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A HIERARCHICAL PROBABILITY
MODEL OF COLON CANCER
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Abstract

We consider a model of fixed size N = 2/ in which there are [ generations of daughter
cells and a stem cell. In each generation i there are 2/~ ! daughter cells. At each integral
time unit the cells split so that the stem cell splits into a stem cell and generation 1
daughter cell and the generation i daughter cells become two cells of generation i + 1.
The last generation is removed from the population. A stem cell acquires first and second
mutations at rates ©] and uy, and a daughter cell acquires first and second mutations at
rates v] and vp. We find the distribution for the time it takes to acquire two mutations as
N goes to oo and the mutation rates go to 0. The mutation rates may tend to O at different
speeds. We also find the distribution for the locations of the mutations. In particular, we
determine whether or not the mutations occur on a stem cell and if not, at what generation
in the daughter cells they occur. Several outcomes are possible, depending on how fast
the rates go to 0. The model considered has been proposed by Komarova (2007) as a
model for colon cancer.
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1. Introduction

In the 1950s Armitage and Doll [1] proposed that cancer may be the end result of an
accumulation of two or more cell mutations. Later, Cairns [2] first raised the question of
how stem cells affect the development of cancer. We are interested in a particular model in
which stem cells play a central role. Komarova [12] discussed three mathematical models
which may be used to model the mutations that lead to cancer. The first is the Moran model,
which may be used to model cancers in liquids such as leukemia. In this model there is a fixed
population of size N. Each of the cells acquires mutations independently at rate ;. Each cell in
the population dies at rate 1 and is replaced by any individual in the population, including itself,
with equal probability. The second is a spatial model which may be used to model cancers in
solid tissues. This model is similar to the Moran model except that the cells are given spatial
locations and, when they die, they are only replaced by nearby cells. The third model, the
one we focus on in this paper, is referred to as the hierarchical model in [12]. The difference
between this model and the other two is that we consider the difference between stem cells and
daughter cells. This model was proposed in [12] as a model for colon cancer.

As discussed in [12], many cells in the human body, including those in the colon, go through
a three-step process. It begins with a stem cell which will stay in the population for a long time
and have many descendants. Some of these descendants will also be stem cells, but others will
be differentiated progenitor cells. The progenitor cells, or what we will refer to as daughter
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cells in this paper, will split into more daughter cells. The number of times these cells split is
dependent upon what organ of the body they are in. We will refer to the number of splits that
a daughter cell has undergone as the generation of the cell. Once the cells split enough times
they reach maturity and are swept out of the population in a biological process called apoptosis.
The colon is lined with crypts that contain pockets of cells. The cells in the colon, as described
by Komarova [14], are such that stem cells reside at the bottom of the crypt and the daughters
migrate up the crypt so that the higher-generation daughter cells are near the top.

One can find many conjectures on the number of mutations necessary to cause cancer. In
the original model proposed in [12], cancer is the result of two mutations. The reason for
two mutations is that it represents the inactivation of two alleles in a tumor suppressor gene.
Knudson claimed that retinoblastoma is the result of two mutations in [10] and [11]. For other
sources on two-mutation models of cancer, we refer the reader to [8], [15], and [17]. We also
model cancer as a result of two mutations. In the hierarchical model there are three ways in
which the mutations may occur. Stem cells may acquire both mutations so that cancer is a
result of mutations of stem cells only. It is possible that a stem cell receives the first mutation
and a daughter cell receives the second, or a daughter cell and one of its descendants will each
receive mutations before they are swept from the crypt. In [12] these cases are abbreviated as
ss, sd, and dd, respectively.

The hierarchical model will be referred to as Hj. This model has a fixed population of size
N = 2!, where [ is the number of generations of daughter cells in the crypt. At all times # > 0
there is one stem cell and, for k € {1, 2, ..., [}, there are k=1 daughter cells of generation k.
We start with a full crypt and no mutations. At each integral time unit all of the cells split in
the following way.

e The stem cell splits into a stem cell and a generation 1 daughter cell.

e For each generation k with 1 < k <[ — 1, a daughter cell of generation k will split into
two cells of generation k + 1.

e The daughter cells of generation / undergo apoptosis and are swept from the population.

Note that the generations are a constant size throughout time. The cells will accumulate
mutations via Poisson processes. A cell with 0, 1, or 2 mutations is called a type-0, type-1, or
type-2 cell, respectively. A mutation which occurs on a type-0 or type-1 cell is called a type-1
or type-2 mutation, respectively. This terminology is used so that a mutation that makes a cell
type 2 is called a type-2 mutation. Once a type-2 mutation occurs the colon is assumed to have
cancer. The cells will each have two Poisson processes marking them, one which will cause
type-1 mutations and one which will cause type-2 mutations. The first Poisson process that
marks a cell will only cause a type-1 mutation if the cell is type 0. If a mark of the Poisson
process occurs while the cell is not type O then nothing happens. Likewise, the second Poisson
process only causes mutations on type-1 cells. If a mark from this Poisson process occurs
on a cell while it is type 1 then the cell becomes type 2, but if the cell is not type 1 then
nothing happens. All of the Poisson processes are independent. The mutations are passed to
the descendants when a cell splits. It is sometimes convenient to think of the cells as fixed in
a binary tree and the mutations as traveling through the tree in a direction which takes them
from the root to the leaves. Because of this we will often refer to the sequence of stem cells
as the stem cell line and we fix the Poisson processes that are marking the cells on particular
locations in the tree.

We should mention that several other very similar models have been used to study how stem
cells affect the development of cancer. In [13], Komarova and Cheng considered the effects of
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the development of cancer based on the quantity of stem cells in the population. In [6], Frank
et al. considered a model in which the stem cells split only finitely many times.

For our model, the rates at which stem cells acquire type-1 and type-2 mutations are u| and
uy, respectively. The rates at which the daughter cells acquire type-1 and type-2 mutations
are vy and v, respectively. All of the rates are functions of N and will approach 0 as N
approaches co. We will always consider what happens as N goes to co. All limits will be
assumed as taking N to oo unless otherwise stated.

A type-1 mutation to a cell is called successful if that cell or one of its descendants receives
a type-2 mutation. A type-1 mutation to a stem cell is always successful and a type-1 mutation
to a daughter cell is successful if the daughter cell has a type-2 descendent before its progeny
is eliminated from the population. We will call the successful type-1 mutation whose type-2
descendant is the first type 2 to occur the cancer causing type-1 mutation. Note that being the
cancer-causing type-1 mutation is not equivalent to being the first successful type-1 mutation.

We prove the theorem by coupling various models. This motivates us to define the following
functions.

e 7/(A) is the time at which the cancer-causing type-1 mutation occurs in model A.
e 7(A) is the first time that any cell acquires a type-2 mutation in model A.

e 0(A) := j/l when the cancer-causing type-1 mutation occurs in generation j in model A.
If the cancer-causing type-1 mutation occurs on a stem cell in model A then o (A) = 0.

e p(A) := j/I when the first type-2 mutation occurs in generation j in model A. If the
first type-2 mutation occurs on a stem cell in model A then p(A) = 0.

One of the two goals of this paper is to find the asymptotic distribution of 7(H;) as N
approaches oco. Similar work has been done for the Moran model by Schweinsberg [18]
and Durrett e al. [5], in which more general results have already been found, and for the
spatial model by Durrett and Moseley [4]. In [12], Komarova made the following connection
between the Moran model and the hierarchical model. In the Moran model a mutation may
undergo fixation, meaning that it spreads throughout the entire population through the birth—
death process and all of the cells are the same type. Because the last generation is always
removed in the hierarchical model, the only way to get fixation is if a stem cell acquires a
mutation. These are the cases ss and sd. In these cases the mutation will spread throughout the
population in / time units. In the Moran model it is also possible that the progeny of mutated
cells undergo what is called stochastic tunneling. This is when multiple mutations are acquired
before they fixate. This is analogous to daughter cells acquiring two mutations before a stem
cell aquires one mutation in the hierarchical model. This is the dd case and can also happen in
the sd case if the second mutation occurs before the first has time to fixate (in particular, the
second mutation occurs in less than / time units).

The rate at which daughter cells acquire successful type-1 mutations is given in [12] to be
approximately

1
Y o2 (1 - e @)y, (1)
i=1

To see this, suppose that all the cells are type 0. When all of the cells in generation i are
type 0, then type-1 mutations occur on this generation at rate v 12i=1. Each of the cells will
have 2!=i*1 — 2 descendants. Every descendant lives for one time unit and acquires type-2
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mutations at rate vy. This gives the probability of success of a type-1 mutation in generation i
to be approximately 1 — e~ 7"'=2) Then we sum over all generations.

Our second goal is to determine the limiting distributions of o (H1) and p (H1). The location
of the mutations can be essential to the treatment of cancer. As an example, studies of the
effects of the drug imatinib on chronic myeloid leukemia have shown that leukemic stem cells
will most likely not cause tumors but rather that a tumor is a result of a mutation on one of
the daughter cells; see [3] and [16]. Imatinib treats leukemic daughter cells but not leukemic
stem cells. While using imatinib problems arising from cancer are prevented, but patients
cannot stop treatment because the leukemic stem cells will continue producing new leukemic
daughter cells. Therefore, the location of where the mutations occur may play a pivotal role in
determining how to treat the cancer.

We do not find the limiting distribution of 7/(H;) as there seems to be no motivation to do
s0. We only make the definition 7/(A) because it will occasionally be useful for achieving the
two goals described above.

We have established most of the notation above, but some more will be included here. For
any real number a, we define a™ = a Vv 0. For functions f(x) and g(x) we will denote the
limits f(x)/g(x) — 0, f(x)/g(x) — 1,and f(x)/g(x) > ccasx - ocoby f L g, f ~
and f > g, respectively. To reduce the number of subscrlpts we will use logx for logzx
Note that with this notation, / = log N. We will use ‘2 to denote convergence in distribution
and ‘=’ to denote convergence in probability. We make the following assumptions throughout
most of the paper.

Assumption 1. There exist constants «, 8 > 0 such that vy ~ BN,
Assumption 2. The mutation rates satisfy u; < uy and vy < cv for some ¢ > 0.

We do not allow @ = 0 so as to reduce the number of cases to be considered. As a result of
Assumption 1, the probability that the cancer causing type-1 mutation occurs on a daughter cell
in generationi < [(1 —a)™ tends to 0. According to Komarova [13], Assumption 2 agrees with
almost all of the biologically relevant cases. We let X be an exponentially distributed random
variable with mean 1 and we let Y be a random variable with the Rayleigh distribution so that
PY<t)=1-—c¢ f/zforanyt > 0.

The following theorem is the goal of this paper.

Theorem 1. Suppose that Assumptions 1 and 2 hold. Recall that all limits are taken as N goes
to Q.
1. If vivy < 1/(N(log N)?) and vivaNlog N >> uy, (@ A 1vjvaN(log N)t(Hy) > X.
The distribution of o (H1) converges to the uniform distribution on (1 — a)*, 1] and
o (H1) converges in probability to 1.

2. If 1/(N(log N)z) K vy L 1/N and vivy > u%/N, then /vivaNt(HY) 2 ¥, Both
o (Hy) and p(Hy) converge in probability to 1.

3. If viva > 1/N then JvivaNt(H)) 2 Y. Both o (Hy) and p(H|) converge in
probability to 1.

4. Assume that the following two conditions hold.

e Either viva < 1/(N(log N)?) and u; > vivaNlogN or 1/(N(og N)?) «
vivy L 1/N anduy > +/vivaN.

e Bothu, < 1/logN and uy < va2N.
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FIGURE 1: Case 1 of Theorem 1.

Then uyt(Hy) > X. The probability that the first mutation occurs on the stem cell line
converges to 1 and p(H1) converges in probability to o A 1.

5. Assume that the following two conditions hold.

e Either viva < 1/(N(log N)?) and u; > vivaNlogN or 1/(N(log N)?) <
vivy L 1/N and uy > +/vivaN.

e FEither up > 1/log N or uz > vy N.

Then the probability that both mutations occur on the stem cell line convergesto 1. Ifu; <
uy thenut(Hy) 2 x and ifuy ~ Auy for some A > O thenut(Hy) Xx + Z, where
Z is an exponentially distributed random variable with mean A which is independent
of X.

The first three cases of Theorem 1 are the dd regime. Case 4 is the sd regime and case 5 is
the ss regime.

In case 1 the condition vjvy <« 1/(N (log N)?) indicates that, with probability tending to 1,
the first successful type- 1 mutation on a daughter cell will occur after log N time. The condition
viva N log N > uj indicates that a type-2 mutation will occur on a daughter cell before a type-1
mutation occurs on a stem cell with probability tending to 1. Because the amount of time that
can pass between a successful type-1 mutation and a type-2 mutation is bounded by log N,
the time it takes for the type-2 mutation to occur is negligible in the limit. This is why the
distribution of 7 (Hj) converges to an exponential distribution.

There is a useful picture to keep in mind. We will graph time scaled by 1/log N on the
horizontal axis and generation scaled by 1/log N on the vertical axis. A mutation on a cell
in generation i at time ¢ will be represented by a circle at (¢/1,i/l). We represent only the
successful type-1 and type-2 mutations. When a successful type-1 mutation is marked, the
following type-2 mutation will be connected to it by a line. Figure 1 is an illustration of case 1.

The distribution of o (Hj) arises from a balance between the large number of cells in the
later generations versus the large number of descendants of cells in the earlier generations as
discussed above. The reasoning used to derive (1) shows that generation i acquires mutations
at a rate of approximately

02711 = e 2@y &y N,

Note that the approximate rate is independent of i. This balance causes the distribution of
the marks of the successful type-1 mutations to converge to a uniform Poisson process on
[0, 00) x ((1 —a)™, 1). The probability that the second mutation occurs in the later generations
is just a result of the bulk of the population being concentrated in the later generations.

In case 2 the condition 1/(N (log N)?) < vjv; indicates that a daughter cell will acquire
a successful type-1 mutation before log N time with probability tending to 1. The condition
viv2 < 1/N indicates that the time it takes for a successful type-1 mutation to occur on a

https://doi.org/10.1239/aap/1354716589 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1354716589

A hierarchical probability model of colon cancer 1057

1 —¢
0

FIGURE 2: Case 2 of Theorem 1—a magnified image of the top-left corner.

daughter cell tends to co. The condition vivy > u% /N indicates that the cancer-causing type-1

mutation will occur on a daughter cell with probability tending to 1. As in case 1, p(H1) LN
because most of the cells are in the later generations. Because cells split at rate 1 it takes
O (log N) time units before a significant number of an individual’s progeny is realized. In this
case the type-2 mutation will occur much faster than log N time with probability tending to 1.
Therefore, an individual’s progeny does not play such an important role. For this reason, the
cancer-causing type-1 mutation is approximately equally likely to occur on any cell. Most of
the cells are in the later generations so o (H1) tends to 1. We illustrate this case in Figure 2.

In Figure 2, a type-2 mutation will occur by time ¢ if a successful type-1 mutation has
occurred in the triangle beneath time 7. Note that Figure 2 illustrates an example in which
the first successful type-1 mutation is not the cancer-causing type-1 mutation. Because the
marks of the type-1 mutations are converging to a uniform Poisson process in the triangle, the
distribution of 7 (Hj) will converge to the Rayleigh distribution.

In case 3 the condition vivy, > 1/N indicates that some cell will receive two mutations
before time 1 with probability tending to 1. Any daughter cell is equally likely to acquire
the two mutations and because u; — 0 the probability that the stem cell acquires the two
mutations tends to 0. This causes o (H1) and p(H) to tend to 1 in probability since the bulk of
the population is concentrated in the later generations. The waiting time for the first individual
to acquire two mutations has a Rayleigh distribution, which gives the result for 7(H;). The
results hold for this case when o = 0.

We now explain the assumptions of case 4 which ensure that the sd regime occurs with
probability tending to 1. If stem cells could not mutate and viv, < 1/(N(log N)?), then,
according to case 1, (¢ A 1)vivaNlog Nt(Hy) 2 X. The condition up > vivyNlog N
indicates that a type-1 mutation occurs on the stem cell line before a type-2 mutation occurs
on a daughter cell when the mutation rates of the daughter cells satisfy vivs < 1/N(log N)?.
Likewise, if the stem cell could not mutate and 1 /(N (log N )2) < viva < 1/N, then, according

to case 2, s/viva NT(H}) 2 Y. The condition u1 > 4/viva N indicates that the stem cell line
acquires a type-1 mutation before the daughter cells acquires a type-2 mutation when the
mutation rates of the daughter cells satisfy 1/(N(log N)*) <« viva < 1/N. The condition
uy > 1/1log N or up > va N indicates that the first type-2 mutation occurs on a daughter cell
rather than the stem cell line.

In case 4 the time at which the type-1 mutation occurs on the stem cell line is much larger
than log N with probability tending to 1. Therefore, the time it takes for the first type-2 mutation
to occur is negligible. This implies that the type-1 mutation that occurs on the stem cell line is
the cancer-causing type-1 mutation with probability tending to 1 and illustrates why u |t (H})
is converging to an exponential distribution. Once a stem cell acquires a type-1 mutation the
daughter cells inherit the type-1 mutation at an exponential rate. For any ¢ > 0, the probability
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FiGURE 3: Case 4 of Theorem 1—stem cell mutations occur on [0, co) x {0}.

that the first type-2 mutation will occur when the type-1 mutation has spread to generation i

forsomei € (e A1l —¢)logN, (e A1+ ¢)log N) tends to 1. This is why p(H}) N (A1)
Figure 3 gives an illustration of this case.

The first condition in case 5 is the same as the first condition in case 4. Under this condition,
the probability that the first successful type-1 mutation occurs on the stem cell line tends to 1.
The second condition in case 5 implies that the first type-2 mutation occurs on the stem cell
line with probability tending to 1.

The results for T (H}) are similar to the results when waiting for two mutations in the Moran
model. In particular, when the mutation rates are slow in the Moran model, the time until two
mutations converges to the exponential distribution and when the rates are faster, the waiting
time converges to the Rayleigh distribution. The original results can be found in [8] and [19],
and they are also a special case of the results in [18].

There are many boundary cases and most of them are not included in this paper, where we
use the term boundary case to refer to the boundary between two of the conditions. That is, if
v] < 1/N gives one result and v; >3 1/N gives another, we would consider vy ~ A/N for
some constant A to be aboundary case. If included, the boundary cases would make up the bulk
of this paper. One reason for this is that our variables {v1, vz, u1, u2} span a four-dimensional
space, so the regions will have many boundaries. Moreover, sometimes three regions intersect
in the same place. It does not seem that there would be any special difficulties in computing
most of these boundary cases using the same methods used in this paper.

We call H; the null model when all of the mutation rates are the same. The following
proposition gives the results for the null model, including results for the boundary cases.

Proposition 1. Ler u = uy = upy = v1 = vy. Suppose that Assumption 1 holds, so that there
exist constants 3, « > 0 such that u ~ BN~%.

l. If u < 1/(Nlog N) then ut(Hp) 2 X. The probability that the first successful type-1
mutation occurs on the stem cell line converges to 1 and p(H1) converges in probability
to 1.

2. If u ~ A/(NlogN) then (1 + A)ut(Hy) 2 X. Let & be a Bernoulli random variable
such that P(¢ = 1) = A/(1 4+ A) and P(§E = 0) = 1/(1 + A). Let U be a random
variable, independent of &, with the uniform distribution on [0, 1]. Then

o(H)) > U

and
p(H) = 1.

3. If1/(NlogN) < u < 1/(+/NlogN) then (@ A H)u®N(log N)t(H)) = X. The
distribution of o (Hy) converges to a uniform distribution on (1 — «)*, 1] and p(H;)
converges in probability to 1.
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FIGURE 4: Case 4 of Proposition 1.

4. If u ~ A/(¥/Nlog N) then
. T(Hy) 22 a2 2
hmP(W < z) = (1 —e ") 101 21) + (1 — e V2B 15 00y ().

Let Z be a random variable with density

12 2 —A22)2 A%/8
fx) = (/ A“e” 2 4t + 2e” / )1[1/2,1](36)-
1

—X

As N goes to oo, o (Hy) converges in distribution to Z and p(H1) converges in probability
to 1.

5. If 1/(¥NlogN) < n < 1//N then pu~/Nt(Hy) > Y. Both o(H;) and p(H))
converge in probability to 1.

6. If w ~ A/N/N then, for each fixed time t > 0, there exist constants ¢ and C such that
liminf P(r(Hy) <t) > ¢ > 0and limsupP(t(H;) <t) < C < 1. Both o(Hy) and
o (H1) converge in probability to 1.

7. If 1/«/ﬁ &« 1t then uv/Nt(H}) 2 Y. Both o (Hy) and p(H1) converge in probability
to 1.

Parts 1, 3, 5, and 7 of Proposition 1 follow directly from Theorem 1. Parts 2, 4, and 6, the
boundary cases, will be proved in Section 6.

In part 2 the cancer-causing type-1 mutation may occur on a stem cell or a daughter cell.
The event £ = 1 corresponds to the cancer causing type-1 mutation occurring on a daughter
cell and the event £ = 0 corresponds to the cancer-causing type-1 mutation occurring on the
stem cell line.

In part 4 the mutations occur in O (log N) time units. Figure 4 is an illustration for this case.

Note that the exponents in the limiting distribution for 7(Hj) in part 4 correspond to the
area of a triangle or quadrilateral. This is because the cancer-causing type-1 mutation will
occur in O (log N) time units. Let #; and 7, be the times marked in Figure 4. The probability
that a type-2 mutation has occurred by time 71/ log N is the probability that a mark indicating a
successful type-1 mutation has occurred in the triangle associated with #1 in Figure 4. Likewise,
the probability that a type-2 mutation has occurred by time #,/log N is the probability that a
mark indicating a successful type-1 mutation has occurred in the quadrilateral associated with
1 in Figure 4.

The main result of part 6 is that, when u ~ A/ /N, the time until two mutations is O(1).
The results are therefore affected by the discreteness of the model.
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In the next section we introduce a new model which will be coupled with H;. Theorem 1
will be proved with this new model in place of H; and the coupling will give the results for Hj.
The third section of this paper is devoted to obtaining results about the dd regime. The fourth
section is on results about the sd and ss regimes. In Section 5 we prove Theorem 1. The last
section is a discussion of the boundary cases in the null model and a proof of Proposition 1. In
Appendix A we give a glossary of the notation and of the descriptions of the auxiliary models
used throughout the paper.

2. A useful model

In this section we define a new model, H>, which will be useful to compare with Hj. In
model H, there is one stem cell and, for each integer i, there are 2/~! generation i daughter
cells for all times ¢ > 0. The cells in model H; split at each integral time unit in the same way
that the cells in model H; split. Just as in model Hj, the stem cells in model H> receive type-1
and type-2 mutations at rates u; and u,, respectively, and the daughter cells receive type-1
and type-2 mutations at rates v and v, respectively. The difference between the models is
how the cells accumulate type-1 mutations. In model H; all type-1 mutations have the same
behavior. A type-1 mutation proposed to occur on a type-1 cell in Hj is rejected because the
cell is already a type 1. In model H; the behavior of type-1 mutations differ depending on
whether or not the mutation occurred on a stem cell. If a type-1 mutation occurs on a stem cell,
it has the same behavior as in model H;. The mutation will eventually be passed to all other
cells in the population and any type-1 mutation proposed to occur on a type-1 stem cell or a
daughter cell that is the progeny of a type-1 stem cell is rejected. However, all type-1 daughter
cells which are type-1 cells as a result of a type-1 mutation occurring on a daughter cell are able
to accumulate type-1 mutations. If a type-1 mutation is proposed to occur on such a daughter
cell with one type-1 mutation, then the mutation is accepted and the cell now carries two type-1
mutations. Type-1 mutations to type-0 daughter cells result in cells that are allowed to carry
any number of type-1 mutations, and when a cell has k type-1 mutations, it receives type-2
mutations at rate kv,. Because the type-1 mutations on daughter cells do not change the rate at
which type-1 mutations occur, (1) is more accurate for model H>.

We now give an alternate description of model H> which will allow us to make a coupling
between models H; and H,. Consider the daughter cells as fixed in a tree and consider
the mutations as moving to the higher-generation daughter cells at each integral time unit
in model H;. Label the daughter cells Dy, D3, ..., Dy_1.

In model H, each daughter cell D; has a counter C; starting at 0 and is acted on by a sequence
of Poisson processes {P,i 3°=1, each having rate vy, which determine the type-2 mutations. All
of the Poisson processes are independent of one another. When a type-1 mutation occurs on a
daughter cell D;, it increases the counter C; by 1. This is considered to be a type-1 mutation.
If a type-1 mutation increases the counter to #, it is the nth type-1 mutation on the cell. When
the counter C; has reached n, all type-2 mutations that would occur according to the Poisson

processes P!, Pzi, cees P,’l' are accepted as type-2 mutations on cell D;. All type-2 mutations
that would occur according to the Poisson processes P, |, P, ,, ... are rejected. If a type-2

mutation occurs on cell D; as a result of the Poisson process P!, then the nth type-1 mutation
according to C; is considered to be successful. If the first type-2 mutation on a cell is a result
of the Poisson process P,’;, then the nth type-1 mutation according to C; is the cancer-causing
type-1 mutation. Rather than the mutations moving up the tree, at each integral time unit the
daughter cells in generations i > 2 will inherit the counter number from their ancestor in
the previous generation. The daughter cell in generation 1 will reset its counter to O at each
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integral time unit. However, a type-1 mutation on a stem cell does not have a counter. Once a
type-1 mutation has spread from a stem cell to a daughter cell the daughter cell can no longer
accumulate type-1 mutations and the model is the same as model H.

We couple H; and H> as follows.

e The Poisson processes that mark the stem cells are the same.

e If a daughter cell has inherited a type-1 mutation from a stem cell then the Poisson
processes marking type-2 mutations on the cell are the same in each model.

e The Poisson processes marking type-1 mutations on daughter cells are the same.

e The Poisson processes marking type-2 mutations on daughter cells in model H; are the
same as the Poisson processes P| in model H so long as the daughter cells did not inherit
their type-1 mutations from a stem cell.

There are no analogous Poisson processes in model H; for the N — 1 sequences of Poisson
processes P,, Ps, ...in model H.

Lemma 1. Let the Poisson processes in models H| and Hy be coupled as described above.
Then P(t(Hy) = t(H»)), P(p(H1) = p(H>)), and P(o (Hy) = o (Hy)) all converge to 1.

Proof. A type-2 mutation which occurs in model H; but not in H is a result of the rejection
of the type-1 mutation in model H; that has led to the type-2 mutation in H,. This type-1
mutation could only be rejected in model H; because the cell on which it was supposed to
occur was already a type-1 cell. Type-1 mutations on the stem cell line will occur at the same
time in both models. If we consider a type-1 mutation that occurs on a daughter cell in model
H», the probability that it also occurs in model Hj is the probability that the cell is a type O.
Because the differentiated cells will be removed from the population after log N time, if we
propose a type-1 mutation at a time ¢ on any cell that has not inherited a type-1 mutation from
a stem cell, then the probability that the cell has a type-1 mutation is at most 1 — e~ V1108V,
Therefore, if a type-1 mutation occurs in model H> at time ¢, with probability at least e V1 10gN |
it will also occur in model H;. We show that the same will be true of the cancer-causing type-1
mutation.

We number the positions of the cells 1, 2, ..., N and let 1 be the position of the stem cell line.
Let N = {1,2,...,N}and L = [0, []U {oo}. First we note that the Poisson processes marking
the daughter cells in model H, induce a Poisson process on the space [0, 00) x N x L. A point
(z,1,s) is marked to indicate that a type-1 mutation occurred at time ¢ on the cell at location i
and at time s 4 the type-1 mutation became successful. If the type-1 mutation is not successful
then s = co. One may note that this is a Poisson process by two applications of the marking
theorem (see [9, p. 55]). Type-1 mutations occur according to a Poisson process on [0, co0) at
rate v (N — 1) 4+ u. Each daughter cell has probability vi/(vi(N — 1) + u) of being the cell
that receives the type-1 mutation and the stem cell has probability u /(v (N — 1) +u1) of being
the cell that receives the type-1 mutation. By a first application of the marking theorem this
gives us a Poisson process on [0, 00) x N. The probability that a type-1 mutation is successful
can be determined from the associated point (¢, i) which tells us at what time and on what
cell the type-1 mutation occurred. Each one of these points has an associated value s that
indicates when, and if, the type-1 mutation becomes successful. This gives the Poisson process
on[O,oo)xNxL.

Let Z be the random variable which indicates the value in [0, 00) X N x L that corresponds
to the time of the cancer-causing type-1 mutation, the cell on which it occurred, and the time of
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the first type-2 mutation. If we condition on the event Z = (%, ig, so) for some i( in generation
J which is not the stem cell line, then there can be no marks in subset

{(t,i,8):s <to+so—t}U{(t,i,8): ([t =i, {1}, s+t —[t])}

of [0, 00) x N x L. The marks that occur outside of this subset occur independently of the
marks that occur within. Conditioning does not change the probability that a mark outside of
this set has occurred by time #yp. This only reduces the rate at which type-1 mutations occur
before time #o. Therefore, P(z(H;) # t(H>) | Z = (to, ip, s0)) < 1 —e V118N et P, be
the probability measure on [0, o0) x N x L induced by Z. Then

P(r(Hy) # t(H)) = / P(t(Hy) #1(H) | Z = x) Pz(dx)

[0,00)x Nx L
< / (1— e 198N b, (dx)
[0,00)x N x L

—1—e U log N

This shows that P(t(H}) # 1(H>)) — 0if v; < 1/log N. It follows from Assumption 1 that
vy < 1/log N, and combining this with Assumption 2 we see that v; < 1/log N as well.

On the event T(H;) = t(Hy) we have p(Hy) = p(Hp) and o(H,) = o(H,) with
probability 1. The only way these equalities can fail is if two type-2 mutations occur simul-
taneously in model H», an event whose probability is 0. Therefore, P(o(H;) = p(H3)) and
P(o(Hy) = 0 (H>)) both converge to 1 as well.

The rest of the work in proving Theorem 1 is in proving Theorem 1 with H> in place of H.
Once this is done Theorem 1 follows from Lemma 1.

3. The dd regime

To understand the behavior in the dd regime, we consider a new model which is the same as
H, except that mutations only occur on daughter cells. That is, there are no Poisson processes
that mark mutations on the stem cells. This new model will be called model M. The purpose
of this section is to prove the following proposition.

Proposition 2. 1. If viv, < 1/(N(log N)?) then (« A Doy vaN(log N)t(My) 2 X. The
distribution of o (M) converges to a uniform distribution on (1—a)™, 1]1and p (M) converges
in probability to 1.

2. Ifl/(N(logN)z) K vivy L 1/N then JvivyNt(My) 2 Y. Both o(My) and p(My)
converge in probability to 1.

Lemma 2. For any positive integer k < [, we have P(o(M1) > (I —k)/I) > 1 — 1/2k.

Proof. Let Z be the number of generations between the cancer-causing type-1 mutation and
the first type-2 mutation. Then Z € {0, 1,2, ...,1}. Because there are only / generations,
if the second mutation occurs [ — k generations or more after the first then it must be in
the last k generations. So P(o(My) > (I —k)/1|Z € { -k, —k+1,...,1}) = 1.
If we condition on the event that Z = j for some j < [ — k — 1 then the probability
that the cancer-causing type-1 mutation occurs on any cell in generations 1,2, ...,1 — j is
equally likely. This is because the Poisson processes marking the mutations on the descendants
of the cells j generations after any generation i are independent and identically distributed.
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The last k of the [ — j generations always make up at least a fraction of 1 — 1/2F cells, so we
have P(o(M1) > ({—-k)/l | Z€{0,1,2,....,1—k—1}) > 1 — 1/2]‘, where we obtain a strict
inequality because we do not count the stem cell line. The result follows.

It is important to note that Lemma 2 holds for any N and we do not require N — oo. Also,
the rates at which v; and v, tend to O are irrelevant.

Corollary 1. As N goes to oo, p(M1) will converge to 1 in probability.
Lemma 3. Let (B1, 2] C (0, 1]. Let C be a positive constant, and let C' € {1,2}. Then
3o w21 e @) gy — 1 v (1 — @) TuinaN log N.
ieNN(B1.162]

Proof. We will first define some notation for this proof for the sake of readability. Let I C R.
We define
I :=INB1, 18] NN.

. . . [—i+1
First we consider the case when o > 1. Using the upper bound 1 — e~€%2( =0 <
Cvp2!=*1 we have

s _ I—i+1_ 7
Zie(lﬁhlﬁz]* v12l 1(1 —e Cvy(2 C ))
viv2!i

= C(B2— Bo).
From the second-order Taylor expansion we obtain a lower bound of
| _e—C@ =) > Cup 2+ _ ¢y = %sz%(zl—i-i-l — )
We will break this sum into five parts:
2i-1(1 — e—cUz(zlfiH—c’)) > Cup2l — CClvy2 — sz%zzl—i 4 CZC/U%ZI _ CZ(C’)ZU%Zi_Z.

Computations for each of the five individual sums give

Cuvy2!
Y 2B LB B,

icUpr ipa]* 2l
CC'v20  cci!
Z =T 0.
icUpripr 2
20 N2 2mi2 2002
D .
ie(pr,lpa]* v2
CZc/v22l
> 21§ C:C'n >0,
ie(py.lpa]* v2
2252 (20! 2t
Z ¢ v22211 _ 2 (Z; Flﬂﬂ D < C2py2lBa=hD) _,
ieupipor

so long as vy K 1/2l(ﬁ2’f3'> = N~B2=A1)  which will hold since & > 1 in this case.
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So we have

lim
N—o0

i—1 _ 2[7H~1_ /
Yicap gy 12 (1= e O
vlvzzll

) = C(p2 = P,

which completes the « > 1 case.
Nowlet0 < a < 1 andlete > Obe small enoughsothat0 < 1 —a —e <1 —-a+¢e < 1.
‘We now break the sum into three blocks:
i—1 —-C 2[—i+l_c/
Zie[1,1(1—a—s))*u[l(l—a—a),l(l—a+s)]*U(Z(l—a+s),l]* 2 (1 —¢ va( ))
0221

We can consider each of these three sums individually.
For the middle sum, we only need the bound

. 21‘—1(1 _ e—Cuz(zf—f“—c/)
vzzll

which follows by the upper bound 1 — e=C2@7"'=C") < Cy,2l=i+1,
One can apply similar computations as in the « = 1 case to obtain

Zie[l(l—a—e),l(l—a—t—s)

0< <2Ce,

i—1 —-C 217i+l_C/
Zie(l(l—a+s),l]* 20711 —ememl )
v22!1

- Cr—piv(U—a+enh

[—i+1 . .
For the first sum, note that 1 — e €2 =) < 1. This gives the bound

21'71(1 - efcm(z’*i“fc’))

0<
. Z 02211
ie[l,l(1—a—e))*
21'—1
< R
- Z Uzle
ie[l,l(1—a—e))*
2[(1—(1—8)
S .
22!
— 0.

The convergence is a result of the definition of «. In particular, vy 3> N~*"¢(log N)~.
Combining the three sums yields
Zie(lﬂhlﬁz]* vlzifl a- efcvz(zlfiﬂ,c/))

CBr—p1vV(U—a+e)t <liminf
lv1vp2!

and

i—1 —_C 2]7i+lic/
Yieapripayr V127 (1 — e )

lvjvp2!

lim sup <CBr—PBiVvVU—a+e)T +2Cs.

Letting & approach 0 gives the result.

Corollary 2. Let T be t]f)ze time at which the first successful type-1 mutation occurs. Then
(x A DvjvyN(log N)T — X.
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Proof. For1 < i <[, there are 2'~! cells in generation i. Each of these cells acquires type-1
mutations at rate vy. The cells in generation i have 2/~'*! — 2 descendants. If the cell splits
as soon as it becomes a type 1, the probability that none of its descendants acquire a type-2
mutation is e 2" =2)_On the other hand, after a cell acquires a type-1 mutation it could
live for at most 1 time unit until it splits. If this is the case then the probability that neither the
cell that receives the type-1 mutation nor any of its descendants receives a type-2 mutation is
e~ 2@ =D If we let R(?) be the rate at which the successful type-1 mutations occur at time
t then, for any time ¢, we have
Zl vlzifl(l _ efuz(zlf"“fz))

i=1

1 =1lim
(¢ A DvjvaNlog N
R(t
< lim inf @)
(¢ A )vivaN log N
R(t
< lim sup ®

(@ A )vjvaNlog N
Z§—1 020711 — efvz(ZI"'“fl))
(¢ A 1)vjvaNlog N

< lim
=1,

where the limits are results of Lemma 3.
The successful type-1 mutations occur according to a time inhomogeneous Poisson process
with an intensity measure v, where v ([0, 7]) = fot R(s) ds. We have shown that v satisfies

! 1
tZ 012i—1(1 _ e—v2(2l—r+l_2)) < V([O, t]) < tZ v12i—l(1 _ e_vz(2/—1+]_l))
i=1

i=1
for all + > 0 and all N. For any ¢t > 0, we have
p(T < ! — 1 — o0/ (@ADVIvNIogN) _y | _ o
~ (¢ A DvjvaN(logN)

where the limiting results follow by Lemma 3. Therefore, (¢ A 1)viva N (log N)T is converging
in distribution to an exponentially distributed random variable with parameter 1.

’

The next lemma states that when vjv, < 1/(N(log N )2), the probability that the first
successful type-1 mutation is the cancer causing type-1 mutation tends to 1.

Lemma 4. Let T be the time at which the first successful type-1 mutation occurs in model M.
Ifvivy < 1/(N(log N)?) then P(T = v/ (My)) — 1.

Proof. Let Z = t(My) — T be the time it takes to acquire the first type-2 mutation after
the first successful type-1 mutation has appeared, and let T be the time it takes to acquire the
second successful type-1 mutation after the first.

By Corollary 2, (¢ A D)vivaN(log N)T > X and (e A D)vivoN(log N)T = X. Then,
because a type-2 mutation must occur within a log N time after a successful type-1 mutation
on a daughter cell, we have

P(T < Z) <P(T <logN) =P(( A DvjvaN(Iog N)T < (o A DvjvaN(log N)?) — 0.
Moreover, P(T > Z) < P(T = t/(M})) so P(T = t/(M;)) — 1.
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Lemma 5. Ifvivy < 1/(N(log N)?) then (o A vivaN(og N)t (M) 2 x.

Proof. From Lemma 4 we know that the probability that the first successful type-1 mutation
is the cancer-causing mutation is converging to 1. Combining this with Corollary 2, (¢ A 1) x
vivaN(log N)t/(M)) = X.

Owing to apoptosis, T(M;) — 7’ (M) is bounded above by log N so (a A 1)vjva N (log N) x
(t(My) — T/(M})) = 0. Then

(@ A DvjvaN(log N)t(M;) = (@ A DvjvaN(log N)(t/ (M) + (t(My) — T/ (My))) > X.

Lemma 6. If viv; < 1/(N(log N)?) then the distribution of o (M) converges to the uniform
distribution on (1 — o)™, 1].

Proof. By Lemma 4, the first successful type-1 mutation will be the cancer-causing type-1
mutation with probability tending to 1. Therefore, to find the limiting results on o (My), it is
enough to find the depth at which the first successful type-1 mutation occurs as N tends to co.

Each generation i with 1 < i <[ acquires successful type-1 mutations independently at a
rate bounded between v 2/~ (1 — e~ '=2)) and v, 211 (1 — e=2@ =D for any time £.
Therefore, for a fixed N and i, the probability that the first successful type-1 mutation occurs
on generation i is between

vlzi—l(l _ e—vz(zlfi“—z))
S v2im (1 e @)

and .
v12i=1(1 = e—vz(Zl"“—l))

S v — ey

Let B € [0, 1]. Using the notation and result from Lemma 3,

. it
Yicoupp 12 'A—e2770) g -—a)H)t
2 je.* 120711 — e~ @72y anl

lim sup P(o(M1) < B) < lim sup

and

i o ol—itl_
Picupr 127 (1= (g (1 — oyt

liminf P(o (M) < B) > liminf -1~ efuz(zl—/’fbl)) w1

J€,1]*

Combining the results of Corollary 1 and Lemmas 5 and 6 we have part 1 of Proposition 2.
For the next two proofs, we note that Corollary 1 already tells us that p (M) converges to 1 in
probability.

Proof of part 2 of Proposition 2. For the slower mutation rates, it was enough to note that a
cell in generation i has 2!=i+1 _ 2 descendants. Under these conditions, the mutation rates are
fast enough that we will need to consider how many descendants a cell in generation i has at a
time before its progeny undergoes apoptosis. For each k € N U {0}, let C; x be the collection
of cells in generation i during time [k, k + 1). If # > [ — i + k, the number of descendants of
each one of the cells in C; ; will be 2/~! (2/=1*+1 — 2) and their progeny will no longer be in
the population. For k <t <[ —i 4+ k, the number of descendants of each cell in C; ; will be
between 2/~ 17 and 2/+1~*_ This will allow us to give upper and lower bounds on the number
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of cells in or descended from cells in generation i by time ¢. If we consider atime ¢t < [ —i then
the descendants of the cells in C; ¢ will not yet have undergone apoptosis. Therefore, at time
t < I — i the number of cells that have been in generation i and their descendants is between

lt) Lt
D2t =201 and Y 2t <22
Jj=0 j=0
If + > I — i then some of the cells that have descended from generation i cells will have
undergone apoptosis. The total number of cells that have been in or descended from generation
i cells at time ¢, including those that have undergone apoptosis, will be between
1—i
Y e ) ) I R ) [CARARE)
j=0
and
1—i

DA L — @ =) =2 =1 @ - 2),
j=0
Recall that there are always 2/ ! cells in generation i which are acquiring type-1 mutations at
rate v1. We can once again multiply the rate of type-1 mutations on generation i by the bounds
on the probability that such a mutation is successful to find bounds on the rate of successful

type-1 mutations in generation i. We find that successful type-1 mutations occur on generation
i according to a Poisson process that has intensity measure between

2y (1 —e 2@ =Dy and 2Ly (1 — e 2@
ift <l —1i,and
2i—1v1(1 . e—uz(zl—"—1+(z—1+i>(2’—"+'—2))) and 2i—lvl(1 . e—vz(2’_1+2—1+(t—l+i)(2[_i+1—2)))
ift >1—1i.
We now use the bounds on the rates of successful type-1 mutations in each generation i to

find the limiting distribution of 7(M1). For large enough N, we will have r < \/vjv2 N log N
for any real number 7 by the hypothesis 1/(N (log N)?) < vivs. Let t/5/vivaN < [. Then

P<r(M1) < ): 1—e /N

t
VUi N
where, by summing over the generations and using the fact that 1 —e™ < x, we obtain

F < Y 2y e @R,

0<i<l—t/\/vivaN
+ Z 211y (1 — e—v2(21_1+2—1+(t/«/v1va—l+i)(21_i+]—2)))
I—t/(vivaN)<i<l
< Z 2i71(2[/«/U]U2N+2 _ 1)U1U2
0<i<l—t/\/vivaN
. ) t ,
+ 2‘1<2“+2 — 1+ (— —1 +i> =i+l _ 9 )v ).
2 TN ( )i

[—t/(vivaN)<i<l
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For the first sum,

Z 2i—l(21/«/v1v2N+2 _ 1)1]11]2 < %(21/«/v1v2N+2 _ 1)(2l—t/a/v1v2N+l _ 1)1)]1)2
0<i<l—t//vivaN

S 21+2U]U2
— 0.
For the second sum, we first compute
. ) t
Z 2112 _ vy < 2200 —— — 0.
VUi N

I—t/JoinuN<i<I
Lastly,

> 2"-%% —1 +i>(2l—f+1 —2)viva
[—t/JvivuN<i<l viv2

t
<2, Z <—_—l+i)
[—t/JvivuN<i<l v]va

211)1 1) < t )2
< +1
2 J Ui N

2
- —.

2

Therefore, lim sup P(Vo1vaNT(My) < 1) < 1 —e~"/2,
For the lower bound, we have

—up (212N _

fNy= Y 2 —e )

0<i<l—t//vivauN
+ Z 2i=1y, (1— efv2(21”?1+(t/./v1 uZNin)(zI*f“fz)))

[—t/J/vivuyN<i<l
- Z 21'7101(1 . efvz(t/«/mv2N71+i)(2l_i+172)).

I—t/J/vivyN<i<I
Using thebound 1 —e™ > x — x2/2, we have
Z 21y, (1 — e_v2<r/m—l+i>(2l—'+'—2))
I—t//vyN<i<I
will be greater than or equal to the sum overi € [ — ¢t/ JvivaN, 1] of

2i-1 ! I4i)@ — gy -2t I4i 2(21_;+1_2)2)
vi| | — — -2) = —— - —_—).
I\ VUi N 2 Juim N 2

First consider

2 (2l—i+l _ 2)2

E i t
21—1U1U§<— —1 +l>
2
I—t/y/vinN<i<l vivyN
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This sum is bounded between O and Zl—t/ﬁsisl 122! Let 0 < ¢ < . For large

Vv
enough N, wehavet < /vivaNl(o — ¢), whichis equivalentto /(1 —a¢—¢) < l—t/s/vivaN.
So, for large enough N, we have

Z vyt22lt < Z Va2l < [y, NO8 — 0.
I—t/JvivuN<i<l I(1—a+e)<i<l
It remains to show that
2
. t . t
lim inf 27y [ —— —l—}—i) 2l 9y > —.
Y 2o ) %7
[—t//vivuyN<i<l
Let j € Nand 7 > 0. For large enough values of N, we will have j < 7/y/vivaN <logN.
Note that if i <[ — j then 2/=1+1 —2 > (1 —27/)2/=+1 o

, : '
Z 2’_1v1v2(— I+ i)(21—1+1 _2)
I-t/ oo N<i<l VuinN

, t , .
> § : 2=y <——1+i) 1 — 2 Jyl=i+l,
> s 102 oo N ( )
I—t/JvivuyN<i<l—j

Because j is fixed we have

. t . .
2=y (— —l—i—i) 1 — 277yt 5,
; Z 12 Juim N ( )
—j<i<l
since each of the summands converges to 0. Therefore, we can add this sum without changing
the limit. This gives us a lower bound of

2
t . t .
lim inf 2w ——l+i>1—2_] >—(1-27).
Y (g ii)a-az G-
[—t/J/vivuN<i<l

We chose j to be any natural number, so liminf P(v/vjvaNt(M) <t) > 1 — e ’/2,

The above two bounds establish that P(y/vivoNt(M;) <t) —> 1 — e~*/2 for anyr > 0. It
remains to show that o (M) converges in probability to 1. First note that, for any ¢ > 0, we
have

P(r(Mp) <elogN) =P(/Nvivot(M1) < +/NvjvaelogN) — 1,
which follows because the distribution of /Nvjvot(My) is converging to the Rayleigh
distribution and /N vjvae log N is converging to oo. Let § > 0. By Corollary 1 we know that
p(M7) converges in probability to 1, so, as N goes to 0o, P(p(M1) > 1 —-6§) — 1. Ifo (M) <
1—25and p(M1) > 1 -4, thent(M1) > 5log N. Because P(t (M) > §log N) — 0 we must
also have P(o (M) < 1—-268) — 0, where § > 0 was arbitrary. Then P(1 —o (M) > 26) — 0
for any § > 0, so o (M) 51

4. The sd and ss regimes

In this section we need two different models. The first one is the same as model H, except
that only stem cells receive type-1 mutations and only daughter cells receive type-2 mutations.
The second is the same as H, except that only stem cells receive mutations. These will be
referred to as models M, and M3, respectively.
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Proposition 3. 1. If u; < 1/logN and u; < Nvy, then uit(M>) 2 X and o (M>3) 5
(. A D).

2.Ifuy K up then uyt(Ms3) 2 x.

3.Let A > 0, and let Z be an exponentially dif)lribuled random variable with mean A that is
independent of X. If u; ~ Aup thenujt(M3) - X + Z.

The goal of this section is to prove Proposition 3. It will be shown later that the conditions
used in Proposition 3 for the sd regime are the only relevant conditions.

Lemma 7. For time t <log N after a stem cell receives a type-1 mutation, we have
2 -2
e < P(r(Mp) — T'(Mp) > 1) <&@ TP,

Proof. Let Z = ©(M>) — t/(M3). First we establish the upper bound. After the stem cell
line receives the first mutation it takes at most one time unit until the mutation is passed along
to the first generation daughter cell. Assuming that it does take one time unit until the first
generation daughter cell inherits the mutation, we can obtain an upper bound on P(Z > t).
Let time ¢ = 0 denote the time at which the stem cell line receives the type-1 mutation. There
are no mutations being acquired by the daughter cells for time ¢ € [0, 1). For time ¢ € [1, 2),
the generation 1 daughter cell is the only type-1 daughter cell. So, for ¢ € [1,2), we have
P(Z > t) =e =D Fortime ¢ € [2, 3), the first two generations have the mutation which
is a total of three cells. Therefore, for ¢ € [2, 3), we have P(Z > t) = e~ BU=2un+v) where
the v, is added because of the probability of having a mutation before time 2. Extending this
inductively gives us

11
P(Z>1) = eXP[—[(Z“J —De—-lh+) @7 - 1)}1)2} < 27w

i=2

for any # <logN.

For the lower bound, we use the same reasoning as above except that we assume that it takes
zero time for the generation 1 daughter cell to become type 1 after the stem cell line is type 1.
This yields

2]
P(Z >1t) > exp|:_|:(2m — D — 1] + Z(Zi . 1)1|U21| > e_2r+2v2.

i=1

Lemma 8. The location of the second mutation satisfies p(M>) Sanl

Proof. Let Z = t(M) — 7/ (M3). By Lemma 7 we have P(Z > log N) > e~ Nw If
o > 1 then P(Z > log N) — 1 and the mutation will spread throughout the entire crypt.
If this is the case then any cell is equally likely to have the second mutation. Therefore,
P(p(Mp) < B) < (2P — 1)/(2' — 1) forany B € [0, 1), s0 p(M2) = 1.

Now suppose that « < 1. Let ¢ > 0, so that « — ¢ > 0. Then, by Lemma 7,

721(a—s)+2v2

P(Z >1l(x—¢)>c¢

Because 4N*~¢v, — 0 we obtain the convergence P(Z > [(o — ¢)) — 1. By time [(«@ — ¢)
the mutation will have spread to the first [/(« — €)| generations, so, for times after [(« — ¢),
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we know that at least 21/@=#)] cells have the type-1 mutation. Therefore,

28

P({p(M2) < B} N{Z > l(a — &)}) < T —

Thus, forany 8 < a — ¢,

2Bl _
1 +P(X; <l(x—¢)) — 0.

Plo(M2) =) < s —7

Hence, P(0(M>) > o — ¢) — 1. Because ¢ may be arbitrarily small we have completed the
o = 1 case.
Suppose that « < 1, and let ¢ > 0, so that @ + ¢ < 1. Then, by Lemma 7,

P(Z > l(a +¢)) < e~ @72z,

Because N*T€v; /4 — oo we have P(Z > [(a + €)) — 0. By time [(« + &) the mutation has
only spread to the first /(o + €) generations, so P(p(M>) > « + ¢) — 0, where ¢ is arbitrarily
small.

Lemma9. Ifu; < 1/log N and u; < Nvy, then u;t(M>) 2 X,

Proof. Since the stem cell line acquires mutations according to a Poisson process at rate u,
u1t’(M3) is an exponentially distributed random variable with mean 1. It remains to show that
w1 (t(M) = 7' (M) = 0.

Suppose that we consider a new model M), which is the same as model M» except that the
type-2 mutations can only occur on daughter cells a log N time after the stem cell line has a
type-1 mutation. We can couple models M, and M), so that the same Poisson processes are
marking the mutations on the cells in each model but that any proposed type-2 mutation is
rejected in model M) until a log N time after the stem cell line is type 1. Under the coupling,
/(M) = v/ (M}). Also, if we llgt Z = t(M}) — 1" (M}) then Z > 1(M>) — t'(M>). Therefore,
it is enough to show that u; Z — 0.

If we wait a log N time after the stem cell line receives a type-1 mutation then all of the
daughter cells will be type 1. Thus, for any fixed N, we have

P(Z > 1) = Ljg 1og vy (1) + e 2NV =DIleN) 40y o) (0).

Let & > 0. Then

&

& _ _ _
P Z > ¢) = l[O‘IOgN]<u_1> +e v2(N—=1)(e/u;—log N) l(logN,OO]<u_1>'

By our assumptions, u1 log N — 0, so, for large enough N, this becomes
P(M]Z > 8) — efvz(Nfl)(s/ulflog N)'
Also, by our assumptions, —v2(N — 1)(e/u; —log N) ~ —vuNe/u; — —00, SO

P(uiZ > ¢) — 0.
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Proof of Proposition 3. Combining Lemmas 8 and 9 we obtain part 1 of Proposition 3.
Note that u1t(M3) has the exponential distribution with mean 1. To prove part 2 of
Proposition 3, we need to show that u(t(M3) — t/(M3)) 2 0. Lete > 0. Then

P(ui(t(M3) — T'(M3)) > &) = P((T(Ms) —'(M3)) > Mil>= e e/,

Since up/u; — oo, we have P(uj(t(M3) — t/(M3)) > &) — 0.

Lastly, we prove part 3 of Proposition 3. In model M3 both mutations occur on the stem cell
line. In this case u1t'(M3) and uy(t(M3) — t/(M3)) are both exponentially distributed with
mean 1. Because u(t(M3) — v/(M3)) = (u1/uz)uz(v(M3) — v'(M3)), ui(t(M3) — v'(M3))
is exponentially distributed with mean u/u;. By assumption, uz/u; — 1/A, soui(t(M3) —
7/ (M3)) converges in distribution to Z. The random variables ' (M3) and T (M3) — t/(M3) are
independent for each N, so

w1t (M3) = uy ' (M3) + uy (t(M3) — T (M3)) = X + Z.

5. Proof of Theorem 1

Proof of part 3 of Theorem 1. We make use of the following well-known fact. If {a,,};2 , is
a sequence of real numbers such that a,, — a then

n—1
. a _
lim (l - —n) =e 4.
n— 00 n

Before time 1 the cells never split and there is no apoptosis. Let H| be the same as model H
except that stem cells never receive mutations. Note that H/ differs from M| because daughter
cells cannot accumulate type-1 mutations in model H{. If we ignore the splitting and apoptosis
and consider how long it takes for a cell to acquire two mutations under the mutation mechanism
alone, then we have N — 1 daughter cells acquiring mutations independently. For any individual
cell, the time it takes to acquire two mutations will have the same distribution as the sum of
two independent exponentially distributed random variables with means 1/v; and 1/v,. If we
denote the time until cell i has a type-2 mutation by 7; and assume that v; # vy, then

vze—vlt _ U]e_v2t

P(Ti<t)=1-

V2 — V]

There are N — 1 cells independently acquiring mutations, so, for ¢ < 1, we have

vpe VI — yre— 2\ N1
P(‘C(Hl/)fl‘):1—< > ,

V2 — V]

or, equivalently,

P(yvinuNt(H)) <1)=1— <v2e_

vi/N)t _ e~ vz/(vll\/)I>N—1

v2 =V

Note that N,/v}/vaN? = v?//vivaN — 0 and N,/v3/viN3 = v3/\/vivzN — 0. For

large enough N, we can apply the third-degree Taylor expansion of the exponential function to
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obtain the bounds

. t2 U:l” l3 - v2e—«/vl/(U2N)t —vje” v /(v N)t -1 l2 N U% t3
2N wN3 6 — vy — V] - 2N VN3 6°

For any fixed ¢, we have
2 3 3\ N-1
L 2 e tP2
2N 1 N3 6
2 3 3\ N-1
A N S — e 2,
2N vIN3 6

If vi = vy and we ignore splitting and apoptosis, then the probability that one cell has two
mutations by time ¢ is 1 — e~ V1" — yze™V1!, The probability that one of the N cells has two
mutations by time 7 is 1 — (e 7" — vjre” ”")N By applying the same techniques as above we
obtain P(y/vjvuNT(H{) <1) > 1 —e™’ */2 when V] = V.

Combining the two results above we have P(y/v; vat(H{) <t)—>1- e_’z/2 when
ignoring splitting and apoptosis. Then P(t(H/) < 1) = P(J/vivuNt(H|) < J/vivuN) — 1.
Therefore, the probability that two mutations occur before time 1 is converging to 1, so we may
ignore splitting and apoptosis in this case. This gives the desired result for v (H/).

Stem cells acquire type-1 mutations at rate u; — 0 in model H;. Let T be the first time the
stem cell line acquires a mutation in model Hj. Then P(T < 1) — 0. We can couple models
H; and Hj so that the same Poisson processes are marking the mutations on the daughter cells.
Then P(t(Hy) = ©(H})) = PUT = 1} N{t(H|) < 1}) — 1, which gives the results for
model Hj.

Because any cell is equally likely to acquire the two mutations, it is clear that o (H;) and
o (H1) both converge in probability to 1.

and

This gives the result for part 3 of Theorem 1 even if o« = 0.
The following lemma, whose proof is elementary, will be used several times in this section.

Lemma 10. Let {0, }7° | and {B,}2 | be sequences of positive numbers which converge to 0.
Let {Xp};2 | and {Y,};2 | be mdependent sequences of random variables, and let X and Y be

positive random variables such that o, X, 2 X and BnYy 2 Yasn — oo. If ay, K B, then
P(X,>Y,) > lasn — oc.

We will couple the models H>, My, M>, and M3 so that the Poisson processes used in
models My, M>, and M3 are the appropriate subcollections of Poisson processes which are
used in model H,. Let T be the time that a type-1 mutation occurs on the stem cell line in
model H>. Note that because stem cells cannot inherit type-1 mutations the coupling implies
that T = t/(M>) = v/ (M3).

Lemma 11. Suppose that viv, < 1/(N(log N)2). If uy < vivuyNlogN then P(t(My) <
T) — 1. Ifu; > vivaN log N then P(t(M3) < t(My)) — 1.

Proof. By part 1 of Proposmon 2, (@ AD)vivaN(log N)t(My) 2 X. Mutations to the stem
cell line occur at rate uq, sou T 2 X. Because the Poisson processes that mark the mutations
in model M are independent of the Poisson process that marks the mutations on the stem cell
line, if u; < vivoN log N then P(r (M) < T) — 1 by Lemma 10.
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On the other hand, suppose that 1 > vivo N log N. We assume that u; < u3, so we could
decrease P(t(M3) < t(Mj)) by decreasing up to u;. Then the distribution of ut(M3) is
the distribution of the sum of two independent exponentially distributed random variables. By
Lemma 10, P(t(M3) < t(My)) — 1.

Lemma 12. Suppose that 1/(N (log N)?) < viva < 1/N. Ifu; < /vivaN thenP(z(M;) <
T) — L. Ifu; > J/vivaN then P(t(M3) < t(My)) — 1.

Proof. Let u; < +/vivaN. By part 2 of Proposition 2 we have v/v1v2N7 (M) — Y. The
stem cell line acquires mutations at rate u1, so u;7 — X. The Poisson processes that are
marking the mutations in model M are independent of the Poisson process that marks mutations
on the stem cell line, so the result follows by Lemma 10.

If u; > viva N log N then the proof follows by the same reasoning as used in the proof of
Lemma 11 when u; > vivoNlog N.

Lemma 13. Ifu; < 1/log N and uy < Nva, then P(t(M3) < t(M3)) — 1.

Proof. By the coupling, /(M) = t'(M3). After time t/(M>,) the Poisson processes
marking the mutations in models M, and M3 are independent. Let T» = t(M3) — /(M)
and T35 = 1(M3) — v/ (M3). Then P(z (M) < t(M3)) = P(Th < T3).

Consider again the model M} that was introduced in the proof of Lemma 9 which is the
same as model M; except that the type-2 mutations can only occur on daughter cells log N
time units after the stem cell line has a type-1 mutation. We can couple models M, and M}
as we did before so that the time at which the stem cell line acquires a mutation is the same in
models M and M}. In particular, /(M) = ©/(M>) = v/ (M3). Let T, = ©(M}) — v/ (M}).
Then T, > T», so it is enough to show that P(T, < T3) — 1.

If we wait a log N time after the stem cell line receives a type-1 mutation then all of the
daughter cells will be type 1 and the N — 1 daughter cells acquire type-2 mutations at rate v;.
Thus, for any fixed N, we have

P(Tz/ > t) = 1[O,log N](t) + e_UZ(N_l)(t_IOgN) l(logN,oo](t)~
Let e > 0. Then
P(Tz’ < Tz) = P(Tz’ <T3 | T3 <log N)P(T3 < log N)
+P(T; < T3 | T3 > log N)P(T3 > log N).

Because u» <« 1/log N and u;T3 has the exponential distribution with mean 1, we have
P(T5 > log N) — 1. The memoryless property of the exponential distribution gives

’ n(N -1
P(T),<T53 | T3 >1ogN) = ————— — 1,
(N —1)+4+up

which completes the proof.
Lemma 14. Ifus > 1/log N or uz > Nva, then P(v(M3) < t1(M>)) — 1.

Proof. By the coupling, /(M) = t/(M3). After time t/(M>) the Poisson processes
marking the mutations in models M, and M3 are independent. Let T, = 7(M3) — t/(M3)
and T3 = 1(M3) — T/ (M3). Then P(1(M3) < ©(M>3)) = P(T; < T»).

Suppose thatuy > 1/log N. By Lemma 8 we know that p (M>) 5 anl If0 < 8 < (@Al)
then P(p(M3) > (¢ A1) —68) — 1. If p(M>) > (@ A 1) — § then the second mutation occurs
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on a generation higher than ((« A 1) — §)I. Since only stem cells acquire type-1 mutations
in model M3, we have T» > |((@ A 1) — §)I] because it takes at least that much time for the
type-1 mutation to spread to the generation [((a A 1) — §)I7 daughter cells. On the other hand,
in model M3 the second mutation occurs at rate u>, so u>73 is exponentially distributed with
mean 1. Then P(T3 < KlogN) = P(uT3 < upK log N) — 1 for any positive number K
since us log N — oo. Therefore, P(T3 < Tp) — 1.

Suppose that uy > Nvy. The rate at which type-2 mutations occur in model M5 is always
bounded by (N — 1)v. Suppose that we consider a new model M5 which is the same as M
except that once the stem cell line has a type-1 mutation, all of the daughter cells also have a
type-1 mutation instantaneously. Models M> and M can be coupled so that after the stem cell
line acquires a type-1 mutation then any type-2 mutation proposed by a Poisson process on a
daughter cell is accepted in model M}. Let T,' = t(M}) — t/(M}). Then (N — 1)v, T, has
the exponential distribution with mean 1. By Lemma 10, P(73 < T,) — 1. Because > > T,
we have the desired result.

Proof of Theorem 1. From the coupling we have t(H) = 1 (M1) ATt (M3) A t(M3) because
any type-2 mutation which occurs in model H, must occur in at least one of the models M; for
some i, and if a mutation occurs in model M; then it will also occur in model H,.

Suppose that P(t (M) < T) — 1. Before time T only stem cells acquire type-1 mutations
in models M> and M3. Therefore, models M, and M3 only have type-0 cells before time T and
P(zr (M) < t(M>) A t(M3)) — 1.

e By Lemma 11, if vjvy K 1/(N(logN)2) and u; < vivaNlogN, then P(t(M) <
T) — 1,0, by part 1 of Proposition 2 and the coupling of H, with M, we have (¢ A 1) x
vivaN(log N )t(H2)3>X . Also, by Lemma 11, the distribution of ¢ (H>) converges to a
uniform distribution on ((1 — «)™, 1] and p(H,) converges in distribution to 1.

e By Lemma 12, if 1/(N(log N)?) <« vivy < 1/N and u; < +/vivaN, then P(t(M;) <
T) — 1, so, by part 2 of Proposition 2 and the coupling of H, with M>, we have
JuivuyNt(H») 2y, Also, by Lemma 12, both o (H3) and p(H>) converge in distribu-
tion to 1.

If either viv, <« 1/(N(log N)?) and uy > vivaN log N or 1/(N(log N)?) < vivy < 1/N
and u; > /vjv2N, then P(t(M3) < t(M;)) — 1 by Lemmas 11 and 12, respectively.
Therefore, P(t(M2) A t(M3) < t(M;1)) — 1, which implies that the cancer-causing type-1
mutation occurs on the stem cell line in model Hp with probability converging to 1. Given
these four conditions, it only remains to compare t(M>) and t(M3).

e By Lemma 13, if up <« 1/log N and up <« Nuv, then P(r(My) < 7(M3)) — 1.
Because u; < uj, the hypotheses are true for u; as well. Therefore, by the coupling
of Hp with M, and part 1 of Proposition 3, ut(H>) 2 X and p(Hy) converges in
probability to o A 1.

e By Lemma 14, if up > 1/logN or up > Nuvy, then P(r(M3) < t(Mz)) — 1.
If u1 < uy then, by the coupling of H, with M3 and part 2 of Proposition 3, we
have u1t(H>) X It u1 ~ Aus then, by the coupling of H, with M3 and part 3
of Proposition 3, we have u |t (H>) > X + Z, where Z is an exponentially distributed
random variable with mean A that is independent of X.

By Lemma 1, the results hold for model H; as well.
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6. The null model

In this section, we always have u; = u; = v; = vy = u and we prove Proposition 1 for
model H,. Then Proposition 1 will hold for model H; as well by Lemma 1. We begin this
section by pointing out that the conditions of part 5 of Theorem 1 always fail in the null model.
The two conditions in the first conjunction become p < 1/(N log N). Of the two conditions
in the second conjunction, one becomes VN « 1, which always fails. This reduces all of the
conditions in the first bullet point to 4 <« 1/(N log N). The conditions in the second bullet
point become . >> 1/log N or 1 > N, so the conditions in part 5 are reduced to N <« 1,
1> N,orl/logN <« < 1/(Nlog N), which all fail.

This shows that the probability that the first type-2 mutation occurs on the stem cell line
converges to 0. For this reason, we will never consider model M3 in this section.

Proof of part 2 of Proposition 1. We can couple model H, with models M; and M> such
that the Poisson processes marking model M are independent of the Poisson processes marking
model M;. Before time t/(M>), the Poisson processes marking model M are also marking the
daughter cells in model H; and the Poisson process that marks the stem cell in model M5 is also
marking the stem cell line in model Hy. After time t/(M3), the Poisson processes marking the
cells in model M are only marking the daughter cells in model H> that have not yet inherited
the type-1 mutation from the stem cell. All of the Poisson processes marking type-2 mutations
on cells in model M, meaning that those cells have inherited the type-1 mutation from the
stem cell, also mark the corresponding cells in model H;. After time t/(M>) + log N, only the
Poisson processes marking model M, are marking model H>.

Let T be the time at which the first successful type-1 mutation occurs in model M1, and let Z
be the time at which the first successful type-1 mutation occurs in model H. By Corollary 2 we
have AuT > X. Because the stem cell acquires type-1 mutations at rate « and every type-1
mutation on the stem cell is successful, we have (A + 1)uZ 2 X. If the first successful type-1
mutation occurs on a daughter cell then the type-2 mutation must occur within log N time of
Z since after this time the progeny of the cell will no longer be in the population. Let Y be
the time it takes to obtain the second successful type-1 mutation after the first has occurred. If
the first successful type-1 mutation occurs on the stem cell then all of the cells will be type 1
within log N time. Therefore, if the first successful type-1 mutation occurs on the stem cell and
there is not another successful type-1 mutation within log N time, Y» = oo since there can be
no more type-1 mutations. We have lim sup P((1 + A)uY, <t) < 1 —e~'. Therefore,

limsupP(Y> < (t(H) — Z)) < limsupP(Y, < log N)
= limsupP((1 + A)uY> < (A+ DulogN)
<1— e—(l-‘,—A)/tlogN

— 0.

Similarly to the result given in Lemma 4, we have P(Z = t/(H,)) — 1. Hence, it is enough
to find the distribution of the time of the first successful type-1 mutation.

We have established that (A + 1)uZ 2 X and P(Z = t/(H)) — 1, which imply that
(14 Aut'(Hy) 2 X. Let A1 be the event that the first successful type-1 mutation occurs
on a daughter cell, and let A; be the event that the first successful type-1 mutation occurs on
the stem cell. If the first successful type-1 mutation occurs on a daughter cell then, due to
apoptosis, T(Hz) — Z is bounded above by log N. Therefore,

PUAR(T(Ha) — Z) > £} N A;) — 0.
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If the first successful type-1 mutation occurs on a stem cell then in log N time all of the cells will
be type 1, and type-2 mutations will occur at rate uN. Let Z be an exponentially distributed
random variable with mean 1/u/N. Then we have

P{Au(r(H2) — Z) > e} N Ap) < P(Au(log N + 2) >¢g) — 0.
Since either A or A, must occur, we have Au(t(Hy) — Z) 2 0. Then
(14 Apt(Hy) = Ap(Z + (t1(My) — Z)) > X.

By the coupling, before time t'(M;) the daughter cells in model H, acquire successful
type-1 mutations at the same rate as the daughter cells in model M;. We know from the proof of
Lemma 6 that each generation i with 1 < i </ acquires successful type-1 mutations indepen-
dently at a rate bounded between p2i =1 (1 — e #C7"'=2)) and p2i=1(1 — e=#@ =D for
any time ¢ in model M. Therefore, these bounds also hold for the rate at which daughter cells
acquire successful type-1 mutations in model H, before time t/(M3). Let 8 € [0, 1]. Using the
notation and result from Lemma 6 and the fact that the stem cell line acquires type-1 mutations

at rate u,
[ I—i+1
A Y coupp #2771 —emn@ Ty
lim sup P(O’(Hz) < ﬂ) < lim sup Zle(oylﬂ] ‘ -
B+ i K271 —emr@TTED)
_ 1 L A p
S l+A 144
and

| [—i+1
w+>, L u2i7H( — e n @)
liminf P(o (H2) < B) > liminf Lico.p)

Ht Yieu #2710 = e—n(@I1-1))
_ 1 N A 5
1A 1+ AT

Lemma 1 gives the result for o (H).
Because p(M;) and p(M3) both converge in probability to 1, we will have p(H>) X las
well. Lemma 1 then implies that p(H;) — 1.

Let N be the set of Radon measures v on a Polish space (¥, 8), where 8B is the Borel o -field
such that v({x}) € N U {0, oo} for all x € W. For the next proof, we will consider a point
process to be a random variable taking on elements of & . We consider v({x}) to be the number
of times the point x has been marked. For a Poisson point process whose intensity measure has
no atoms, v({x}) is O or 1 for all x and {x € ¥: v({x}) > 0} is discrete with probability 1.

Let & = [0, co) x [0, 1]. The Poisson point process of successful type-1 mutations in model
M induces a point process on W, where if a successful type-1 mutation occurs at time ¢ on a
cell in generation i in model M then there is a point of W at (¢//, i/1). We will call this point
process Pyy.

Lemma 15. If u ~ A/(\/Nlog N) then the limiting distribution of Py is a Poisson point
process Poo which has intensity measure v/ = Az()\. X A[1/2,1]), where A is the Lebesgue
measure and A[1,2,1] is the measure defined by Aj1,2,11(B) = A(B N [%, 1]) for any Lebesgue
measurable set B.
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Proof. We let Cc (W, [—1, 0]) be the set of continuous functions 4: ¥ — [—1, 0] such that
the set {yy € W: h(yr) # 0} is precompact. Recall that a point process X has an associated
generating functional §: Cc (¥, [—1, 0]) — R defined by

Fh) = E[ [T+ 1)““”)],

Yew

where v is a Radon measure on W as described above. Probability generating functionals
uniquely determine the distribution of point processes (see Theorem 14 of [7, Section 29.5]).
Moreover, a sequence of point processes converges in distribution to a point process if and only
if the corresponding sequence of generating functionals converges pointwise to a functional §
that satisfies the following. If 4, is in the domain of § for each m, U;le{zp S hy(¥) # 0} is
relatively compact, and A, (1) — 0 as m — oo for each ¢, then F(h,,) — 1 asm — oo. In
this case § is the probability generating functional of the limiting point process (see Theorem 20
of [7, Section 29.7]).

Note that, for any N, the points marked in W will all have coordinates (x, y), where y
takes values in {1/log N,2/log N, ..., 1}. We know from the proof of Lemma 6 that the rate
at which mutations occur along generatlon i is bounded between 2/~ (1 —e —u@ —2))
and 2~ 1;1,(1 —e —n @ =D). Therefore, if we look at the points that are marked in W
whose second coordinate is fixed at i/log N, the rate at which the marking will occur will
be between (log N)2i 1 (1 — e #@ ™' =2) and (log N)2/~' (1 — e #@ 7 "'=D) \where the
log N appears because time is scaled by 1/log N. This observation will allow us to work with
time homogeneous Poisson point processes.

Let § denote the generating functional associated with Py;. Let §; be the generating
functional assoc1ated with the Poisson process on W which marks points at rate (log N)2/~! x

u(l —e —n2'" _2)) ony =i/l and let §, be the generating functlonal associated with the
Poisson process on W which marks points at rate (log N)2i— l,u(l e —n@H =Dy on y=1i/l.
Call the time homogeneous Poisson point processes P; and P, respectively. Because the
intensity measure of Py, is always between the intensity measures of P; and P, we have the
bounds §1 = § < §2.

Let X be a Poisson process with intensity measure v. It is known that the probability
generating functional associated with X is

PBh) = exp[—[yhdv}.

To show that a sequence of Poisson processes {X,}°° o With intensity measures {va o2 0
converges in distribution to a Poisson process X with intensity measure v, it is enough to
show that {v,,}n o converges weakly to v That is, for each h € Cc (¥, [—1, 0]), we need
Jyhdv, = [, hdvasn — oo Let v}, be the intensity measure of P; when there are N
cells in the population, and let v? v be the 1nten51ty measure of P, when there are N cells in the
population. The goal is to show that v} » and V2  both converge weakly to v’. Then the limiting
distribution of Py will be Pyo.
Let R = (a, b] x (c,d] C V. Then

‘ i 1\"
V(R = (b —a)logN) Y 21 —er? +1—2>)—>Az(d—cvz> (b—a) =V'(R)
ie(lc,ld)]
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by Lemma 3 and the assumption that 1« ~ A/(+/N log N) which implies that u>N log N ~
A?/log N. Now let O be any open subset of ¥'. We can write O = US| Ry, where each R,
is a half open rectangle in the same form as R above and the sets {R,,}7° | are pairwise disjoint.

Then

oo oo
liminf vy, (0) = liminf ¥ vy (R;) = » V(R;) =v'(0),
iminf vy, (0) = lim int .Z;”N( DE 21) (Rj) =v'(0)
Jj= Jj=
where the inequality follows by Fatou’s lemma. By the same reasoning, lim inf ”12\/ (0) =V'(0)
for any open subset O of W. It follows by the Portmanteau theorem that both v 11\, and vlz\, converge
weakly to V" as N goes to 0o. Hence, the limiting distribution of Py is Px.

The notation used in Lemma 15 will also be used in the following proof.

Proof of part 4 of Proposition 1. Note that this is the boundary between two cases that are
determined by model M. By Corollary 1 we know that p (M) 5 1 for all the conditions that
we consider. Therefore, p (H1) 2 1 in this case.

The strategy is to define functions g and % on the set of Radon measures that are continuous
everywhere except a set of measure 0. Then we will apply the continuous mapping theorem to
obtain the desired convergence in distribution. Let D be the subset of N such that v € D if
there exists (x, y) € Wand ¢ € Rsuchthat v(x, y) > Oandv(x +¢,y+1¢) > 0. Forallr > 0,
define the sets T; = {(x, y): % <y<land0<x <y+t— 1} C W. These sets correspond
the triangles and quadrilaterals that were shown in Figure 4. Let V = {(x,y) € W: v(x,y) >
0}, and define 7y = inf{¢t: V N T; # @}. Define

gv) = lin%) sup{y: (x,y) € V N T; ¢ for some x}
&—

and h(v) = 1.

Given a Poisson point process P on W whose intensity has no atoms, we can project the
points of P onto the line y = —x in R? along perpendicular angles of 7w /4. With probability 1,
no two points of P will be mapped to the same point under the projection. That is, under the
law of P, D has probability 0. Moreover, with probability 1, there will be no limit points under
the projection. Therefore, under the intensity measure Az(k[ 172,11 X A), there exists a unique
point (xo, yo) € V N T;, and an &€ > 0 such that V N T;,1. = {(x0, yo)} with probability 1. By
definition, g(P) = yo. We claim that g and & are continuous at any Radon measure v € N \ D.

Letv € N \ D, and let {v,};° ; be a sequence of Radon measures that converges weakly
tov. Lete > 0, and let (xg, yo) be the unique point of 73,4, such that v(xg, yo) > 0. For each
point (x’, y’) € W and every natural number m, define a function

—1 if |(x, y) = (', )] < e/m,
Forn (s ¥) = —(z - men) Z O y/)') ife/m < I(r,y) — (&, Y)| < 2¢/m,
0 otherwise.
For large enough m, we have [y, f(xy,yo),m (X, ¥) dv = —1,50 [y, fixg.y0),m(x, ¥) dv, = —1 as

n — oo for large enough values of m. Because we can make m arbitrarily large, there must be
a sequence of points {(x, yn)}flo:1 such that v, (x,, y,) = 1 for all n and (x,, y,) — (x0, Yo)
as n — oo. Likewise, for any point (x’, y") € Tj 4, there exists a large enough m such that
Sy fooynm @, y)dv = 0,50 [y, fix',y),m(x, ¥) dv, = Oasn — oo. This shows that, for large
enough n, the Radon measures v,, will assign measure O to all points in a ball of radius ¢/m
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about (x’,y’). From this, it is easy to conclude that g(v,) — g(v) and h(v,) — h(v).
Therefore, g and 4 are both continuous on & \ D. By Lemma 15 and the continuous mapping
theorem, g(Pys) converges in distribution to g(Ps) and h(Pys) converges in distribution to
h(Pso). . .

The next goal is to show that g(Py;) — o (M1) — Oand h(Py) — t(M1)/log N — 0. Then
we will have o (M) 2 g(Pso)andt(My)/log N 2 h(Ps). To achieve this, we will first show
that the probability that (xp, yo) corresponds to the cancer-causing type-1 mutation converges
in probability to 1. Suppose that (xg, yo) does not correspond to the cancer-causing type-1
mutation, and let (xq, y;) denote the point in W corresponding to the cancer causing type-1
mutation in M. Let & > 0, and suppose that (x1, y1) ¢ T;+e. The point (xo, yo) € Ty
corresponds to a successful type-1 mutation in model M1, and by the way that model M| marks
points in W, there will be a type-2 mutation in model M, that corresponds to a point in Tj,.
The ray starting at (x1, y;) with an angle of /4 will represent all of the descendants of the
cancer-causing type-1 mutation. The point on this line whose first coordinate is fy will be
(to, v"), where y” < 1 —¢. Inthiscase p(M1) =y" <1 —e¢.

Let E; be the event that (xg, yg) is the point in W that corresponds to the cancer-causing
type-1 mutation, and let E; be the event that two or more points occur in T;,4.. On E IC, let
(x1, y1) be the point in W corresponding to the cancer-causing type-1 mutation. We know that
Py converges in distribution to P, by Lemma 15, so

limsup P(ET) = lim sup(P(EY N {(x1, y1) € Tigge}) + PE N {(x1, y1) & Tipie})
< limsupP(E3) + limsupP(p(M1) < 1—¢)
A2

< —=¢,

2

where the last line follows because p (M) 2 1 and P(E2) < P(V N (Tiy4e \ Tyy) # 9).
Because ¢ > 0 was chosen arbitrarily, we have lim P(E IC) =0.
The above has established that lim P(E;) = 1. By the definitions of o (M1) and g(Py), it
is clear that
P(o(M1) —g(Pu) =0 E;) =1

because o (M) = g(Py) = yo. Conditional on the event E{, we also know that /(M) =
(log N)xo. Let (x{), y) be the point in W that corresponds to the type-2 mutation in M7, so that
p(M7) = y,. Let v be the Radon measure of points in W induced by M, and consider the fact
that the descendants of the cancer-causing type-1 mutation will lie on a line starting at (xg, yo)
with angle 7 /4. Itis clear that h(v) = 9 = xo+1—yp and p(M1) = yo+1(M7)/log(N) — xp.
Thus, if h(v) — t(M1)/log N > & then 1 — p(M1) > e, or, equivalently, p(M1) < 1 — ¢.
Therefore, because P(E) — 1,

T(My)

> ¢
log N
Again, using the fact that P(E|) — 1, we obtain the desired result.

Now we are left to show that g(P,) and h(Pso) have the distributions that are stated in part 4
of Proposition 1. We have P(h(P,) < t) is the probability that a point of the Poisson process

P(h(PM) — E1> =P(p(M) <1—¢| E1) — 0.

. . . . .. 2.2
with intensity Az(kll/z,“ x )A) has been marked in 7;. For ¢t < %, this is 1 — e~4"""/2 and, for
.. 2 2
t> %, this is 1 — e~ A™1/2+A/8 Therefore,

P<T(M1)
log N

< t) - (11— e—A212/2) 1,178 + (1 — e_AZI/ZJ“AZ/S) 1(1/2,00)(8).
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To find the distribution of g(Ps), we will use the joint density function of g(P) and
h(Ps). From the above computation, it is clear that the density of h(Ps) is

_A242 AT 2
fu(t) = A2te™ 12 1101 j0y(0) + D AT 12,00y (1)

Conditioned on the event that & (Ps) = ¢, we know that g(Pso) will have uniform distribution.
Ifr < % then g(Pso) is uniformly distributed on the interval [1 — ¢, 1]. If > % then g(Px) is
uniformly distributed on [%, 1]. This gives us the conditional density function

1

- ifl—fr<s<land0<r<1,
fan(slt)y =3 ¢ - -2

2

o1 1
1f§§s§1andt>§.

Therefore, the joint density function of g(Px) and h(P) is

a2 a2 2
fs, 1) = A% 2 140 121 (0) 1—1.1/2)(s) + AZe 7B ooy () 112,11 (5).

Integrating over ¢ we find that the density of g(P) is

172 2. —A22)2 —A%/8
fols) = (/1 AZe 124t + 2¢=47/ )1[1/2,1](S)~

—S

This gives the desired limiting distribution for model M;. By the usual coupling arguments,
the results will hold for model H; as well.

Proof of part 6 of Proposition 1. Note that, under these conditions, both mutations occur
on daughter cells with probability tending to 1. First we consider a model M| in which only
generation [ — 1 will acquire type-1 mutations and generation / will acquire type-2 mutations.
Also, assume that only one of the daughters will keep a mutation when the cells split so that
if a type-1 cell splits it has a type-O daughter and a type-1 daughter. The rate at which the
type-1 mutations occur will be wN /4 since there are N /4 cells in generation [ — 1. Note
that N /4 ~ A+/N /4. The probability that a type-1 mutation will have a type-2 descendant is
1 — et ~ pt ~ At/~/N. Therefore, the type-2 mutations occur according to a Poisson process
whose intensity measure v satisfies v([0, #]) > (AN /4)(At /] N) = A%t /4. We may have to
wait up to two time units for the type-2 mutation to occur after the successful type-1 mutation
appears. For the sake of a lower bound, we will always assume that it takes two time units after
a successful type-1 mutation until the type-2 mutation occurs. By coupling model M| with
model M in the obvious way we have liminf P(z (M) <t) > 1 — e—2-AM/4,

For the upper bound, we consider a model M7 in which type-1 cells never undergo apoptosis.
There are N — 1 cells that acquire type-1 mutations, so the type-1 mutations occur at rate
w(N — 1) ~ Ay/N. If we wait 7 time units after a type-1 mutation has occurred on a cell then
the cell will have at most 2! descendants. If the type-1 mutation had occurred at time 0 and all
of the descendants had existed since the type-1 mutation occurred, then the probability that one
of the cells had acquired a type-2 mutation would be 12111y < 2/ 4 ~ 12" A/</N. Because the
type-1 mutation may occur after time 0 and there have not been 2! descendants with the type-1
mutation since the mutation occurred, this is an upper bound on the probability that a type-2
mutation has occurred by time . Therefore, the type-2 mutations occur according to a Poisson
process with intensity v([0, 1) < (Av/N)(12'A/+~/N) = 12! A2. By coupling model M| with
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model M7 in the obvious way we have limsupP(z (M) <¢) <1 — e‘Azzt’. This shows part 6
of Proposition 1 withc = 1 — e 2" A4 gnd € = 1 — e~ A2,

By Corollary 1 we know that p (M) — 1. By the definitions of o (M) and p (M) for any
e >0,if p(M;) —o(M;) > e then t(M]) > glog N. Therefore,

P(p(M1) — (M) > €) < P(t(M}) > elog N) < e~ A2  GlogN) _,

Let e > 0 and § > 0, and choose N large enough so that P(1 — p(M;) > ¢/2) < §/2 and
P(p(My) — o (M3) > ¢/2) < §/2. Then
P(1 —o(My) > &) =P(1 — p(M)) + p(M1) — o (My) > ¢)
<P(l—p(My) > L&) + P(p(M)) — o (M) > Le)
< 4.

Therefore, o (M) 50
By the usual coupling arguments we obtain the same results for Hj.

Appendix A
A.1. Notation
N The size of the population.
l Equals log N.
uj The rate at which the stem cell line acquires type-1 mutations.
up The rate at which the stem cell line acquires type-2 mutations.
V] The rate at which the daughter cells acquire type-1 mutations.

v The rate at which the stem cell line acquires type-1 mutations.

7/(A) The time at which the cancer-causing type-1 mutation occurs.

T(A) The first time that any cell acquires a type-2 mutation in model A.

o (A) Equals j/I when the cancer-causing type-1 mutation occurs in generation j in
model A. If the cancer-causing type-1 mutation occurs on the stem cell then
o(A) =0.

p(A) Equals j/I when the first type-2 mutation occurs in generation j in model A. If the
first type-2 mutation occurs on the stem cell then p(A) = 0.

o The number satisfying limy_, o v2N* = B for some g > 0.

X A exponentially distributed random variable with mean 1.

Y A random variable with the Rayleigh distribution. Namely, P(Y <t) =1—¢™’ *2
fort > 0.

7 The rate at which cells acquire mutations when | = uy = v; = v;.

A.2. Auxiliary models

H> The same as model Hj except daughter cells may accumulate multiple type-1
mutations.

M, The same as model H> except no mutations occur on the stem cell line.

M, The same as model H> except that only stem cells receive type-1 mutations and only
daughter cells receive type-2 mutations.

M3 The same as model H, except that only stem cells receive mutations.
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