SIMULTANEOUS DUAL INTEGRAL EQUATIONS
by J. S. LOWNDES
(Received 12 June, 1971)

1. Lowengrub [l] has considered simultaneous dual integral equations of the form

Siuc-eze 3, U0 =f()  (xely),

Siv;—ﬂ,Zﬂ d(x)=0 (xely),

1¢))
()

where i=1,2,...,n, 1, = {x:0 S x <1}, I, = {x: x > 1}, the ¢;; are constants, the f(x) are

known functions and the functions ¢;(x) are to be determined.

S, f(3) = 2% f " e, )t

denotes the modified operator of the Hankel transform with the inversion formula

-1 —
Sn,a - Sn+a.-¢'

(3)

)

Assuming integral representations for the functions ¢,(x), Lowengrub applied the
Erdélyi-Kober operators of fractional integration to obtain detailed solutions of the equations
when n = 2 or n = 3 and he indicated an extension of the method for solving the equations in
the general case. His solutions, however, are not correct. This is due to the fact that in the
course of the analysis assumptions are made about the functions ¢,(x) which are equivalent
to assuming at least one extra equation in addition to the equations (1) and (2) (cf. equations

(3.5), (4.6) and (6.4) of [1]).

In this note we use the Erdélyi-Kober operators to reduce the equations (1) and (2) to a
set of simultaneous integral equations for the determination of the functions ¢,(x). The

solution to a simple example of the equations when n = 2 is then given.

2. A comprehensive account of the Erdélyi-Kober operators can be found in [2]. They

are defined by the formulae

2x'2(a+")Jx(x2_u2)“"uz"+ Swdu  (0<a)
Laf=1 T Jo |

xTHETIgnettm L W)} (-m<a<0),

2 ety <0
Ko f(x) =4 T J: ,

(— l)mxz"-lg’;'{xZ(m—")+ 1Kq—m,a+m f(X)} (—'" <a< 0),

where m is a positive integer and 9, = 3(d/dx)x"!.
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We shall also require the relations

Iq+a,ﬂ Sq,a = Opa+ps Kn;a Sn+a,ﬂ = St],a-HB' (9)

3. If we write 4; = 3(u;+v;)—(x~—p) and apply the operators Iy, +4,2,-us Kyuimavi-a;
(i=1,2,...,n), to equations (1) and (2) respectively, we find that they become

Siui"u,li—m+2¢ 'Zl cij ¢j(x) = I*}#(+¢,l;—u‘j}(x) (erl)v (10)
j=

S'}Ili-a.li~pi+2a¢i(x) = 0 (erZ)’ (ll)

where we have used the results (9).
If the constants c¢;; # 0, we can write the above equations in the form

S*Ilt —a,di=py+ 2a ¢i(x)

_ {Ci‘t—llg»mn,;.i-m fi(x)—sim-a.la—ud 2. P(x) (erl),} (

i=1,2,...,n), 12)
0 (XEIz),

where

®(x) = C-‘?l_ ; Cij¢j(x) (13)
j=
and the dash in the summation sign denotes that the term for which j = i is omitted.
Using the result (4), we can invert these equations to find that the functions ¢ ,(x) satisfy
the simultaneous integral equations

$(x) = Fi(x)—si-vﬁﬁ,).;-w—Zﬂ H(1 —x)Silu"a.lt-m'F 20 Pi(x), (14)
where i=1,2,...,n, H(x) is the Heaviside unit function and the _
Fi(x) = ci—ils-}vﬁ‘ﬂ,li'\'i—ZB H(l _x)Iiuii'a,/h—mfi(x) (15)

are known functions.
Lowengrub was able to obtain exact solutions to his equations because he made
assumptions which are equivalent to taking equations (1) and (2) together with the equations

S*vj_ﬂ'2ﬁ¢i(x)=0 (xelz;j=1, 2,...,i"]; i=2,3,...,n), (16)
that is, equations (10) and (11) and the additional equations
S}uj—a.lj—uj+2a¢i(x)=0 (xEIZ; J=1’23°yl_la ’=2s 3,-.-,"). (17)

After a little manipulation it can easily be shown that we can write equations (14) as

di(x) = Fi(x)—x"—H+2 J"” A T () Y (A x)%i, (18)
o i
where
1
Li(t,x)= (32—x2)f uJ y(ut)d (ux)du = 1J ;4 ((OF () = xJ ()] 4 (%) (19)
0 .
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4. As an example, Lowengrub considered the following special case of the equations
which occur in the mathematical theory of elasticity when determining the stress field in the
neighbourhood of a penny shaped crack in a solid under shear [3, p. 157].

So,olc11 A(x)+¢y2 B(x)] = 1’} (xely, (20)
S1.0lc21 A(x)+¢;5, B(x)] =0,
S_y1A()=0, S,,B(x)=0 (xely). 1)

These are equations (1) and Q) withn=2, y; =v;=a=0, y, =v, =4=2, fi(x) =1 and
f(x) =0.

Putting 4, = 4, 1, =4 in equations (18), we find that the functions A(x) and B(x) can be
determined from the pair of simultaneous integral equations

® t
A(x) = Fy(x)— 12 x*'[ HB(HL(, x)-z—d——z, (22)
Cll 0 t "'x
ZTONY R dt
B(x)=—--=x AL (8, x) 55—, (23)
sz 0 t —X
where
- 1 /2\*
F,(x) =Cyy S*,_*H(l —x)Io'*[l] = c_ ;} J,}(x) (24)
11

Lowengrub’s (corrected) solution is

1 /2\t
A(x)=—(—> Ji(x),  B(x)=0, (25)

which was arrived at by solving equations (20) and (21) together with the additional equation
S—i‘,l B(x) = 0 (x 612). (26)

1t can easily be shown that the expression for 4A(x) given by equation (25) is the solution
of the simple pair of dual integral equations

So.0A4(x) = ci—l (xel;) and S_; A(x)=0 (xel,). 1))
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