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ON STRONG CONVEX COMPACTNESS PROPERTY OF
SPACES OF NONLINEAR OPERATORS

XUELI SONG AND JIGEN P E N G

The strong convex compactness property is important for property persistence of op-
erator semigroups under perturbations. It has been investigated in the linear setting.
In this paper, we are concerned with the property in the nonlinear setting. We prove
that the following spaces of (nonlinear) operators enjoy the strong convex compact-
ness property: the space of compact operators, the space of completely continuous
operators, the space of weakly compact operators, the space of conditionally weakly
compact operators, the space of weakly completely continuous operators, the space
of demicontinuous operators, the space of weakly continuous operators and the space
of strongly continuous operators. Moreover, we prove the property persistence of
operator semigroups under nonlinear perturbation.

1. Introduction

It is well-known that the space K(X, Y) of linear compact operators from Banach
space X to Banach space Y is not complete in the strong operator topology. However,
in most cases we are really interested in compactness persistence in a certain sense of
convexity. For example, in practical application of operator semigroups, we often have to
know if an operator semigroup preserves its compactness under a certain perturbation (see
below). Motivated by this, in the frame of bounded linear operators, Voigt [15] introduced
a relevant notion, named the strong convex compactness property, and proved that the
following several spaces enjoy the property: the space of completely continuous operators,
the space of Dieudonne operators and the space of unconditionally summing operators. As
early as in 1988, Weis [16] effectively proved the strong convex compact property for the.
space of strictly singular operators from LP{Vl) (or C(fi)) into itself, although he did not
specifically give the definition. Recently, Mokhter-Kharroubi [10] presented direct proofs
of the convex compactness property for the space of compact operators as well as the space
of weakly compact operators, and applied the property to the spectral theory of perturbed
semigroups. Almost at the same time as [15], Schliichtermann [14] proved that both
the space of weakly compact operators and the space of conditionally weakly compact
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operators enjoy the property. Moreover, he remarked that the mentioned conclusions
can be extended to the nonlinear case if the uniform boundedness in Voigt's definition
of the strong convex compactness property is replaced with the uniform integrability
property (see, [14, Remark 2.4] or (2.3) below). This implies that some spaces of nonlinear
operators may also enjoy the strong convex compactness property. The significance of
this remark is, that, inter alia, an operator semigroup may still preserve its compactness
under some nonlinear perturbation. Indeed, since the perturbed semigroup {St}t^o and
the unperturbed linear semigroup {Tt}t^o bear the following relation:

Jo
(1.1) Stx = Ttx + / Tt.TBSTx dr, V i 6 X , ^ 0

Jo

where A is the infinitesimal generator of {Tt}t^o and B the nonlinear perturbation op-
erator, the compactness of St is completely determined by that of the integral term of
(1.1). Noticing that, for each t > 0, the operator defined by the integral term is a convex
combination of the operators {rt_rB5r}o<r<« in the strong operator topology, we derive
the compactness of the perturbed semigroup {St}t^o if each integral element Tt-TBST be-
longs to a compact operator space that enjoys the strong convex compactness property.
Therefore, it is significant to probe what spaces of nonlinear operators enjoys the strong
convex compactness property.

The purpose of this paper is to investigate the strong convex compactness property
for several spaces of nonlinear operators, and then to derive property persistence of
operator semigroup under nonlinear perturbation. Nonlinear operators are not assumed
to be continuous unless specified.

2. PRELIMINARIES

Throughout this paper we assume that X and Y are two Banach spaces on the same
scalar field K(=R or C), and denote by B(X, Y) the space of bounded linear operators
from X to Y. Below we introduce the definitions of the strong convex compactness
property for spaces of operators from X to Y.

DEFINITION 1: ([15]) A closed linear subspace E of B(X, Y) is said to have the
strong convex compactness property if, for any finite measure space (fi, A, n) and bounded

strongly measurable function U : £2 —> E, the strong integral I U dfj, defined by

f Udfj.(u)x := / U(u)xdn(u), xeX.
Jn Ju

belongs to E.

In Definition 1, the boundedness of U means that sup||C/(w)|j < oo, where
wen

is the operator norm of the bounded linear operator U(u). Since the operator norm is
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excessive for a nonlinear operator, we have to modify Definition 1 so that the notion of
convex compactness property is also valid for nonlinear operator spaces.

DEFINITION 2: Let E be a linear space of operators from X to Y enjoying some
specified property. Then, E is said to have the strong convex compactness property if,
for any finite measure space (£2, A, (i) and strongly measurable function U : £2 —¥ E that
satisfies for any bounded subset B of X,

(2.1) supsup||E/(w)z|| < o o ,

the strong integral / U d\i defined by

(2.2) f Udn(u)x := f U{u))xdn{u), x e X
Jn Jn

belongs to E.

By standard technique it can be shown that if E is a closed subspace of B(X, Y) then
Definition 2 is reduced to Definition 1. It is worth mentioning that, in order to make
the definition valid for nonlinear weakly compact operators as well as nonlinear condi-
tionally weakly compact operators, Schliichtermann suggests in [14] that the assumption
sup||£/(u>)|| < oo in Definition 1 should be replaced with the uniform integrability

(2.3) sup / ||f/(o;)i||d^(a;) < oo, lim sup / ||u(u)z||d/z(a;) = 0,

for any bounded subset B of X. It is clear to see that the condition (2.1) implies the
uniform integrability (2.3). Hence, the definition suggested by Schluchtermann seems to
be more general than Definition 2. Initially, we defined the convex compactness property
using the condition (2.3) instead of (2.1). However we now adopt the present definition
is because: firstly, as the nonlinear extension of uniform boundedness in Definition 1,
the condition (2.1) is more direct than (2.3); and secondly, in most cases, to verify the
condition (2.3) is more difficult than (2.1). Moreover, it has been suggested that the
conditions (2.1) and (2.3) might be equivalent in the cases treated by us. However, we
are not able to give the equivalent proof.

Below we introduce several types of nonlinear operators, which can be found in, for
example, [4, 14, 15, 17].

An operator T from X into Y is compact (weakly compact) if for every bounded
subset M of X, its range T(M) is relatively compact (relatively weakly compact) in Y. A
continuous compact operator is called completely continuous. We denote by Kni(X, Y),

WKni(X, Y) and CCni(X,Y) the space of all compact operators, the space of weakly
compact operators and the space of completely continuous operators, respectively. Here
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the subscript "nl" is the abbreviation for nonlinear, which is only used to distinguish
them from their respective subspaces consisting of corresponding linear operators.

An operator T from X into Y is said to be conditionally weakly compact (CWC) if
every sequence in the range T(M) admits a weak Cauchy subsequence for any bounded
subset M of X. The space of all CWC operators is denoted by CWKnl(X, Y). It is easy
to show that a linear CWC operator from X into Y must be bounded and hence belongs
to B{X,Y).

We call a mapping T from X into Y a weakly completely continuous (WCC) operator
if it maps weak Cauchy sequences of X to weakly convergent sequences. In [15], a weakly
completely continuous operator is also called Dieudonne operator. It is easy to show
that a linear WCC operator must be bounded and hence continuous. We denote by
WCCni(X, Y) the space of all weakly completely continuous operators from X into Y.

An operator T from X into Y is called demicontinuous if Txn is weakly convergent to
Tx for all x € X and sequences {x, ,}^! C X converging to x. We denote by DCni(X, Y)
the space of all demicontinuous operators from X into Y.

An operator T from X into Y is said to be weakly continuous if, for all x 6 X and
sequences {xn}^=1 weakly converging to x, Txn is weakly convergent to Tx. It is obvious
that a linear weakly continuous operator must be continuous. The space of all weakly
continuous operators from X into Y is denoted by WCni(X,Y).

An operator T from X into Y is said to be strongly continuous if, for all x e X
and sequences {zn}£!Li weakly converging to x, Txn is convergent to Tx. Denote by
SCni(X, Y) the space of all strongly continuous operators from X into Y.

3. STRONG CONVEX COMPACTNESS PROPERTY

In this section we prove the strong convex compact property for the operator spaces
defined in the previous section.

PROPOSITION 1. Kni(X, Y) has the strong convex compactness property pro-
vided Y is separable.

PROOF: It can be shown that an operator T from X into Y is compact if and only if
its restriction to any separable subspace of X is also compact. Indeed, for any bounded
sequence {xn}neN of X, {Txn}n6N has an accumulation point in X if and only if this is
also true for {T|vxn}neN in the separable subspace V = span{xn : n G N} spanned by
{xn}n6N, where T\v is the restriction of T to the subspace V. Hence, without loss of
generality we assume that X is separable.

Since Y is separable, by [1, Chapter XI, Theorem 9] we know that Y can be embedded
isomorphically into the Banach space C[0,1] of continuous real functions on the interval
[0,1]. Because it does not affect the compactness of operators to enlarge the range
space, we assume, without loss of generality, that Y = C[0,1]. Since C[0,1] possesses
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a Schauder basis, there exists a sequence {Pn}neN of finite dimensional projections such
that {Pn}neN strongly converges to the identity operator / of Y. Thus, it is easy to
show that a nonlinear operator K is compact if and only if, for any bounded set B of X,

lim sup \\Kx — PnKx\\ — 0. In fact, if K is compact, for any bounded set B, the range

K{B) is relative compact (that is, the closure K(B) is compact). Hence, it follows that

lim sup \\Kx - PnKx\\ = lim sup \\y - Pny\\ = 0

if and only if lim \\y — Pny\\ = 0 for each y € K(B), which is guaranteed by the strong
TI-++OO

convergence of {Pn}ngN-
Conversely, if for any bounded set B holds lim sup \\Kx - PnKx\\ = 0, for any

n-*+ooxeg

e > 0 there exists a sufficiently large n£ € N such that sup \\Kx-PneKx\\ ^ e/2. Because
x£B

PncK(B) is relatively compact, there exists a finite set Ze such that PncK(B) is contained
in the e/2-neighbourhood of Ze. Hence, K(B) is contained in the ^neighbourhood of Z€.
This implies that K(B) is relatively compact, that is, K is compact.

Now, we turn to the operator U d/i defined by (2.2). By the definition it follows

that, for any bounded set B,

sup
x£B

f Ud^x - Pn f Udfix < f sap\\U{u)x - PnU(u)x\\dn{u).
\J J Jn x<ZB

From the strong convergence of {Pn}ngN and the uniform boundedness theorem, we derive
that there exists a constant M > 0 such that ||Pn|| ^ M for all n e N. Since (Q,A,[M)

is finite and U(u) satisfies the condition (2.1), we have ||Pnf7(a;)x|| ^ ||Pn||||£/(o;)z||
< M||{/(w)z|| and ^(O^H : n ~* K is integrable for x e B. Combined with the
compactness of U{UJ), the dominated convergence theorem gives that

lim sup / Udfix -Pn I Udixx ^ / lim sup||t/(w)i - PnU{uj)x\\dn{u) = 0.
J J Jn »-•+<» x6B

Hence, / Udfi is compact, that is, / Udp e Knl(X, Y). U

REMARK 1. In the above proof, we adopt the proof idea of [15, Theorem 1.3].

PROPOSITION 2 . CCni(X, Y) enjoys the strong convex compactness property.
a.

PROOF: According to the proof of Proposition 1 we can assume that X is separable
and without loss of generality, let X = {xn : n € N}. Let U : Q -> CCni(X,Y) be
strongly measurable. Then, for every xn, there exists a //-null set Fn such that {U(u)xn :
w € n\Pn} is contained in a separable subspace of Y. Since U(ui) is continuous for all

oo

LJ 6 ft, it is easy to show that the /j-null set F = (J Fn satisfies
n=l

{U{tu)x: cjGCl\F,xeX}cu{U(u)xn: w € Q\Fn,n = 1,2,...}.
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The set on the right side is obviously contained in a separable subspace of Y. Hence,
we can assume that Y is separable, without loss of generality. The remainder proof is
similar to that of Proposition 1. D

REMARK 2. From the above proofs it can be seen that Proposition 1 and Proposition
2 still hold even if the condition (2.1) in Definition 2 is replaced with (2.3).

PROPOSITION 3 . ([14]) WKnl(X,Y) has the strong convex compactness prop-
erty.

PROPOSITION 4 . ([14]) CWKni(X,Y) has strong the convex compactness
property.

PROPOSITION 5 . WCCni(X,Y) enjoys the strong convex compactness prop-
erty.

PROOF: Let U : fi -+ WCCni(X, Y) be a strongly measurable function on the finite
measure space (Q,A, /x) such that the condition (2.1) is satisfied. By the definition of
the WCC operator we know that the sequence {U(u)xn}n N is weakly convergent for
all ui € f2 and any given weak Cauchy sequence {in}n€N- If we denote by y(w) the
corresponding weak limit, namely,

lim (U{u)xn, y*) = (tf(w).lf). for all w € n and y* € Y',
n-Kx> x i \ i

then, by [3, Theorem 2, p. 42], the function w t-> y(u) is strongly measurable. Moreover,
by the condition (2.1) we have that, for all y* 6 Ym,

sup\(y{cj),y')\ s* supsup|([/(w)xn,y')| < oo.
wen I I uedneNi I

That is, sup||y(u/)|| < oo. Hence, the function w i-» y(u) is Bochner integrable.

Since there holds that, for all y* <E Y',

Of A / f \ | I f

n / \ Jn /1 I Jn
^ J \(U(u)xn,y*) - (y(w),y')\ d^{w)

applying the dominated convergence theorem in [3], we conclude that / f/(w)ind^(w)

weakly converges to / y(uj)dfi(u>) as n —> oo. Therefore, the proof is completed. 0
Jn

PROPOSITION 6 . DCni(X, Y) possesses the strong convex compactness prop-
erty.

PROOF: Let U : fi —* DCni{X, Y) be a strongly measurable function on the finite
measure space (Q,A,n) such that the condition (2.1) is satisfied. For any given x E X
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and sequences { i , , } ^ converging to x, we have that (U(w)xn,y
m) -> (C/(W)I,T/*) for all

w € Q and y* € K*. Moreover, we have that, for all y € Y*,

= I j (U{u)xn,y*) - {U{w)x,y*) dn(u)

< J\(U{u>)xn,y') - (U(u)x,y')\ d^w)

Hence, by the dominated convergence theorem in [3] we conclude that / U(uj)xndn(uj)

weakly converges to / y(w)dij,(w) as n —> oo. U
Jn

PROPOSITION 7 . WCni(X, Y) possesses the strong convex compactness prop-
erty.

PROPOSITION 8 . SCni(X,Y) possesses the strong convex compactness prop-
erty.

We omit the proofs of Propositions 7 and 8 because they are similar to that of
Proposition 6.

In the remainder of the paper, we apply the above propositions to the property
persistence of operator semigroups. For the properties of operator semigroups, see [6,
9, 12]. By [12, 13], we know that the perturbed operator A + K generates a strongly
continuous semigroup {St}t% o of Lipschitz continuous operators if A is a generator of a
Co-semigroup {Tt}t^ o and K is Lipschitz continuous, where the two semigroups bear the
following relation

(3.1) Stx = Ttx+ f Tt-rKSrx dr,
Jo

An operator K from X into itself is said to be Lipschitz continuous if there exists a
nonnegative constant M such that \\Kx — Ky\\ ^ M\\x — y\\ for all x, y € X.

PROPOSITION 9 . Let { T t } ^ 0 be a Co-semigroup on X with its generator A,

and let K be a Lipschitz continuous operator from X into itself. Then, so is the Lipschitz

operator semigroup {St}t% o generated by A+K whenever {Tt}t^ o is compact, completely

continuous, weakly compact, or conditionally weakly compact.

PROOF: By the equality (3.1) and Propositions 1-4, it suffices to verify that Tt-rKST

inherits the specified property of T(_r for all t, r > 0. Because it is Lipschitz continuous,
KST maps any bounded set into bounded set. Hence, for all t, r > 0 with t > r, so
is Tt-TKST if Tt-r is compact, completely continuous, weakly compact or conditionally
weakly compact. D
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REMARK 3. If the perturbation operator K is linear, then it is easy to show that so is the
perturbed semigroup {St}t^ o whenever the unperturbed semigroup {Tt}t% o is strongly
continuous or weakly completely continuous. See [2, 5, 6, 7, 8, 11] for details about
property persistence of operator semigroups under linear perturbation. However, in the
nonlinear case, we do not know if the perturbed {St}t% o inherits the weak continuity,
strong continuity or weakly complete continuity of the unperturbed semigroup
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