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ON CONCIRCULAR TRANSFORMATIONS
IN RIEMANNIAN SPACES
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Abstract

This paper introduces a tensor that contains the Riemannian curvature tensor and the conformal
curvature tensor as special examples in the Riemannian space (M", g), and by using this tensor we
define C'-semi-symmetric space. In this paper, we have the following main result: if there is a
non-trivial concircular transformation between two C'-semi-symmetric spaces, then both spaces are of
quasi-constant curvature.

1980 Mathematics subject classification (Amer. Math. Soc): 53 B 20, 53 A 30.

1. Introduction and preliminaries

It is well known that if a curvature tensor in Riemannian space (M",g) satisfies
Rhijk,im = Rhijk,mi' t n e n (M", g) is said to be S-manifold or semi-symmetric
space (here the comma "," followed by a Latin index denotes covariant derivative
with respect to g). If the conformal curvature tensor

Ch
ijk = Rh

ijk + -^{ShjRik - 8\Rij + g.^ - gijR\)

of (M n , g) satisfies Ch
ijk<im = Ch

iJk ml, then (Mn, g) is said to be a conformally
semi-symmetric space. In order to treat a semi-symmetric space and conformally
semi-symmetric space simultaneously, we introduce the following tensor in the
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Riemannian space (A/", g):

(1.1) C"iJk = R"..k + a(ShjRlk - 8\Rtj + gikR"j - giJR\)

+ bR{8\gij-8%k)

where a and b are constants (a # -1). It is obvious that if a = b = 0, then
Ch'iJk = Rh

ijk; if a = 0, b = - l / n ( « - 1), then C *',•_,•* = Zh
ijk is the concircular

curvature tensor; if a = l / (n - 2), b = 0, then C*',•;* = Z*',7A. = i?*,yA: +
\/{n - 2)(8hjRik - 8h

kRij + gikR
hj - gijRh

k) is the conharmonic curvature
tensor; if a = \/{n - 2), b = \/{n - l)(n - 2), then C*',•_,•* = Ch

ijk is the con-
formal curvature tensor.

It is easy to verify that the tensors Ch'iJk and C'hiJk = gh,C
l'iJk satisfy the

following identities

(.1-2) C ,yA: = -C ikj,

(1-3) Ca'fl>* = 0,

(1-4) C*'yfc + C"Jki + Ch'kij = 0,

(1.6) C/y ^ C ' , 7

If tensor (1.1) satisfies

;y^/m = C ,

then we say that (M",g) is a C"-semi-symmetric space. If the Ricci tensor Rtj

satisfies

(1-8) ^,7 l / m = RtJ,ml

then (M", g) is called a U/cd semi-symmetric space.
In 1940 to 1942 K. Yano [1] introduced the concept of a concircular transfor-

mation between two Riemannian spaces (M",g) and (AP, f). A concircular
transformation between two Riemannian spaces (M", g) and (A/", g) is by
definition a conformal transformation of (M",g) to (M",g) which carries
geodesic circles in (M", g) to geodesic circles in (M", g). K. Yano showed that a
conformal transformation gtJ = e2pgiJ is a concircular transformation if and only
if the equation p ,y — p<tpj = <pg,y holds. Using the change I / a = e", it is easy to
verify that a conformal transformation g,7 = o~2gtj is concircular if and only if
the equation a tj = ^gjy- holds for a certain function rp. We shall use this simple
form. It is obvious that if o = constant, then the concircular transformation

(1-9) gij = °~2gij, o.ij^^gij

are the homothety or trivial transformation. In this paper, we only study
non-trivial transformations.
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It is easy to verify that, under the concircular transformation (1.9), the
Christoffel symbols, the Riemannian curvature tensors, the Ricci tensors, the
scalar curvature and tensor (1.1) of (Mn, g) and (M", g) are related as follows:

(1.12) R I j = R i J - ( n J

(1.13) ^ = a2(/? i
/ -(«-l)«5v),

(1.14) R = o2(R - n(n - l)a),

(1.15) C*'i>t = C*V + «*?(«*,*,* - «***„)

where a* = gkha k

(1.16) « = ^ + ^ V ,
11 a2

Axa = gabattp,b,

(1.17) 0 = 1 - 2a(« - l) + Z>(n - 1)«.
We know that when n > 3 a space of quasi-constant curvature is a Riemannian

space whose curvature tensor satisfies

(1.18) Rh
ijk =p{8\giJ ~ 8h

jgiJ) + q({S\vj - Sh
jVk)v, +(vkgiJ - vjgik)v

h)

where p and q are scalar functions and vt is a unit covariant vector field. The
vector field v' is called the generator of the space ([4] and [5]).

The purpose of this paper is to study the non-trivial concircular transforma-
tions of C'-semi-symmetric Riemannian spaces. In Section 2 we study concircular
transformations of a C'-semi-symmetric space to a Riemannian space; in Section
3 we study concircular transformations between two C'-semi-symmetric spaces.
In this paper we always assume that n > 3, the metrics are positive definite and
the indices h, i, j , k, I, m,... run over the range 1,2,...,«.

2. Concircular transformations of a C'-semi-symmetric
space to a Riemannian space

It is obvious that a semi-symmetric space is C'-semi-symmetric. Conversely, a
C'-semi-symmetric space is semi-symmetric if it is Ricci semi-symmetric.

LEMMA 1. If there is a concircular transformation of a space (Mn, g) of
quasi-constant curvature to a Riemannian space (Mn, g), then (Mn, g) is also of
quasi-constant curvature.
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PROOF. Substituting (1.18) into (1.11) and from gtj = a~2
gjj we get

+ qo2((8h
kVj - S*,**)^: +(ofcglV - Vjglk)o

h)

where 5j = o~\)j is & unit covariant vector field under the metric g. Consequently
(M",g) is also of quasi-constant curvature.

LEMMA 2. If a Riemannian space (Mn, g) admits a concircular transformation
(1.9), then there is a scalar function K such that the following equations hold:

(2-1) K(°,kg,k ~ O,jgtk) = O.aR'ijk,

(2.2) (n - \)Kak = a>aR\.

PROOF. If a Riemannian space (M", g) admits a concircular transformation
(1.9), then we have

(2-3) o,,.,. = +giJ.

Covariant differentiation of (2.3) with respect to gtj and Ricci's identity give us

(2-4) +,kgu - +jglk = °,aR
a

iJk.
Transvecting (2.4) with a', we obtain

t,kaj ~ tja,k = °-

Consequently there exists a function K such that

(2-5) * , t = Ko,k.

Substituting (2.5) into (2.4), we get (2.1). Again contracting (2.1) with gij we get
(2.2).

Now we study non-trivial concircular transformations of a C '-semi-symmetric
space (M", g) to a Riemannian space (M", f). Twice covariant differentiation of
(2.1) with respect to gij, and (2.3) and (2.5) give us that

(2-6) K lm(akg,j - a jgik) + K^(gkmgij - gjmgik)

+ °,mK2(gk,gu ~ gjigik) + ̂ K m{gklgij - gjlgik)

= 4>,mRnJk + tRnjk,m + +RmUk., + °,aR
a,jk,lm-

Interchanging the place of the indices / and m in (2.6), and subtracting equation
(2.6) from the obtained relation, we get

(2.7) Ko,(Rmijk - K(gkmgij - gjmgik)) - Kam{Rlijk - K(gklgij - gjlglkj)
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On the other hand, from (1.1) we obtain easily that

C hi (~>ht

ijk,lm *" ijk.ml

= RHijk,lm ~ RHijk,ml + a\&hj(Rik,lm ~ Rik,ml) ~ ^ki^ijjm ~ Rij,ml)

+ 8ij(RhjJm - R"j,ml) - Sij{R\,lm - R\,ml))-

Assume that (M",g) is a C'-semi-symmetric space. Consequently the above
mentioned equation becomes
(2.8)

Rhijk,lm ~ Rhijk,ml = a[& k(Rij,lm ~ Rij,ml) ~ $ j(Rik,lm ~ Rik,ml)

Substituting (2.8) into (2.7) and using the Ricci identity, we get
(2.9)
KaARmijk ~ K(gkmSij ~ gjmSik)) ~ K°,m(Rlijk ~

= a\a,k\RajR"um + RiaRajlm) ~ a,j(RakRailm + RiaR"klm)

+ gij°,a{Ra
b
RbUm - RbkR"blm) ~ g^,a(RabRbjlm ~ ^"urn))-

From (2.1) and (2.2), equation (2.9) becomes

(2.10) Koj(RmtJk + dK(gmkgij - gikgjm) - a(gijRmk - g,kRmj))

-Ka.m(Rnjk + dK(gkigu ~ gikgji) ~ "(gijRik - gik
Rij))

= aotk(R'jRlmal + Ra,RlmaJ) - aau{R\Rlmai + Ra,Rlmak)

where

(2.11) d = a(n-l)-l.

Transvecting (2.10) with a' we obtain K = 0 or

(2.12) ^o{Rmijk + dK(gmkgiJ - gikgjm) - a{glJRmk - gikRmJ))

= a{aJcai(Rmj - ( n - l)Kgmj) - o jOi{
R

mk - ( » " l)Kgmk)}-
If K — 0, then from (2.5) we have \p = constant. If (2.12) holds, contracting

(2.12) with gmk, we get
(2.13)

Axa(l + a)Rtj = ̂ a{aR -{n - l)dK)giJ + a(n(n - \)K - R)a ,ay.

We put

(2.14) v, = a ,//v\

Then it is obvious that vf is a unit vector field under the metric g. Substituting
(2.14) into (2.13), we get

(2.15) Rtj = Y^(aR -(« - l)dK)gij + Y~(n(n - \)K - R)otOj.
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Substituting (2.14) and (2.15) into (2.12), we finally obtain

Rmijk = Pigmkgij ~ Smjgik) + <l{Vi(gmkVj ~ gmjVk) +(«*&> ~ Vj&ik)Vm)

where

P = YT^(a2R -tan + l^an ' a ~ 1 )*)
Therefore (M", g) is of quasi-constant curvature, and from Lemma 1 (Mn, g) is
also of quasi-constant curvature. Thus we have

THEOREM 1. / / there is a non-trivial concircular transformation (1.9) of a
C'-semi-symmetric space to a Riemannian space, then both spaces are of quasi-con-
stant curvature or yp = constant.

In particular, different values of a and b must be considered, and then from
Theorem 1 we have

T H E O R E M 2. / / there is a non-trivial concircular transformation (1.9) of a
semi-symmetric space to a Riemannian space, then both spaces are of constant
curvature or \p = constant.

T H E O R E M 3. / / there is a non-trivial concircular transformation (1.9) of a
conformally semi-symmetric space to a Riemannian space, then both spaces are of
quasi-constant curvature or \p = constant.

3. Concircular transformations between
two C '-semi-symmetric spaces

Now we further investigate the case \p ~ constant. In this case (2.1), (2.2)
become respectively

(3-1) ataR'lJk = 0,

(3-2) oaR\ = 0.

Again assume that (M",g) is also C'-semi-symmetric, namely that

(3-3) C ijk\lm = C ijk\ml

where "|" denotes covariant differentiation with respect to gik. Applying the Ricci
identity to (3.3), we have

(3.4) Ch'ajkR°ilm + Ch'lakR'Jlm + Ch'1JaR\Im - Ca'ijkR\lm = 0.
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Substituting (1.11) and (1.16) into (3.4), we have
('X c \ fhr na i /~<ht jya _t_ /~<hf jya /~<af nh
yj.j) c ajkn. ilm -t- c jakK. jlm -t- c ijaK klm c ijkn. alm

+<*{gimch'ljk - gtlc
h'mjk + gjmch'Uk - gjlc

h>
imk

+umch'iii - gklc
h'iJm - ^,cmijk + 8*mc;iJk) = o.

Since (Mn, g) is a C'-semi-symmetric space, from (3.5) we have a = 0 or

(3.6) gimC'ljk - gilC"mjk + gJmCh'llk - gjtC
h'imk

+gkmch'ijl - glkC"Um - b\cmijk + sh
mc;iJk = o.

If a = 0, then in consequence of (1.14), we have

(3.7) 2\pa + Axa = 0 (i//= constant).

Differentiation (3.7), we get

(3.8) Ixpa^ = 0.

Since the transformation is non-trivial, equation (3.8) does not hold, and therefore
a ¥= 0. Next we investigate the case where (3.6) holds. It will be contracted for h
and /, and from (1.3), (1.4) and (1.5), we obtain

(3-9) gkmC'ij - gjmC'ik - (n - \)C'mtJk = 0.

Substituting (1.6) in (3.9), we get

(3.10) (n - l)C'mijk+{\ - ( « - 2)a)(gJmRlk - gkmRtj)

+ (b(n - 1) - a)R(gmjgik - gkmgij) = 0.

Transvecting (3.10) with a*, and considering (1.1), (3.1) and (3.2), we obtain

(3.11) (1 + a)amRiJ =(n- l)aotiRJm + aR(amgji - otigjm).

Again transvecting (3.11) with a', and considering (2.14), we get

(3-12) aRjm = -^

On the other hand, transvecting (3.11) with a m, and considering (2.14), we have

R

Again transvecting the above equation with g'j, we find

v y 1 + a « - 1

Substituting (3.12) and (1.1) into (3.10), and considering (3.13), we finally obtain

a
Rmijk = n _

iVj ~ gjmViVj) +(gijVmVk ~ gikVmVj))-
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Therefore (M", g) is of quasi-constant curvature, and from Lemma 1 (M", g) is
also of quasi-constant curvature. Thus we have

THEOREM 4. If there is a non-trivial concircular transformation (1.9), where
\±> = constant, between Wo C-semi-symmetric spaces, then both spaces are of
quasi-constant curvature.

In particular, we have

THEOREM 5. / / there is a non-trivial concircular transformation (1.9), where
\j/ = constant, between two semi-symmetric spaces, then (Mn, g) is locally Euclidean
and {M",g) is of constant curvature.

THEOREM 6. / / there is a non-trivial concircular transformation (1.9), where
\p = constant, between two conformally semi-symmetric spaces, then both spaces are
of quasi-constant curvature.

From Theorems 1 and 4, we have the following theorem.

THEOREM 7. If there is a non-trivial concircular transformation between C '-semi-
symmetric spaces, then both spaces are of quasi-constant curvature.

REMARK. Applying the method of this paper to the study of concircular
transformations of Ricci semi-symmetric spaces we may get the following conclu-
sion: if there is a non-trivial concircular transformation between Ricci semi-sym-
metric spaces, then both spaces are Einstein spaces.
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