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A QUESTION ON MCCOY RINGS

ZHEN LEI, JIANLONG CHEN AND ZHILING YING

Nelsen [J. Algebra 298 (2006) 134-141] asked whether there is a natural class of
McCoy rings which includes all reversible rings and all rings R such that R[X] is
semi-commutative. In this paper, some new equivalent conditions of McCoy rings axe
given. One of them is used to answer this question in the affirmative. Finally, an
example is given which is McCoy and semi-commutative, but it is not reversible and
does not have the property that R[x] is semi-commutative.

Throughout this paper all rings are associative with identity. For a ring R, let R[x]
be the polynomial ring and Mn(R) be the ring o f n x n matrices over R. Eij{r) denotes
a matrix of which the (i, j) entry is r and others are 0. Recall that a ring R is said to be
reversible if ab = 0 implies ba — 0 for all o, b € R, and R is said to be semi-commutative
if ab = 0 implies aRb = 0 for all a, b € R. In [4], a ring R is called a McCoy ring if
the equation f(x)g(x) = 0, where f(x),g(x) € i?[i]\{0}, implies there exist s,t G R\{0}
such that f{x)s = tg(x) = 0.

Let C denote the class of rings R which have the property that R is both McCoy
and semi-commutative, and let V denote the class of rings R which have the property
that R[x] is semi-commutative. In [4], Nielsen asked whether there is a natural class of
McCoy rings which includes all reversible rings and V. In this paper, some equivalent
conditions of McCoy rings are proven and two examples are given to show that C is this
natural class, giving a positive answer to the question of Nielsen. At last, an example is
given which is McCoy and semi-commutative, but it is not reversible and does not have
the property that R[x] is semi-commutative.

More equivalent conditions of McCoy rings are proven in the following.

THEOREM 1. A ring R is McCoy if and only ifR[x] is McCoy.

PROOF: "=>". Let F(y) = f^fiV^ G(v) = E & V be nonzero polynomials in R[x][y]
i=0 Pi j=0 Qj

such that F(y)G(y) = 0, where /. = £ Qu^1, 9j = £) fyt** € R[x]. As in the proof of
o o

j
»=o t=o
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[1, Theorem 2], we let k = 12^eS/t + X)deg<7j, where the degree is as polynomial
n

in x and the degree of the zero polynomial is taken to be 0. Then F(xk) = ^2f{Xlk,
m t=O

G(xfc) = 53 9ixjk G R[x) anc^ t n e s e t °f coefficients of the f-s (respectively g'js) equals
i=o

the set of coefficients of F(xk) (respectively G(xk)). Since F(y)G(y) = 0 and x commutes
with elements of R, F(xk)G(xk) = 0. Because R is McCoy, there exist « ,«£ #\{0} such
that F(xk)u = 0,vG{xk) = 0. Thus, F{y)u = 0,vG{y) = 0. That is, R[x] is McCoy.

"<=". Let f(x) = f^aix*, g{x) = £ bjX* € fl[i]\{0} such that f{x)g{x) = 0. Let
i=0 j=0

f(y) = Eoiy*. S(y) = SfyV1'- Then f{y),g(y) € fl[z][y] and /(»)»(y) = 0. Since
t=0 j=0 p

R[x] is McCoy, there exists h{x) = YLhkx
k € fi[a;]\{0} such that f{y)h{x) = 0. Hence

fc=0

dih(x) = 0 for every i = 0,l,...n. Thus, there exists hk € R\{0} such that f(x)hk = 0.
Similarly, there exits t e R\{0} such that tg(x) — 0. Hence R is McCoy. D

THEOREM 2 . A ring R is McCoy if and only if the ring

Rn =

is McCoy for any n ^ 1.

PROOF: "=»". Let

a
0
0

O j 2

a
0

"13

«23

a

. . . ain

. . . a2n

• • • a3n

0 0 0

o«

Then

i=0

: a,

0 0 ...

€ i?

\0 0 . . . bj

ff(x) /«(x) ... /lB(x)^
0 /(«) . . . /2n(x

0 0 . . . fix)

\0 0 ... g{x) j
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where /(z) = J^atx', fkl(x) = Yla
ki

x\ 9(x) = £ bix'i 9u{x) = Y,bki
x3 for any

i=0 i=0 i=0 j=0
k = 1,2,..., n, / = 2 , 3 , . . . , n and fc < Z.

Suppose F(z)G(as) = 0, and F(x),G{x) / 0. Set tf(x) = F{x)G(x) = (/ip,(z)) for
p,q = 1,2, . . . ,n.

CASE 1. If /(z) ^ 0,£(z) ^ 0, then /ia(z) = f(x)g(x) = 0. Since i? is McCoy, there
exist s,t <= R\{0} such that /(x)s = 0, and tg(x) = 0. Let A = £in(s),B = £ln(i).
Then F(i)yl = 0 and BG(x) = 0.

CASE 2. If /(x) ^ 0, g(x) = 0, then there exists s*j(z) / 0, such that gic+u,i(x) — 0
for some k,l, and 1 < u ^ n - A; since G(x) # 0. So hkt(x) = f(x)gki{x) = 0. There
exists s 6 i?\{0} such that f(x)s = 0 because R is McCoy. Let A = E\n(s). Then
F(i)A = AG(x) = 0.

CASE 3. If f(x) = 0,^(x) ^ 0, then there exist A,B € i?«\{0} such that F(x)/1
= BG(x) = 0. The proof is similar to Case 2.

CASE 4. If f(x) = 0,#(z) = 0, then for any s e R\{0}, let 4̂ = £'in(s). It is obvious
that F(x)A = AG{x) = 0.

Therefore, Rn is McCoy for any case.

">*=". Assume that f(x)g(x) = 0, where

:=0 j=0

m
Let F(x) = Yl MX1, G{x) = J2 BjX>, where

i=0 j=0

0 0 . . . c

for any i = 0 , 1 , . . . n, j — 0 , 1 , . . . m. Then

0 . . . b
i f

F(x)G(x) =

Hence, there exists A =

(z) /(*) ... f(x)\
0 /(x) ... f(x)

0 0 .. .

U S12 . . . Sin^

0 s ... s2n

fg(x) g(x) ... g(x)\
0 g{x) ... g(x)

{ 0 0 ... ^ z ) ^

= 0.

0 0 . . . s

Rn\{0} such that F(x)A = 0 because

is McCoy. If s ^ 0, then /(z)s = 0. If s = 0, then there exists Sy ̂  0 for some i, j , such

https://doi.org/10.1017/S0004972700039526 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700039526


140 Z. Lei, J. Chen and Z. Ying [4]

that si+vj = 0 for any 1 ^ v ^ n — i. We also have /(z)sy = 0. Similarly, there exists
t e R\{0} such that tg(x) = 0. Thus, R is McCoy. D

EXAMPLE 3. Let R be a McCoy ring. By Theorem 2, ffcj is McCoy. Since £

= 0 and 2?12(l)i?23(l)£34(l) ^ 0, R4 is not semi-commutative.

REMARK 4. In [2, Theorem 2], it is proven that R is McCoy if R e V. It is obvious
that the subring of a semi-commutative ring is also. So that R[x] is semi-commutative
implies R is semi-commutative. Thus, V C C. Nielsen proven that all reversible rings
are McCoy in [4], and it is a known result that a reversible ring is semi-commutative.
So C includes the class of all reversible rings. Moreover, there is an example of a ring
that is semi-commutative but not McCoy in [4], and #4 in Example 3 is McCoy but not
semi-commutative. Hence, C is a natural class of McCoy rings (and of semi-commutative
rings) which includes all reversible rings and V. It gives a positive answer to the question
of Nielsen in [4].

The following example is constructed by Huh, Lee and Smoktunowicz in [3, Example
2]. We further investigate more properties of the ring in this example.

EXAMPLE 5. Let Z2 be the field of integers modulo 2 and A = Z2[ao, ax, a2, 60, 61, 62, c]
be the free algebra of polynomials with zero constant terms in noncommuting inde-
terminates ao,ai,a2,60,61,62,0 over Z2. Note that A is a ring without identity and
consider an ideal / of Z2 + A generated by 0060,0162 + a2b\,aobi + ai6o,ao62 + ai6i
+ a260,a262,aor&o,a2r62,(ao + «i + a2)r(60 + 61 + 62) with r € A and rir2r3rt with
»"i. r2,7"3, r4 € A. Let R = (Z2 + A)/1. Then R is a semi-commutative and McCoy ring.
But R is not reversible, and R[x] is not semicommutative.

P R O O F : It was proven that R is semicommutative but R[x] does not have the same
property in [3]. R is not reversible since o06o 6 / but 6oao 4- !• We use the notion as
[3, Example 2]. Each product of indeterminates a0, ai, a2,60,61,62, c is called a monomial
and a is a monomial of degree n if it is a product of exactly n generators. Let Hn be the
set of all linear combinations of monomials of degree n over Z2. Then Hn is finite for any

n
n and / is homogeneous (that is, if J2 U € / with rt € Hi then every rt € / ) .

«=i

Write f = r + I € R for every r e Z2 + A. Since A* C / , f can be written in the

form r = a + ~hi + h2 + h3 with a 6 Z2, h{ € H{(i = 1,2,3). Write f(x) = £ p^ andt=0

9(x) = £ QjX*, where ft = c$> + J? + 7? + 7?\ 9,- = 5$° + 5?} + ̂  + # for some

CLAIM. Suppose that f(x)g{x) = 0. If not all a£) = 0, then g(x) = 0. If not all ô > = 0,

then f(x) = 0.

Suppose that s is the smallest index such that a ^ ^ 0. That is to say c^f1 = T. If not

= 0, then we can assume that ji is the smallest index such that a^1^ = I. Compare
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the coefficient of z ( s + J l ) in f(x)g(x) = 0. Then there exist hi G Hi(i = 1,2,3) such that
a«aOl)+/ii+7i2+/i3 = 0. Thus, T h + ^ + ^ s = T, a contradiction. Hence all a ^ = 0. The
Claim is proven by induction on k. Suppose that all g^ix = 0 for k ^ 3. Next we prove
(jit = 0 for every j . Assume the contrary. Then we can find the smallest index 27. such
that g^2) ^ 0. From the equation f{x)g(x) = 0, there exist h'k+l G Hk+i, ...,h'3£ H3

such that H2) + h/k+i + • • • + ^3 = 0. that is, g^] + h'k+1 H + h'3e I. Because / is
homogeneous, gk G / . This leads to a contradiction. Hence g(x) = 0. The remain is
similar to proof.

Let f(x),g(x) G i?[x]\{0} with f(x)g(x) = 0. By the Claim, a<° = a ^ = 0 for every
i,j. Choose t = c3. Then t / 0 and f(x)t = tg(x) — 0. Therefore, R is a McCoy ring. D

REMARK 6. Example 5 shows that C properly includes the class of reversible rings and
V. The following implications hold.

Rev

a-
R is reversible =• R(z C => R is semi-commutative

R is McCoy

In the table above, each of these implications is irreversible, and there are no other
implications between these conditions.
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