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ABSTRACT 

We c o n s i d e r a smal l s t e l l a r system e j e c t e d from t h e i n 
t e r i o r of a b igge r o n e . The t r o sys tems a r e r e p r e s e n t e d by 
unequal Plummer models and energy c h a n g e s in them a r e d e r i v 
ed a n a l y t i c a l l y under t h e impulse a p p r o x i m a t i o n . These a r e 
used t o o b t a i n t h e c o n d i t i o n s fo r t h e Roche i n s t a b i l i t y of 
t h e s y s t e m s . For sys t ems g r e a t l y d i f f e r i n g i n d i m e n s i o n , t h e 
d e n s i t y r a t i o of t h e t\ro sys tems i s a u s e f u l pa rame te r for 
s p e c i f y i n g t h e Roche l i m i t fo r t h e d i s r u p t i o n of t h e sma l l e r 
system and t h e mass r a t i o i s a meaningful pa rame te r fo r s p e 
c i f y i n g t h e Roche l i m i t f o r t h e d i s r u p t i o n of t h e b igger s y s 
tem. D e n s i t y r a t i o s and mass r a t i o s a t Roche l i m i t a r e g i v e n 
fo r bo th sys tems fo r v a r i o u s s c a l e - l e n g t h r a t i o s of t h e t«o 
sy s t ems . 

INTRODUCTION 

Of much i n t e r e s t in r e c e n t t i m e s has been t h e idea of 
e j e c t i o n of m a t t e r from g a l a x i e s i n v a r i o u s forms - g a s 
(Gerola and C a r n e v a l i 1 9 8 3 , Fukunaga-Nakamuraand Toss 1 9 8 9 ) , 
r a d i o j e t s (Yokosawa and Inoue 1 9 8 5 ) , q u a s a r s (Hutch ings 
1983, N a r l i k a r and Das 1986 , Burbidge and Hewitt 1 9 8 9 ) , b l ack 
h o l e s (Kapoor 1985 , Mikkola and V a l t o n e n 1990) and s t e l l a r 
sys tems (Ambartsumian 1965 , Arp 1972 , 1 9 8 6 ) . 

Saslaw, V a l t o n e n and A s r s e t h (1974 ) d i s c u s s t h e g r a v i t a 
t i o n a l s l i n g s h o t mechanism f o r t h e e j e c t i o n of an o b j e c t from 
t h e c e n t r e of a g a l a x y , when t h r e e o r more m a s s i v e o b j e c t s 
near t h e c e n t r e i n t e r a c t s t r o n g l y . 

Instability, Chaos and Predictability 
in Celestial Mechanics and 
Stellar Dynamics 
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In the 1950s Ambartsumian suggested that galaxies eject
ed material from which new galaxies formed. Arp (1986) has 
drawn attention to observations which indicate that in the 
Virgo cluster of galaxies, the galaxy M 84 had originated as 
a protogalaxy within the bigger galaxy M 87 and had been e j 
ected out along the line of the je t . X-ray observations show 
that M 84 is moving almost exactly along the same line from 
M 87. In the Stephen's Quintet, one of the five galaxies has 
a very different red shift from those of the rest and could 
have been ejected from the group. Our galaxy and M 31 were 
probably ejected from the same initial protogalaxy. Thus the 
ejection of a smaller system for a bigger one is of much as
tronomical interest. 

In this paper we consider the ejection of a smaller ste
llar system by a bigger stellar system and determine the in
crease in energy of the constituent stars in each system on 
account of tidal forces. Initially both the systems are assu
med to be in virial equilibrium. Using the Jacobi' criterion 
of stability, namely, that a system is unstable if i t s total 
energy is positive, we deduce the conditions under which each 
of the two systems becomes unstable. 

STELLAR VELOCITY PERTURBATIONS 

Let M^ and M„ be the masses of the bigger system(ejector) 

and the smaller system (ejected) respectively. We consider 
both systems to be spherically symmetric configurations of 
density distribution represented by Plummer model, namely, 

3U.a2. t 
p ( r ) . _i T ^ , i = 1 > 2 (i) 

4 IT (r + a . ) ' 
l 

where 
3Mi 1/3 a = ( i_ )V3 ( 2 ) 

4 T T ( P i ) i 

"l p. being the central density. Let cu 0 = — be the scale 
1 -L £t Otr 

length ratio and let cu >̂  a 
'2 

'- "2" 

Consider the tidal effects of M̂  and M„. Let the centre 

of M2 be the origin of the coordinate system. Let r ' and r 

denote the position of the centre of M., and of a representa-

tive star in M2 respectively and let r" = r1 - r . The motion 

of the star in M2 is given by 
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V = - v * 2 + v " *x - |— v • w (3 ) 

and $ and W r e p r e s e n t t h e p o t e n t i a l and t h e i n t e r a c t i o n p o t e 
n t i a l energy g i v e n by 

GM. 
* i ( r ) = ~ , 2 ' 2 1/2 . i - 1.2 (4 ) , 2 . 2 , 1 / 2 

(a± + r ) 

( a 2
 + r 2 ) 1 ' 2 

GM1 M„ 
W(r) = o 9 1 /9 ( 5 ) 

a i s a c o m p l i c a t e d f u n c t i o n of ou and a o - We s h a l l make t h e 
2 2 2 

a p p r o x i m a t i o n a = a- + a 2
 a s i n A a r s e t h and F a l l (1980) in 

c a r r y i n g o u t subsequent i n t e g r a t i o n . The f i r s t term on t h e 
r i g h t hand s i d e in e q u a t i o n ( 3 ) r e p r e s e n t s t h e g r a v i t a t i o n a l 
a t t r a c t i o n of Mo on t h e s t a r wh i l e t h e r ema in ing two t e r m s 
t o g e t h e r g i v e t h e t i d a l a c c e l e r a t i o n f_, due to t h e e j e c t o r M^. 

Let M„ be e j e c t e d from t h e c e n t r e , of M., a long t h e z - a x i s 

wi th v e l o c i t y V > V where V i s p a r a b o l i c v e l o c i t y of 
1 — par par 

e s cape of t h e two s y s t e m s . We o b t a i n t h e change i n t h e v e l o 

c i t y of t h e s t a r by i n t e g r a t i n g f- over t i m e u s i n g t h e impul-i 
se a p p r o x i m a t i o n , i . e . n e g l e c t i n g t h e mot ion of t h e s t a r d u r 
ing t h e e j e c t i o n . The impulse a p p r o x i m a t i o n g i v e s r e a s o n a b l e 
e s t i m a t e s fo r t h e energy changes i n s t e l l a r y sys tems moving 
wi th r e l a t i v e speeds equal t o o r g r e a t e r t h a n t h e p a r a b o l i c 
speed ( A l l a d i n and Narasimhan 1 9 8 2 ) . 

Fo l lowing t h e a n a l y s i s a s in Z a f a r u l l a h , Iferasimhan and 
S a s t r y (1983) , we g e t t h e f o l l o w i n g e x p r e s s i o n s fo r t h e v e l o 
c i t y c h a n g e s of t h e s t a r p e r p e n d i c u l a r t o and p a r a l l e l t o t h e 
d i r e c t i o n of e j e c t i o n : 

2 2 1/2 G M 1 W 

AV = [ ( A V r + vavYT,i = ~2 2 ( 6 ) 

X y V(w2 + a p 
^ 1 1 

AV11 AVz V C ~2 . 2,1/2 , 2 . 2,1/2 ] ( 7 ) 

(w + a 1 ) ' ( a 1 + a 2 ) ' 
~ 2 2 1/2 

where w = (x + y ) ' , 
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ENERGY CHANGES IN EJECTION 

The increment i n t h e k i n e t i c energy AT0 due t o t h e t i 
da l e f f e c t s M. which in t h e impulse a p p r o x i m a t i o n i s t h e same a s 
increment i n t h e t o t a l energy tV2 i s o b t a i n e d from 

W2 = / " [ { ^ ( w ) } 2 + { AVi:L(w)}2]dM2 ( 8 ) 

We f o l l o w t h e a n a l y s i s g i v e n in Ahmed (1979) and Binney and 
Tremaine (1987) fo r i n t e g r a t i n g ove r t h e m a s s . The i n t e g r a 
t i o n i s c a r r i e d o u t a n a l y t i c a l l y and o b t a i n 

m 2 ~= ^ ! > 2 + ( A U11>2 

G V V , B(a 1 9 ) G2M2M9 
= V? — + H ~ [ C ( O I 2 ) * ( B 1 2 ) + E ( a l 2 ) ] 

2V2cc2 2V2ct2 1 2 1 2 1 2 

G2M2M2 
i o 9 H ( a 1 9 ) (9 ) 

2Vaf 1 2 

o 2 2 . n 2 a 1 2 a 1 2 
where B ( a 1 2 ) = ~2 ^ ~2 l n a l 2 " ' L - ' 

a 1 2 " 1 a 1 2 _ 1 

2 

C ( a 1 2 ) = 4 2 — [ 1 - - g ^ — m a 2 ] 
a 1 2 - 1 " 1 2 - 1 

2 
a 1 2 

D ( a n o ) = 
1 2 ' 2 .. 

a 1 2 + 1 

_ E ( a i 2 > - _ . ( a ^ + i ) 1 / 2 [ - 3 - ^ « 1 2 ] 

Table I g i v e s B(a . , 2 ) and H ( a - 2 ) , 
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T a b l e I : The F u n c t i o n s B ( a 1 2 ) and H ( a 1 2 ) 

a 1 2 

1 . 0 
1 . 5 
2 . 0 
3 . 0 
4 . 0 
5 . 0 
1 0 
2 0 
50 
1 0 0 
5 0 0 
1000 

B ( a 1 2 ) 

1 . 6 7 ( - 1 ) 
1 . 5 6 ( - 1 ) 
1 . 3 8 ( - 1 ) 
1 . 0 5 ( - 1 ) 
8 . 1 2 ( - 2 ) 
6 . 4 5 ( - 2 ) 
2 . 7 5 ( - 2 ) 
1 .01 ( - 2 ) 
2 .33 ( -3 ) 
7 . 2 1 ( - 4 ) 
4 . 1 7 ( - 5 ) 
1 . 1 6 ( - 5 ) 

H ( a 1 2 ) 

2 .24 ( - 1 ) 
2 .04 ( - 1 ) 
1 . 7 7 ( - 1 ) 
1 . 3 0 ( - 1 ) 
9 . 8 0 ( - 2 ) 
7 . 6 4 ( - 2 ) 
3 . 1 0 ( - 2 ) 
1 . 1 0 ( - 2 ) 
2 .48 ( - 3 ) 
7 . 6 0 ( - 4 ) 
4 . 3 6 ( - 5 ) 
1 . 2 0 ( - 5 ) 

<h) = 10n 

The s e l f - g r a v i t a t i o n a l p o t e n t i a l ene rgy of M0 i s g i v e n 
b y 2 

3TT GM2 JJ = _ |2L — £ = 2U„ by v i v i a l theorem (10) 

whence t h e f r a c t i o n a l i n c r e a s e i n t h e b ind ing energy of M2 

i s g i v e n by 

Fo l lowing t h e a n a l y s i s i n Ahmed (1979) and A l l a d i n and 
Iferasimhan (1986) , e q u a t i o n (11) can be w r i t t e n in t h e form 

"21 H ( a 12> V_j 
'2 3TT M 2 1 ( l + M2 1) A ( a 1 2 ) C V 

- 1 6 1 u 2 1 " ^ 1 2 ' , I p a r .2 
Uo = o r -n—TTT-u 7 s— ( xj- ) (12) 

M 2 a 2 
where M01 = rr- , a 0 1 = — ; V i s t h e p a r a b o l i c speed of 
e s cape of t h e two sys tems of e j e c t i o n . The f u n c t i o n A ( a 1 2 ) i s 
g i v e n i n Ahmed ( 1 9 7 9 ) . 

S i m i l a r l y we o b t a i n fo r t h e change i n t h e b ind ing energy 
of t h e e j e c t o r M, : 

&J Gll-a.. 
Wi E TiTT " M- 9 2 H<al 9 > ( 1 3 > 

1 T ^ T 3tr M i V 2 a 2 12 

16 1 a 1 2 H<a12> V pa r 2 
3n M 1 2 ( l + M 1 2 ) A ( a 1 2 ) <• V ; K± ' 
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ROCHE LIMITS IN EJECTION 

According to J a c o b i ' s c r i t e r i o n of s t a b i l i t y , a s t e l l a r 
system i s uns tab le if i t s t o t a l energy i s p o s i t i v e . This im-
p l i e s t ha t u = T=-T- > 1 . Ibwever, the numerical experiments 
by Miller (1986) ind ica te tha t a s a t e l l i t e system i s in dan
ger of d i s i n t e g r a t i o n if V > 2 . When u l i e s between 1 and 2 
many s t a r s remain bound. We shal l adopt the c r i t e r i o n y = 1 
for obta ining the Roche l i m i t s in e jec t ing systems. 

Table I I g ives the mass r a t i o s and dens i ty r a t i o s a t the 
Roche l i m i t s for var ious va lues of aio' ^1 = g ives the 
l imi t for the d i s rup t ion of the bigger system and u_ = 1 g i -
gives t h e corresponding l i m i t for the smaller system. For a 
given a 1 0 , the bigger system i s uns tab le for the va lues of 

Ml II, „ = rr— or equiva lent ly p 1 2
 = Pi/Po w a l l e r than the t a b u l -

ar value and the smaller system i s uns tab le for va lues of M-̂ g 

TaLble I I : Mass r a t i o s and dens i ty r a t i o s at Roche l imi t when 
V = V 

par 

Roche Limit for t h e Disrupt ion of 

Bigger System Smaller System 

a 1 2 

1 . 0 
1 . 5 
2 . 0 
3 . 0 
4 . 0 
5 . 0 
1 0 
2 0 
50 
1 0 0 
500 
1 0 0 0 

M 12 

0 . 4 5 
0 . 6 7 
0 . 8 4 
1 . 1 0 
1 . 2 9 
1 . 4 4 
1 . 8 8 
2 . 2 9 
2 . 7 9 
3 . 1 3 
3 . 8 3 
4 . 0 4 

P 1 2 

4 . 5 0 ( - l ) 
1 . 9 9 ( - 1 ) 
1 . 0 5 ( - 1 ) 
4 . 7 4 ( - 2 ) 
2 . 0 2 ( - 2 ) 
1 . 1 5 ( - 2 ) 
1 . 8 8 ( - 3 ) 
2 . 8 6 ( ^ 1 ) 
2 . 2 3 ( - 5 ) 
3 . 1 3 ( - 6 ) 
3 . 06 ( - 7 ) 
4 . 0 4 ( - 9 ) 

( n ) = 1 0 n 

M 1 2 

2 . 2 2 
3 . 8 3 
6 . 0 3 
1 . 2 5 ( + 1 ) 
2 . 2 7 ( + l ) 
3 . 6 6 ( + l ) 
1 . 8 7 ( + 2 ) 
1 . 0 7 ( + 2 ) 
1 . 1 9 ( + 4 ) 
7 . 7 6 ( - » 4 ) 
6 . 7 8 ( + 6 ) 
4 . 9 2 ( + 7 ) 

P 1 2 

2 . 2 2 
1 . 1 3 
7 . 6 0 ( - l ) 
4 . 6 4 ( - 1 ) 
3 . 5 3 ( - 1 ) 
2 . 1 3 ( - 1 ) 
1 . 8 5 ( - 1 ) 
1 . 3 4 ( - 1 ) 
9 . 5 2 ( - l ) 
7 . 7 6 ( - 2 ) 
5 . 4 2 ( - 2 ) 
4 . 9 2 ( - 2 ) 

or P-2 g rea te r than the t abu la r va lue . I t may be noted from 
the t a b l e t h a t for the bigger system the range in M12 i s con
s iderably smaller than the range in p^ 2 while for the smaller 
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system the reverse holds . Hence for specifying the i n s t a b i 
l i t y of the bigger system, the mass r a t i o i s a useful pa ra 
meter; while for specifying t h e i n s t a b i l i t y of the anal ler 
system, the dens i ty r a t i o i s a meaningful parameter. 

The dependence of M, „ on an 1 when V = V and p, = 1 . . 12 21 par 1 can be expressed a s r 

a 21 
M12 = (2 .8 ) (0 .13) (15) 

Using the Chi-square Test , we find the f i t to be good both 
at 5% and 1% l e v e l s of s ign i f i cance . Further a s a^„ •* «*>, 
M12 •*• 2 .6 *> 3 . We the re fo re , infer t ha t a smaller system wil l 
genera l ly d i s rup t a bigger system a t V = V if i t s mass i s 
g rea te r than one- th i rd the mass of t h e bigger . 

The dependence of ( P 4 ) , 0
 o n Moi when V = V" and u0= 1 

i s of the form ± 1 2 2 1 P a r 2 

( p . ) 1 2 = 0.16(10)3M21 ( 1 6 ) 

The f i t i s again found to be good. As ML2 •*• » , ( P i ) i 2 "*" ° - 1 6 

^ -yr . This i nd i ca t e s t ha t t he bigger system wil l genera l ly 
make the ana l le r uns tab le if i t s dens i ty i s g rea te r than one-
seventh of t h e dens i ty of t h e ana l le r a t V = V 

par 
A s imilar a n a l y s i s y i e ld s the va lues 1/2 and 1/3 for the 

d i s i n t e g r a t i o n of t h e bigger and ana l le r systems r e spec t i ve ly 
if M i l l e r ' s (1986) c r i t e r i o n u = 2 i s used. 

COMPARISON WITH COLLIDING STELLAR SYSTEMS 

Energy t r ans fe r in head-on c o l l i s i o n s of ga lax ies were 
studied a n a l y t i c a l l y by Toomre (1977) and Ahmed (1979). Nar-
asimhan and Alladin (1986) derived the condi t ions for Roche 
i n s t a b i l i t y for head-on c o l l i s i o n s of s t e l l a r systems. A com
parison of t h e r e s u l t s for the co l l i d ing systems with those 
obtained here for e j ec t ing systems i n d i c a t e s tha t the f r a c 
t iona l increase in the binding energy of a system in the case 
of a c o l l i s i o n i s about 3 t imes tha t in e j ec t i on . The c o r r e s 
ponding Roche l i m i t s in the case of a c o l l i s i o n a re 1/6 and 
1/25. 

In the case of a c o l l i s i o n AV.,., = 0. In e jec t ion AV..., 
i s small but i s not z e r o . 

CONCLUSION 

The a n a l y t i c a l treatment of energy changes under the im
pulse approximation l eads to the following r e s u l t s : ( i ) The 
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energy change in an e jec t ion i s about 1/3 of t ha t in a comp
l e t e c o l l i s i o n . ( i i ) For s t e l l a r systems d i f f e r ing widely in 
dimensions the d i s rup t ion of t h e smaller system in an e j e c t 
ion i s conveniently specif ied by the dens i ty r a t i o of the 
two systems and t h e d i s rup t ion of t h e l a rge r by the mass r a 
t i o , ( i i i ) When the v e l o c i t y of e jec t ion i s equal to the pa
rabo l i c v e l o c i t y of escape of the p a i r , t he smaller system 
i s genera l ly uns tab le if i t s dens i ty i s l e s s than about 7 
times the dens i ty of the bigger and the bigger i s uns tab le if 
i t s mass i s l e s s than about 3 t imes t h e mass of the smal ler . 

It i s d e s i r a b l e to t e s t t he accuracy of the p red i c t i ons 
of the ana ly t i ca l formulae presented here by numerical expe
r iments . 
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