
ON THE STRONG SUMMABILITY BY TRIANGULAR MEANS OF 
THE DERIVED F O U R I E R SERIES AND ITS CONJUGATE SERIES 

N a r e n d r a K . Govi l 

( r e ce ived Augus t 10, 1966) 

1 . 1 . The t r i a n g u l a r m a t r i x (A) = (X ) , w h e r e 
n, k 

n = 0, 1, 2, . . . : k = 0, 1, 2, . . . ; and X . = 0 for k > n is r e -
n, k 

gu l a r (in the s e n s e of defining a r e g u l a r s e q u e n c e to s e q u e n c e 
t r a n s f o r m ) if 

(i) l im X = 0 for e v e r y fixed k ; 
n, k 

n-^oo 

n 
(ii) 2 |X J < M , independen t ly of n ; 

k=0 U' k 

(iii) l im 2 X , = 1 . 
n, k 

n-*-oo k 

A s e r i e s 

( 1 .11 ) a + a + a + . . . + a + . . . 
0 1 2 n 

is said to be s t r o n g l y s u m m a b l e (A) or s u m m a b l e [A ] to the 
s u m S, if 

n 
(1 .12) S \ , |S - Si = o( l ) a s n->co, 

k=o n ' k k 

{S } be ing the s u m of the f i r s t (k + 1) t e r m s of the s e r i e s (1 .11) 

In the following t h r e e c a s e s : 
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(a) X , = - 7 7 (k < n) ; 
n, k n+1 — 

<b) Vk= r 4
 (k^n); 

(k + l ) S 
j=o <'«> 

summabil i ty [ A ] becomes respect ively summabil i ty Cesàro 
[C, 1] , a Riesz summabili ty equivalent to [R, log n, l ] , and 

Nôrlund summabil i ty [N, ] . 

Every s e r i e s with bounded par t ia l sums and summable 
[C, r ] for some r > 0 , is also summable [C, r 1 ] for any 
other r1 > 0 . 

1.2. Let f(t) be a function of bounded variat ion with 
period 2TT . Let the Four i e r s e r i e s of f(t) be 

00 
A 

(1.21) — a + S (a cos nt + b sin nt) . 
2 o . n n 

1 
Then the derived Four ier se r ies of f(t) and the se r i e s 

conjugate to the derived Four i e r s e r i e s a re respect ively 

(1.22) E n(b cos nt - a sin nt) 
n n 

n=l 
and 

(1.2 3) 2 n(b sin nt + a cos nt) 
n n 

1 

2. In generalizat ion of two theorems proved by Prasad 
and Singh [ l , 2], the following theorems a re establ ished. 
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THEOREM 1. Let (X ) be a regular sequence to se -
n, K. 

quence tr iangular matr ix , satisfying the additional condition 

(2.1) lim 2 (AX , | = 0 (AX = \ -X ). 
. - n, k n ,k n,k n,k +1 

n-*oo k=0 
Let f(t) be a continuous function of bounded variat ion with 
period 2TT , such that 

(2.2) G(t) =• / |dg(u)j = o { L ( ^ / t ) } a s t - 0 , 
t 

0 

where 

(2. 3) g(u) = g(x, u) = f(x+u) + f(x- u) - 2uf!(x) , 

f!(x) being the f irst generalized derivative of f(t) at t = x , and 
fur thermore 

(2.4) L ( u ) > 5 > 0 ( u > u ) , f™~T7-;<™-
— o J uL(u) 

Then the se r i e s (1.22) for t = x is summable [ A ] to f*(x) , 
provided that f!(x) exis ts . 

THEOREM 2. Let the ma t r ix (X J be as in Theorem 
n, k 

1. Let f(t) be a continuous function of bounded variat ion with 
period 2TT , such that 

( !dh(u) '= ^ÛUW} as ^ ° ' 

where 

h(u) = f(x + u) + f(x- u) - 2f(x) , 

and fur thermore L(u) satisfies the two conditions of Theorem 1. 
Then the se r ies (1.2 3) for t = x is summable [ À ] to 

1 /"* 2 
H(x) = - — / h(x) cosec x/2 dx 

4TT J 
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p r o v i d e d tha t th i s i n t e g r a l e x i s t s a t the l o w e r l i m i t in the u s u a l 
C a u c h y ! s s e n s e . 

In o r d e r to p r o v e the t h e o r e m s , we need the fol lowing 
l e m m a . 

L E M M A . [3 , t h e o r e m 6 ] . F o r a funct ion f(t) of bounded 
v a r i a t i o n wi th p e r i o d 2TT , con t inu i ty i s equ iva l en t to 

lim 2 |Xn k | k( |akJ + I b J ) = o 
n-*-oo k=0 ' 

w h e n e v e r (X ) i s a r e g u l a r s e q u e n c e to s e q u e n c e m a t r i x 
n, K 

sa t i s fy ing condi t ion ( 2 . 1 ) . 

3. P r o o f of t h e o r e m 1. If S (x) d e n o t e s the s u m of 
n 

the f i r s t n t e r m s of the s e r i e s (1 .22 ) , a t t = x , we ge t 

o / N 1 r2jT d f s i n ( n + l / 2 ) ( x - u h , , x -, 
S (x) = — / — { \ , " ' } f u du . 

n 2TT J dx u s m ( x - u ) / 2 J 

o 

Fo l lowing P r a s a d and Singh [ l ] , we ge t 

c t \ 1 r1* s in(n + l / 2 ) t 
S n ( x ) = T, I s i n t / 2 d g ( t ) + f . ( x ) , 

o 

w h e r e f !(x) d e n o t e s the g e n e r a l i z e d d i f f e r en t i a l coeff ic ient of 
f(t) a t t = x , and g i s g iven by (2 . 3) . 

T h e r e f o r e , put t ing e = £ (x) = + 1 in such a way as to 
v v — 

m a k e e {S (x) - f '(x)} > 0 for v = 1, 2, 3, . . . , we have 
v v — 

S X S (x) - f !(x) 
, n, y v 

v = l 

1 f* i x s i n ( y + l / 2 ) t 
= — / 2 e \ * dg(t) 

(3 .1 ) ^ J
0 v = 1 v n , v s i n t / 2 
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1 r" —— / cot t / 2 2 X . £ s in vt dg(t) 
2IT ^ n, v v v=l 

1 r* n 

+ — / S X e cos vt dg(t) 
£ir J . n, v v 

o v = l 
= P + Q , s a y . 

Fo l lowing P r a s a d and Singh [ l , p . 283] and [2] 

A IT 

I— f cos vt dg(t) | < v ( | a I + jb |) + o( l ) as v-* co 
TT J V V 

w h e r e a , b a r e the F o u r i e r coeff ic ients of f(t) , so tha t 
v v 

| Q | < f Z 7 I / W cos v t d g ( t ) | | \ n > v | 

n n 
(3 .2 ) < - 2 jx | v ( | a | + |b |) + o( 2 | \ j) 

— 2 ' n, v v v ' n,v 
1 1 

= o ( l ) a s n-** oo , by the l e m m a and by r e g u l a r i t y 
of (X J . 

n, k 

Le t £ > o be given; then by (2. 2), 5 f can be c h o s e n in 
o < ô f < TT and suff ic ient ly s m a l l tha t 

( 3 . 3) G(t) lu(j) < £ t for o < t < 5 f . 

To e s t i m a t e P , we then w r i t e 

P = 7 ~ ( J + / + / ) c o t t / 2 X (t) dg(t) 
17 o l / n 6 ' n 

s f (P , + P ? + P J , 
2TT 1 2 3 

w h e r e 
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n 
(3 .4 ) X (t) = 2 € X s in vt 

n v n, v 
v = l 

B u t 

n 
|X ( t ) | < 2 |X | v | s in t 

n — n, v 
v = l 

n 
< n Is in t | S |X 

v - 1 

T h e r e f o r e 

< M n | s i n t | , by r e g u l a r i t y of (X , ) 
n, K 

1/n 
| P | < M J n s in t cot t / 2 |dg(t) | 

o 

< 2M / n | d g ( t ) | 
o 

(3 .5 ) = 2Mn G ( l / n ) 

= °{tb> • h^z-z) 

= o ( l ) a s n-*-oo , by (2 .4 ) 

Also ( 3 . 4 ) , and the r e g u l a r i t y of ( X . ) , g i ve s a t once 
n, k 

|X ( t ) | < S |X I < M , 
n — n, v — 

v = l 

so tha t 

2 ' - 2TT 
P . I < — / cot t / 2 |dg(t) | 

1/n 

2 2 
Noting tha t t / 2 c o s e c t / 2 < 5 for o < t < TT , and using 

\ 
(2 .4 ) and ( 3 . 3 ) , i n t e g r a t i o n by p a r t s g i v e s , for a l l n > — , 
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f cot t/2 |dg(t)| 
1/n 

JE> ! r^ 1 2 t 
= [G(t) cot t / 2 T + J - c o s e c - G(t) dt 

1/n 

< G(6 ! ) cot 5 7 2 - G ( - ) cotT^- + 5e f 
n Zn J. 

dt 

1/n tL(±) 

< • £ « • • > « • • < • 

thus 

(3 .6 ) | P J < K £ for fixed Ô1 and for any n > l / 5 f . 

Las t ly define |3(t) to be an even function, vanishing for 
o < t < 5 f , and such that 

P . = 7 ^ f cot t / 2 X (t) dg(t) = r 1 / * \ (t) dp(t) ; 
3 2TT J . n 2TT •/ n 

51 o 

thus |3(t) i s a continuous function of bounded variat ion in 
[-ir, IT] , and 

n 
l P

3 ' ^ Z U^Jl.T.invtdflt)! 
v=l 

< i 2 \K > < l a ' | + |b' | ) , 
2TT . n, v 

v = l 
i i 

where a , b are the Four ier coeff ic ients of (3(t) . It then 
v v 

fo l lows by the lemrna that 

(3 .7 ) P = o ( l ) as n-*oo, for a fixed 5 ! . 
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Substitution of (3.2), (3.5), (3.6), (3. 7) into (3.1), and 
re ference to the definition of strong summabil i ty in (1 . 12), com
pletes the proof of theorem 1. 

We omit the proof of the theorem 2. 

I am thankful to Professor Q.I. Rahman for his kind help 
in the prepara t ion of this note. 
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