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Given an analytic function f , the successive i te ra tes 
of f a re defined by 

f [0 ](z) = z , f [ n + 1 ] (z) = f { M * ) } fo r every z . 

In part icular r J(z) = f{fL J(z)} = f(z) . Extensive study 

has been given [1] to the problem of generalizing the i tera tes 

f , for integer n , to f for a rb i t ra ry t , where the 
It] i terative character of f is to be preserved by the 

conditions, 

f t 0 ](z) = z and f [ s ] {f [ t ] (z )} = f [ S + t ](z) for a rb i t ra ry 
s and t . 

Certain functional equations are closely related to this 
problem, the most well known [ l ] being 

g{f(z)} = a + g(z) , Abel1 s functional equation 
(usually one takes a = 1) , 

g{f(z)} = a g(z) , Schroder1 s functional equation, 

g{f(z)} = { g(z)} , Bottcher1 s functional equation, 

where the function f is assumed given and g is the function 
to be found. Repeated substitutions of f(z) into these equations 
yields, respectively, 
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g { f [ n ] ( z ) } = na+ g(z) , 

g { f [ n ] ( z ) } = a
n g ( z ) , 

g { f [ n ] ( z ) } = { g ( z ) } « n . 

In v iew of the s imp l i c i t y of the r igh t hand s i d e s of t h e s e 
e q u a t i o n s , it is n a t u r a l to define g e n e r a l i z e d i t e r a t e s of f by 
m e a n s of the equa t ions 

f [ t ] (z ) = g C ~ l ] { t * + g ( z ) } (1) 

f W ( z ) = g [ " l ] { ^ g ( z ) } (2) 

fW(z) = g ^ U g t z ) ] " * } (3) 

[-11 
w h e r e g deno t e s the i n v e r s e function of g , (and hence the 
u sua l p r o b l e m s a s s o c i a t e d with i n v e r s e funct ions m u s t be 
c o n s i d e r e d ) . 

If f (z) i s defined for a l l r e a l t , then e a c h c o m p l e x 
n u m b e r z = z d e t e r m i n e s a c u r v e given p a r a m e t r i c a l l y in 

o p , 
t e r m s of t by z =f (z ) , which wi l l be ca l l ed the i t e r a t i o n 

o 
t r a j e c t o r y of f t h rough z . It w a s noted by S c h r o d e r [Z] 

tha t an ana ly t i c so lu t ion , g , of the Abel or S c h r o d e r equa t ion 
for r e a l a , def ines a c o n f o r m a i mapp ing w = g(z) wh ich m a p s 
the i t e r a t i o n t r a j e c t o r i e s of f into s t r a i g h t l i n e s ; l i n e s t h r o u g h 
the o r ig in when g is a so lu t ion of S c h r o d e r 1 s equa t i on , and 
h o r i z o n t a l l i nes when g is a so lu t ion of Abel 1 s equa t ion . 

Fol lowing the ve in of S c h r o d e r ' s o b s e r v a t i o n , in t h i s 
p a p e r we wi sh to point out a s i m p l e but i n t e r e s t i n g v a r i a t i o n a l 
r e l a t i o n be tween the i t e r a t i o n t r a j e c t o r i e s of an ana ly t i c 
function and the Abe l , S c h r o d e r , and r e l a t e d funct ional 
e q u a t i o n s . To beg in our d i s c u s s i o n , we need the fol lowing 
l e m m a , wh ich i s a p a r t i c u l a r c a s e of a we l l known t h e o r e m [3] 
and is given h e r e m e r e l y for c o m p l e t e n e s s . 

LEMMA 1: The E u l e r equa t i ons for the funct ional 
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V 2 2 
x + y dt 

w h e r e C is the c u r v e given by x = x(t) , y = y(t) , and 
G(x ,y) > 0 , can be w r i t t e n in the f o r m 

/ 
. 2 . 2 

G(x, y ) x = (y - x ) G ( x , y ) - 2xy G ( x , y ) 
x y 

. 2 . 2 
G(x , y ) y = - 2 x y G (x , y) - (y - x ) G (x , y) 

x y 

when the p a r a m e t e r t is chosen a s the a r c length a long C 
the R i e m a n n i a n g e o m e t r y d e t e r m i n e d by (4), (and h e r e a f t e r 
d e s i g n a t e d a s the G- length) . 

Proof: F r o m the defini t ion of t it fol lows tha t a long 

= ^T { J G ( x , y ) y x +y dt} = G(x, y j \ / x +y 

The E u l e r equa t ions for (4) a r e 

G (x 
x 

. / . 2 . 2 d G{x,y)x { 

•y)Vx+^ - -^ \-rrk - ° and 
W x + y 

G ( x •y>V^ 
2 . 2 d_ ) G(x,y)y { 

X +y dt TT~Z I 
x +y 

= 0 

which , mak ing use of (6), b e c o m e 

G x ( x . y ) - G(x ,y) ^ v - y - ^ 
( x +y 

G (x,y) - G(x,y) ± Ij-j 

= 0 and 

= 0 . 

( x +y 

C a r r y i n g out the ind ica ted d i f fe ren t i a t ions and solving the 
s y s t e m for x and y y i e l d s the d e s i r e d equa t ions (5). 
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THEOREM: Let g be an analytic function and set 
G(x,y) = | g ! ( £ ) | • Then the ex t remals of the functional 

j G ( x , y ) y x2+y2 dt (7) 
C 

are explicitly given by 

[-1] 
x(t) + i y(t) = g { at + g(z)} where a and z a re 

a rb i t ra ry constants. Hence every ex t remal x(t) + i y(t) is the 
i teration t ra jectory, through z , of an analytic function f, 
where f is defined by 

f(z) = g [ " 1 ] { « + g(z)} • 

Moreover, in view of (1), it is clear that g is an Abel function 

f [ t ] . 
for f , and that the index of i teration, t , in f (z) = 

g { at + g(z)} , is the G-length (up to a constant factor) 

as measured by (7) along the i teration t ra jectory from z to 

M... 
Proof: The modified Euler equations (5) can be writ ten 

in the form 

j G (x ,y) G (x ,y ) \ 

x + i y = - ( k + i y ) •>-£- T " 1 ^ r ) ' ( 8 ) 

| G(x, y) G(x,y) j 

Since I n | g1 (^) | = i n G(x, y ) is the rea l part of the analytic 
a 

function i n g ' (£) , it follows that — { i n G(x, y) } is the 
d 

rea l part , and - — {£ n G(x,y)} the imaginary part , of the 

d , . 
analytic function -rr {£ n g! (£)} . Hence (8) becomes 

^Jjf = - | | { l n g M Ê ) } (x+ iy) = - ^ { i n g ' ( x + iy )} . 

Integration yields 
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g ! (x+ îy) 

where a is an a rb i t ra ry complex number. A second integration 
yields 

g(x+ iy) = at + p , (9) 

where |3 is an a rb i t ra ry complex number which we choose so 
that (3 = g(z) , for a rb i t ra ry z . It follows that 

x(t)+ iy(t) = g [ * l ] { a t + g(z)} = £t](z) , 

where g{ f(z)} = a + g(z) . 

It may readily be verified that equations (5), by multiplying 
the first by x and the second by y and adding, imDly that 
along C , 

0 = —2 \J G(x,y) y k +y2 dt 
dt [lo 

Hence, in the modified Euler equations (8), the parameter is a 

constant multiple of the G-length along C , and since 
rol 

i* (z) = z , the theorem follows. 

COROLLARY 1: Let f be an analytic function whose 

corresponding analytic Abel function is g , so that g{ f (z)} = 

at + g(z) . Then f (z) is a geodesic in the Riemannian 
geometry defined by 

J | g f ( z ) | V x 2 +y 2 dt , (7M 
C 

and f(z) is merely a uniform translat ion in this geometry. 

Proof: By the theorem f maps f (z) into f (z) 
which is one unit, as measured by (7 ! ), along the geodesic. 

261 

https://doi.org/10.4153/CMB-1963-023-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-023-8


COROLLARY 2: The g e n e r a l i z e d i t e r a t e s r -"(z) of 
f(z) , a s defined by the Abe l , S c h r o d e r , and B o t t c h e r 
funct ional equa t i ons (1), (2), (3) for a r b i t r a r y a , a r e the 
e x t r e m a l s t h r o u g h z of the func t iona l s 

/ 
| g ' ( z ) | - \ / k2+y2 dt , J 

g(z) 
2 2 

\f x +y dt , 

g'O 
g(z) i n g(z) 

~\ / x +y dt 

r e s p e c t i v e l y , wi th the p a r a m e t e r t a s the r e s p e c t i v e G- length 

of the i t e r a t i o n t r a j e c t o r y f r o m z = f (z) to f (z) . 

Proof: Let g , g , and g denote the Abe l , S c h r o d e r , 
A S p , B 

and B o t t c h e r funct ions for f (z) , r e s p e c t i v e l y . Then 

r i l 

g (f (z)) = [g (z)] , and tak ing the l o g a r i t h m of both s i d e s 
r i 

y i e l d s i n g B { f L t J (z)} = a I n g (z) , tha t i s , g s ( z ) = 4 n g (z) 

[tl t 
S i m i l a r l y f rom g {f (z)} ~a gQ(z) , it fo l lows on 

r i 

t ak ing l o g a r i t h m s , tha t in g {f (z)} = t l n a + I n gQ ( z ) • 

Hence g (z) = 
ë A ' in a 

n g (z) . Thus 

g ( z) = 
BA Jin a 

n g (z) . i n i n g (z) 
I n » B 

and the c o r o l l a r y fol lows f r o m T h e o r e m 1 by m e r e l y r e p l a c i n g 
g l (z) by the a p p r o p r i a t e e x p r e s s i o n . 

COROLLARY 3: Given the i t e r a t i o n fami ly of funct ions 
[t] 

f (z) , let g A (z ) and g ç (z ) be c o r r e s p o n d i n g Abe l and 

S c h r o d e r func t ions , r e s p e c t i v e l y ; tha t i s 

f W ( z ) = g ^ 1 ] { a t + g A ( z )} = g ^ ^ b ' . g g l z ) } (10) 
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for r e a l b > 0 , b ^ 1 . 

Then the c a r v e s ( i t e r a t i o n t r a j e c t o r i e s ) given p a r a m e t r i c a l l y by 

z - f (z ) , for a r b i t r a r y fixed z 
o o 

a r e c o m m o n e x t r e m a l s of the func t iona ls 

r ^ , -, / . 2 . 2 r , . / . 2 . 2 

J I § Â ( Z ) ' V x +y dt ' J i g s ( z ) ' V x +y dt ' 
w h e r e , h o w e v e r , no r e l a t i o n be tween the t in the S c h r o d e r 
p a r t of (10) and the c o r r e s p o n d i n g G- leng th i s imp l i ed . 

Proof: As in the proof of t h e o r e m 1 the e x t r e m a l s a r e 
given r e s p e c t i v e l y by ( see (9)) 

g ^ " 1 ] { a t + |3} , g ^ 1 ] { « t + p} , (11) 

w h e r e t i s the G- leng th a s defined by the r e s p e c t i v e func t iona l s . 
In the f i r s t e x p r e s s i o n , se t a - a and (3 = g A (z ) • hi the second 

T 
e x p r e s s i o n r e p l a c e t by the p a r a m e t e r T given by t = b and 
choose ( 3 = 0 . a = g (z) . Since b > 0 is r e a l , T is r e a l . 

[ T ] 
The e x t r e m a l s (11) then b e c o m e f (z) a s defined in (10), 
p rov ing the c o r o l l a r y . 

The above a n a l y s i s m a y of c o u r s e be g e n e r a l i z e d s ince 
the Abe l , S c h r o d e r and B o t t c h e r equa t ions a r e m e r e l y p a r t i c u l a r l y 
s imp le e x a m p l e s of the following m o r e g e n e r a l m e t h o d of finding 

f (z) for a r b i t r a r y t . Let 4>(z) be such tha t cf> (z) is known 
for a r b i t r a r y t . If a function g(z) can be found such tha t 

g{f(z)} = <Kg(z)} , then g { f [ n ] ( z ) } = 4> [ n l{g(z)} , 

which s u g g e s t s the defini t ion 

f [ t ] ( z ) = g [ - l ] { * C t ] ( g ( Z ) ) } 
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The Abe l , S c h r o d e r and B o t t c h e r e q u a t i o n s a r i s e when 

c()(z) = a + z , (j)(z) = a. z , and c))(z) = z a , r e s p e c t i v e l y . 

F ina l ly we no te tha t g{ i (z)} = at + g(z) , by d i f f e r e n t i 
a t ing both s i d e s wi th r e s p e c t to t , i m p l i e s tha t 

g ' { f [ t ] ( z ) } . ^ f [ t ] ( z ) = * . (12) 

a [ti 
Let t = 0 , and let — fL J(z) 

o t 
(12) b e c o m e s 

[0] 
JL(z) . S ince f (z) = z , 

t = 0 

g ' ( z ) a 
L(z) 

The function L«(z) i s used e x t e n s i v e l y by J a b o t i n s k y [ l ] in h i s 
s tudy of g e n e r a l i z e d i t e r a t e s . In p a r t i c u l a r , d i f f e r en t i a t i ng 

l*\l%)} =f[t]{f[s](Z)> 

with r e s p e c t to t and se t t ing t = 0 y i e l d s 

8 i*\z) . L(z) = L{f [s ](z)} 

whence the one p a r a m e t e r fami ly of funct ions (s the p a r a m e t e r ) 
[ s ] 

w = f (z) a l l sa t is fy the d i f f e ren t i a l equa t ion 

dw 
L(w) = L(z) . — . (13) 

dz 

In t e r m s of L(z) , the funct ional (7) b e c o m e s 

-\l . 2 . 2 

j | L ( Z ) | d t 

c 

2 6 4 
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