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1. Introduction

Nevile [2] has shown that if R, is a certain measure of the rate of
growth of the national income in Harrod's growth model of an economy,
then R, satisfies the non-linear recurrence relation

(l) k Rt+2Rt+l_R2H-1+Rt+CRt+l =0, t=20,1,2--",

where 0 < k2 <1 and —1 < ¢ < 1. The definition of R, ([2] p. 369) is
such that R, > 0 for all . Nevile has pointed out features of the model
that indicate that it may be unstable. In this paper 1 propose to show
that the model is, in general, unstable, but that proper choice of the initial
values R,, R, apparently leads to stability. In order to do this, we require
the conditions (if any) under which R, converges.

By writing (1) as

(2) R,—Ry, = Rt+1{R¢+1_th+z‘—(c+l)}»

it follows that the only possible limits for {R,} are zero and (c+1)/(1—&).
In the economic setting the latter limit is the one of practical interest,
and I propose to concentrate attention upon this case.

Chaundy and Phillips (1] have discussed the sequence that is defined
by a certain two-term quadratic recurrence relation —their example shows
that the behaviour of such a sequence is dependent on the initial value
(as well as the parameters) being suitably restricted. I will show that a
similar property holds for the recurrence relation (1), in particular, the
sequence so defined converges if and only if the initial point (R,, R,) lies
on a curve in the R, — R, plane. In such cases the convergence is monotonic.
(Cf. [8].)

If we describe (1) by S, = ¢(S,.a, Sin1), Where the function ¢ is
subjected to the conditions (4), (5), (9) and Lemma 5 (below), then the
conclusion of the previous paragraph remains valid for this more general
case; and, as a by-product, it follows that there exists a continuous,
monotonic solution of the functional equation
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{(f)) = $(f(), ).

Similar results have been obtained in [3], [4], [5] and [7] for this functional
equation under conditions upon the function ¢ that are essentially different
to those employed in this paper. The condition imposed in Lemma 5 is
not “natural”’, but T have not been able to deduce it from the other con-
ditions, nor have I been able to avoid its use.

2. Preliminaries
By writing equation (1) as
(3) Riio/Ryy = k—l{l_(c“‘Rz/Rtﬂ)R;:l}»
we see that

(i) if R, <R, and R,; > (c+1)/(1—k), then R, < R;;,;
(i) if R, > R,,; and R, < (¢+1)/(1—k), then R,,; > R,,,.

An equality in either of the premises of (i) or (ii) would not affect the
conclusions. If Ry, < R; and R, > (¢c+1)/(1—%), the sequence is mono-
tonically increasing, and, as each term exceeds the greatest possible limit,
the sequence diverges to infinity. If R, > R, and R, < (c41)/(1—k), the
sequence decreases monotonically away from (c+1)/(1—£&). If we suppose
that the sequence approaches the only possible limit, viz. R, — 0, then
for R, = R,,, and for R, sufficiently small, it follows from (3) that R, ,
is negative, contradicting the assumption that R, is positive for all ¢
Statements (i) and (ii) imply that {R,} cannot oscillate about (c+1)/(1—%),
and there remain for consideration the cases of monotonic convergence.

For definiteness consider the case of monotonic decrease to the limit.
If we put S, = R,(1—k)/(c+1), then (1) has the form S, = (5,11, Sisa)s
where

the function $(x, y) is of class C, and

i) (1, 1) =1, ¢{z, 2) >z if 2> 1, ¢z, 2) <z if 2 < 1;
(ii) ¢, <0 for £ >0, y > 0.

4)
(Note that if S,,, > 1, then by (4) (i),

$(Ses1s Serr) > Sesrs
and if S,, > S, then

$(Sesrr Serr) > $(Sesa, Sera)s
so that S,,, > S, by (4) (ii). Likewise, if S; > S,,; and S,;; < 1, then
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Suts < Sgia1, and thus the sequence {S,} cannot oscillate about the limit.)
Assume that, in addition to (4), ¢(x, y) satisfies

(5) (i) ¢pt+¢, > 1 for 1 <y <ua;
(li) ¢zv+}‘¢yy <0 for = ; 1’ Y g ]_’ 0 g yi g 1.

It follows from (4) (ii) that there is region H formed by the union of (I, 1)
with the points (z, y) for which

¢z, 2) <y < ¢ 1), 2> 1;

and the sequence {S,} converges monotonically to one if and only if, for
t=20,1, 2, ---, the point (S,,,;, S;) belongs to H. Let T be the transfor-
mation such that T[(x, y)]={(x, ) where

x=1y, =94 2)
If (2, y)is (See, Ser), (2, B) is (Sis1, S) and {S,} converges if and only
if (S4.y, S¢) belongs to T[H] for t =0, 1, 2,---.

3. Some Lemmas
LemMa 1. If we write T[T/[H]] = T?[H], then
HDT[H]DT?}H]D:--.

Proor. Call y = Gy{x) and y = g,(x) the upper and lower boundaries
of H respectively *. From (5)(i) g,(x) > 1, so that g,(z) has a single-valued
inverse, go*(z) (say), satisfying 1 < go'(z) < # for # > 1, and g5'(1) = 1.
Let Tz, go(x)] = gy(=), then

&(®) = ¢(z, &' (@),
> 95('77’ z) = go(z)v

by (4)(ii). Similarly, if Tz, Gy(z)] = G4(z),
8ol®) < &) < Gy(@) < Golx), =>1,

with g,(1) = G;(1) = 1. It follows from (4)(ii) that an interior point of
H transforms into a point («, §) satisfying g, (¢) < f << G,(«); thus HD T[H].
Since gy(z) > 1,

g1 (@) = ¢, +,/e0¥), ¥ =& (=),
> oty

by (4)(ii); and it then follows from (5)(ii) that

* viz. Go(®) = ¢(z, 1) and go(z) = $(z, z).
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g;(z) > ¢‘z+¢w y=2
= go(x) > 1.
This argument can be rephrased to show formally by induction that
HDT[H]DTH]D---, and the sequence {S,} will then converge if and
only if (S;, S,) is restricted to the limit set L of this nest of sets.

Call y =Glx), y=¢g(x), (G(1) =g(1)=1), the upper and lower
boundaries of L respectively. I propose to show that G(z) = g(z) for
> 1 — to do thislet us suppose that G(z) > g(z) forz > 1.* Cally = G,(=),
y = g,(x) the upper and lower boundaries of T"[H] respectively, and let
the Taylor expansion of ¢(z, y) about (1, 1) be 14-a(z—1)—b(y—1)+ - -,
where, from (5)(i), a—b > 1.

Lemma 2. The sequence {g,(1)} increases monotonically to
(6) p = Ho+ (a2—4b)}},
whilst {G, (1)} decreases monotonically to the same lLimit.

Proor. The last paragraph in the proof of Lemma 1 shows that
G,(x) > 1 for z = 1, so that we can write

(7) Gﬂ+1(x) = ¢($, y)t y= GITI(‘T)'
giving

Gra(1) = a—B/Go(1).
From (4) and (5) 4 >0, >0, and it follows by induction that
Gna(1) < Go(1); likewise, (i) {g.(1)} is monotonically increasing, and
(ii) G, (1) > gn(1). Thus the two sequences are convergent — the possible
limits being the roots of the equation

(8) pr—ap+4b =0,

Since a—b > 1 there are two roots of this equation — the larger root
satisfies Gg(1) > p > gy(1), whilst the smaller root, being less than go(1),
does not provide a possible limit. Thus both {g;(1)} and {G, (1)} converge
to the expression (6).

The smaller root of (8) is

H(a—2)—{(a—2)*+4(a—b—1)}]+1,
and as a—b—1 > 0, we then have the

CorOLLARY. The larger root of (8) ¢s greater than b.

* If we suppose the other alternative, viz. g(z) = G(z) for 1 <z < z* and g(z) < G(=)
for z* < @, the argument then moves to the second last paragraph of § 4.
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LEMMA 3. Let Q be the triangle 1 <y < x < &, and suppose that, for
all (z, y) in Q, there is a constant K, such that

@) Ky > bot 2 td, >0, 0 <A< L

then G:l’ (x) > O,g':: (x) > 0. Ifwe puto = Sbu(l: 1)» ﬂ = ¢zﬂ(1» 1)' Y= ¢w(11 l)a
then there are fixed numbers 8, K, such that for 1 <o < 140

Go (@) < of (1 —0p~3) +28A, 1 +yin 1 +K,(x—1),
where A, = 1/G,(1).
Proor. From (7) there follows
(10) Gii1(2) = Post28, A+ A2 —4,G) ()2, 4 =1/G,(y).

The last paragraph of the proof of Lemma 1 shows that 0 <4 < I, and
as Gy (z) = ¢,,, it follows by induction from (9) and (4)(ii) that G;, (z) > 0;
similarly g, (z) > 0. Let K = max ([fucl, Ifuls I$]) for all (z, ) in O,
then

] < b+2K(z—1),

as G;l(z) < =.
As b < p, we choose a fixed number 6 > 0, less than }(p—0)/K; then,
whenever 1 <z < 14 4,

1) 18,1/ < (b+2K8)/p < L.

Now G, (z) > 0, so that A < 1/p, and it follows from (10) and (11) that
G, (z) is uniformly bounded in 1 < z < 14-§; similarly g}, («) is uniformly
bounded. Now Gy (x) = ¢,,, and as ¢ is of class Cj,

Gy () < a(1+bp3)+2BA)+yAi+K,(x—1),

where K, is some constant. Since 2 and G, (z) are uniformly bounded in
1 =2 =144, (10) gives

Goy (@) < at-2B4,+yA2+0G, (y)A3+ K, (x—1),

where the constant K, is independent of #. As y < z and 4, < 1/p, the
Lemma follows by use of (5)(ii) if we choose K, = {max (K, K,)}/(1—b/p3).

LeEMMA 4. For a chosen &, G,(x), gn(x) are uniformly bounded, and
G(x), g(x) are continuous in 1 <z < &,.

Proor. It follows from (7) and (4)(ii) that

Gh(z) < $ul, ), y = G3' (=) > 1,
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and so by (5)(ii) Gn (%) < ¢,(z, 1). But G,(z) > 1 and thus the sequence
{G,. (%)} is equicontinuous in 1 < & < &; so that, as it converges mono-
tonically, it converges uniformly. G,(x) is continuous, and so G(x) is con-
tinuous; similarly for g(z).

LEMmA 5. Let

A = —(B+y/p)—bla/ (A —b/p%)+28[p+y[p?}/$?,
then there is a fized number x* > O such that, for 1 < & < x* and n = N (),
G, (x)—gn(x) > 0 if 4 > 0.
ProoF. If we put ¥ = g;'(z) and Y = G;*(%), use of (7) leads to
Crn (@) —gn1 (@) = 4 @) (y—Y)—¢,(, 9){Goly)—2.)}/{Ga(Y)en )},
with

where Z, ¥y, ¥, are some numbers in (Y, y). As disof class Cgand as § < 0,
y < 0, we use Lemma 3 and G, (1) > p > g,(1) to give

Ay > A,—K(@x—1), 1 Sz <144,
where K > 0 is a constant independent of # and
Ay = —B1+2b/{p*G,_, (1)}]—[1/Gn (1) +0{pGn_1 (1)}2]
—ba/{p(1—b/$*)gn (1)}.
For any prescribed ¢ we may, by Lemma 2, choose an N{¢) such that
p—e < (1) < Gu(1) < Gra(1) <pts
thus
Ay > A—K,g,

where K, > 0 is independent of e.

However Gy(1) > gx(1), and, by Lemma 3, there is a fixed number
8; > 0 such that Gy (x) —gy(x) > 0for 1 <z < 144,. If 4 > 0 we choose
& < A[(2K,) and * = 14-min (6, §,, 4/2K), then 4 (x) > 0 and the Lemma
follows by induction.

4, The Main Theorem

THEOREM. If ¢(x, y) satisfies the conditions (4), (5), (9) and* A >0,
there exists a curve L 1y = }(x), & < & < &, such that the sequence generated

* A4 is defined in lemma 5 with p = }a+ (a®—4b)}}, a =4, (1, 1), b=4,(1, 1),
@ = $ull, 1), B =¢5(1, 1), y = ¢y (L, 1).
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by S, = #(Sisa, Siq) converges to 1 if and only if the initial terms (S,, S,)
lie on L. The function f(x) provides, at the same time, a continuous and strictly
increasing solution of the functional equation

f(f@)) = $(f (=), =),
such that (i) f(1) =1, and (ii) f(x) > 0.

ProOF. I propose to show that lim {G,(x)~g,(x)} = 0. Let the line
y = x, intersect the curves y = G,_, (%), ¥ =.g._1(x) at z;, x, respectively.
Then z; < z, < 2, and

Ty —x; = g1 () — G2, (%),
- {Gn—l (‘”2) ~—&n-1 (x2) }/G;—l (9) 4

for some number 6 in z, < 0 < x,. From Lemmas 2 and 3, G,_,(8) > 2,
and as z, < %,

(12) gt (@) — G (wo) < {Gnr (@) =€ ur (®0) }/P,

providing z, < z* and # = N(¢). Using (7) and (12) we have
{Gr(@o) —82 (@) }{G p1 (o) =8 na (%0)} < —y (%0, 1)/P,

for some number 7 in G}, (z,) < n < g.2,(%,); and it then follows from
(11) that {G,(z,) —g.(xo)} = 0, uniformly for 1 <z, < a*. As G, (), g,.(x)
are strictly increasing, the limit set L defined in the last paragraph of the
proof of Lemma 1 is a curve ie. G(z) = g(z) for 1 < x < a*.

Now G(z), g{x) possess inverses and satisfy the functional equation

) = é(2, (@),

whence, by (4)(ii), G(z) = g(=) if and only if G™1(z) = g~1(x). Let P be the
point on L for which z = z*, and let P’ be the reflection of P in y = =.
Since g(z) > p(x—1)-+1, it follows that, at P’, = > 1+p(a*—1), ie.
gl x) =G (x) for 1 <2 < 1+p(x*—1), and the set L is then a curve
for 1 <z < 14-p(=*—1). By repetition of the argument, it follows that
L is a curve for 1 £z < §&,.

The region 0 < 2 = 1 corresponds to monotonic increase to the limit,
and a similar argument holds for this case. It is necessary to restrict « so
that g(x) > 0, and for this it is sufficient to require z = &,, where &, is
the largest root of ¢(x, 1) = 0 in [0, 1). Lemma 4 then shows that, in
§ S » < §,, there exists a strictly increasing continuous solution of the
functional equation

f@) = (=, 17(=)),
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or, what is equivalent, f(f(z)) = ¢(f(z), =), such that (i) /(1) =1, and
i) f(z) > o.

Conclusion
For the difference equation (1)

$(@, y)=(c+1) (@ —hkay)/(1—F)—cz;

so that (4), (5), and (9) are satisfied with & = c0. The condition 4 > 0
of Lemma 5 is satisfied for all points (&, ¢) of the rectangle —1 < ¢ < 1,
0 < & < 1 which are exterior to the closed curve A = 0 shown in Fig. 1.

¢
-085
N
-0-90 \
N
N N
N AN
-0-95 *\\
\\ \\
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D N
- toog 3 3 3 K
(-] (-] (-] -
Fig. 1.

As the points in the interior of the curve 4 = 0 are not realised in
practice, the significance of the result is that the model of an economy
represented by (1) is unstable, in the sense that, with the inaccuracies that
are inherent in the measurement of economic quantities, the probability
that any given “initial” point (R,, R,) should lie on L is zero.
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