, (n — 2(2* - 1)).
Again, by Theorem 1.2, Rg(n) = Rp(n).

Finally, suppose that n=3-2% —2. Since 0 and 3-2% —-2¢ E, 2* -1 and
22[+1 —1le F,

Re(3-22 —2) =1+ Ra, 5,2% - 1) + Rg, (2%,
Rr(3 - 22[ -2)=1+ Rﬂzl,321(22[ -D+ Rﬂz[(zzl)'
By Theorem 1.2, Rp(3 - 2% —2) = Rp(3 - 2%/ - 2).

Necessity. The necessity follows from Lemma 2.1 and the sufficiency.
This completes the proof of Lemma 2.2. O

Lemma 2.3. Let (S1,S2) and (A1, Ay) be two pairs of finite sets such that S| C Ay,
Sr)CA)y, S1NS,=AINAyand S1US, =A1UAy. Then S| =A, and S, = A,.

Proor. Noting that, for any two finite sets A and B, |A U B| = |A| + |B| — |A N B|, we

have |S| + |S2| = |A1] + |A3|. It follows from S| C Ay and S, C A, that |S ;| = |A;| and
|S»] =|A>|, and then S| = A; and S, = A,. O
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3. Proof of Theorem 1.8

By Theorem 1.7, there exists an integer [ > 1 such that » = 2% — 1. Let E and F be
asin (2.1) and (2.2). If m > 2**! and 0 € A, then

AG -2 -2)uB@B-2*-2)=10,3-2% -2],
AG-2"—-2)n BB - 2% —2)= (2% - 1).
Moreover, for 1 <n<3-22 -2,
Raz221-9y(n) = Ry(n) = Rp(n) = Rpz.02_9)(n).

By Lemma 2.2,
AG-2"-2)=E, BB3-2Y-2)=F.

Noting that 0 € A, 1 € B,,,2% — 1 € Ay and 3-2% -2 € A,
Ra(3-2% = 1) = Ra, 8,(2*) + Rg,, 2% + 1) + ya(3 - 2% - 1).
Rz(3-2% = 1) = Ra, 8,(2*) + Rg, 2% + 1) - 1.

By Theorem 1.2, Rs(3-2% — 1) > Rp(3 - 2% — 1), which is a impossible. Hence
m < 221 Tt is sufficient to prove that if 2% — 1 < m < 2?*1 — 1, then R4(n) = Rp(n)
cannot hold for all positive integers 7.

Now we assume that 2%/ < m < 22! —2 and 0 € A. Let

M=2"—-1+m.
Since 2%+ — 1 <M <3-2% -3 by Lemma 2.2,

E(M)UF(M) =[0,M], EM)nFM)={{2% -1}, (3.1)
Reany(n) = Rg(n) = Rp(n) = Rpan(n) forl <n < M. (3.2)

Moreover,
AM)UBM —1)=[0,M], AM)NBM -1)={2* -1} (3.3)

Since R4 (n) = Rp(n) for every positive integer n and 0 ¢ B, for 1 <n < M,
Ray(n) = Ra(n) = Rp(n) = Rp-1)(n). (3.4)
By (3.1)—-(3.4) and Lemma 2.1,
A(M)=EM), BM-1)=FM). (3.5)

Hence, yr(M) = 0.
Let 7 be be an arbitrary nonnegative integer such that the conditions M < M + t and
M +t+1<3-2% —-2both hold. Then 0 < ¢ < 2% — 2. Write

S1:=(ENAM+HUFM+1)\ BIM +1)),
Sy:=(FNB(M+1HU(EM+1t)\ AM +1)).
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Noting that
EM+)UFM+16)=[0,M+1t] =AM + 1)U (B(M + 1) \ {M}),
we find

S1CAM +1), S,CBM+1)\{M},
SIUS, =EMM+0DUFM+1) =AM +1)U(BM + 1)\ {M}).
S1NSy =AM +1)N(BM +1)\ {M})={2% - 1}.

By Lemma 2.3,
Si=AM +1), So,=BM+1)\{M}. (3.6)

For M +t<n<3-2% -2, write
T1(t,n) = Rppu_oy m+on\Am+n (1),
T5(t,n) = Rppa_p) Em+opnam+n (@),
T5(t,n) = Rpoa_g) pm+o\ B+ (),
T4(t, n) = Rppa_2) pm+o\Bm+n (7).

Then

[E(M + )\ AM + 1) =Ti(t,n) + T(t,n), (3.7)
|F(M + 1)\ BIM + 1) = T3(t,n) + Ta(t, n). (3.8)

In fact, if E(M + 1)\ A(M + 1) =0, then T(t,n) = To(¢t,n) =0 and (3.7) holds. If
EM + 1)\ A(M + 1) # 0, then write

EM+H\AM + 1) ={ey,...,e}.
By (3.5), e1,...,e, > M + 1, and it follows that
0<sn-e<3-22-2-M+1)<2* -2 fori=1,...,h
Noting that
EQ¥-2)UFQ2¥ -2)=10,2"-2], EQ¥-2)nFQ2*-2)=0,
we see that

h h
Ti(t,n) + Ty(t,n) = ZXE(ZZ’—Z)(”Z —e)+ Z)(F(zzl—z)(” —e)=h

i=1 i=1

Hence, (3.7) holds. Similarly, we can obtain (3.8).
Since M +1<3-2% -2 <22%2 <M + 2,

Rem+n (1) = Renaymsn(n) + Rpoa_oy Egm+aga+n (1)
= REenaym+n(n) + T1(2, n).
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Thus, by (3.6),
Ram+n(n) = Rignaym+n(®) + T3(t,n)
= Reau+n(n) — T1(t,n) + T3(t, n). 3.9
Similarly, by (3.6),
Rpm+n(n) = Ry () + xr(n — M)

= Rrnpym+n(n) + To(t,n) + xp(n — M)
= Rrm+n(n) — Ty(t,n) + To(t,n) + xp(n — M). (3.10)

By (3.9) and (3.10),
Raresy(M + 1+ 1) = Raggry(M + 1+ 1) + ya(M + 1+ 1)
=Remsrey M+t + 1) —xeM +t+ 1) =T, M+t +1)
+ T3, M+t+ 1)+ xyaM+1t+1), 3.1D)
Rpsrsy(M +t + 1) = Rpaypsny(M + 1 + 1)
= RF(M+,+1)(M +t+1)—T4(t, M +1t+1)
+To(t, M +t+ 1)+ yp(t+1). (3.12)

Noting that
Rymy(n) = Rpiy(n),  Rewy(n) = Rpgy(n),

by (3.9) and (3.10),
T\ M+ +Tt, M+0)+xr@®) =T3(t, M + 1) + T4(t, M + 1),
and by (3.11) and (3.12),

T3 M+t+ D)+ T4, M+t+ D)+ xa(M+1t+1)
=TI M+t+D)+Tot, M+t + 1)+ xyg(M+t+ 1)+ yp(t+1).

By (3.7) and (3.8),

[E(M + 1)\ AMM + t)| + xp(t) = |F(M + t) \ B(M + 1)|. (3.13)
|F(M +t)\ BIM +t)| + yaA(M +t+1)
=|EIM+ ) \AM + )|+ xe(M +t+ 1)+ xyp(t+1). (3.14)

By (3.13) and (3.14),
Xr@O+xaM+t+ D) =xyegM+t+ 1)+ yp+1). (3.15)
If M is odd, we can write

21-1
M = 221+1 —1+ Z bizi’
i=1
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where b; € {0, 1}. Since y (M) = 0, it follows that yg, (3" b;2") = 1 and so
21-1

X3+ 2 = 2= M) = xm( Y1 = b2 +1)= 1,
i=1

21-1
Yr(3-22 —3 M) =st,( - b,~)2i) - 0.
i=1

But then by (3.15), x4(3 - 2%/ — 2) = 2, which is impossible.
If M is even, then there exists an integer f € {0, 1,...,2] — 2} such that

21-1

M =22+ _ +§f:2f+ Z b2,
i=0

i=f+2

where b; € {0, 1}. Since y¢(0) = 0, yr(1) = 1, it follows from (3.15) that yg(M + 1) =0
and so

21-1

mﬂ(z«f“ vy b,»zi) ~ 1. (3.16)
i=f+2
Moreover, yr(M) = 0, so that
f 20-1
ng,(Zzu D b,»zi): 1. (3.17)
i=0 i=f+2

By (3.16) and (3.17), it follows that f is odd, so that

20-1
K32 =2 M) = s ) (1= b2 427 =1,
i=f+2
20-1
e 22 =3 = M) :XBZ,( 3 -bpri+ 2 - 1) 0.
i=f+2
By (3.15), x4a(3 - 2% = 2) = 2, which is impossible.
This completes the proof of Theorem 1.8.
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