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The X-ray Transform in Non-positive Curvature

Consider the geodesic X-ray transform 7, acting on symmetric m-tensor fields.
We have proved in Theorem 4.4.1 that Iy is injective on any simple surface. It
follows from Theorem 4.4.2 also that /; is solenoidal injective. In this chapter
we make the additional assumption that (M, g) has non-positive Gaussian
curvature, and prove the classical result of Pestov and Sharafutdinov (1987)
that I, is solenoidal injective for any m. The proof at this point follows
easily from the vertical Fourier analysis and the Guillemin—Kazhdan identity
in Chapter 6. We will prove later in Chapter 10 the solenoidal injectivity of I,
on any simple surface, but this requires additional technology.

We will also use the assumption of non-positive curvature to improve the
H'! stability estimate for Iy given in Theorem 4.6.4 to a sharper H;/ 2 estimate,
which parallels the classical Radon transform estimate in Theorem 1.1.8.
A similar stability estimate will be given for I,,. Finally, on simple surfaces
with strictly negative Gaussian curvature, we give rather strong Carleman
estimates that, in particular, imply the injectivity of the attenuated geodesic
X-ray transform. All these results are based on the Guillemin—Kazhdan
identity, considered as a frequency localized version of the Pestov identity and
shifted to a different Sobolev scale. The stability estimates were first given in
Paternain and Salo (2021) and the Carleman estimates in Paternain and Salo
(2018).

7.1 Tensor Tomography

Recall from Section 6.4 that the geodesic X-ray transform I, acting on
symmetric m-tensor fields is said to be s-injective if any h € C°(S"™(T*M))
with I,,h = 0 is a potential tensor, i.e. h = dy p where p € C®(§"™~1(T*M))
with p|ym = 0. The following result settles the uniqueness question for /,,, on
simple surfaces with non-positive curvature.
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172 The X-ray Transform in Non-positive Curvature

Theorem 7.1.1 Let (M, g) be a simple surface with non-positive curvature.
Then I, is s-injective for any m > Q.

The case m = 0 was already established in Theorem 4.4.2 so we will assume
that m > 1. Using the reduction to a transport equation problem given in
Proposition 6.4.4, it is sufficient to prove the following result.

Theorem 7.1.2 Let (M, g) be a simple surface with non-positive curvature. If
u € C®°(SM) satisfies Xu = f in SM and ulysy = 0, and if f has degree
m > 1, then u has degree m — 1.

The proof relies on the following basic fact stating that the equation Xu = f
can be written in terms of the Fourier coefficients of u and f using the splitting
X =n4y+n_.

Lemma 7.1.3 (Fourier coefficients of Xu) Let (M, g) be a compact oriented
surface with smooth boundary, and let u € C*°(SM) satisfy Xu = f. Then

Nyltk—1 +N_tgy1 = fr, k e Z.
In particular, if f has degree m, then
Ntlg—1 + n-ugy1 =0, |k| = m+ 1.
Proof We use the following facts from Lemma 6.1.3 and Lemma 6.1.5:

o u =Y 2 . ui with convergence in C*®(SM);
® Xu =nyu-+n_uwhere ny: Qp — Qpx;
o f =) 72 o fr with convergence in C*®(SM).

Using these facts and collecting terms of the same order, the equation Xu = f
implies that

Ntk—1 + N-ttk41 = fk.
The result follows. O]

The main result now follows by using the Guillemin—Kazhdan identity, or
more precisely its consequence (Beurling contraction property) in Proposition
6.5.2.

Proof of Theorem 7.1.2 By Lemma 7.1.3 one has
Nyttk—1 +n_ugsr =0, k| > m + 1. (7.1

Assume first that k > m + 1. Since the Gaussian curvature is non-positive, the
Beurling contraction property (Theorem 6.5.2) implies that

In—uk—1ll < Inyur—1ll.
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Combining this with (7.1) yields
In—uk—1ll < lIn-urs1tll,  k=m+1. (7.2)
Iterating (7.2) N times yields
In—ur—1ll < In-uk—142n1l, k>m+1.

We now note that since u € C*°(SM), one has n_u € L?>(SM). This implies
that Z||n_ul||2 < 00, which in particular gives ||n_u;|| — 0as — Foco. We
can thus let N — o0 above to obtain that

Nup—1 =0, k>m+1. (7.3)
We may combine (7.3) and (7.1) to obtain that
n—u; = niu; =0, [ >m.
Since X = n4 + n—, we thus have for [ > m that
Xu; =0, uilasm = 0.

This shows that u; is constant along geodesics and vanishes at the boundary.
Thus we must have

u; =0, [ >m.

A similar argument for k < —m — 1, using the second part of Theorem 6.5.2,
yields that

This concludes the proof. O

Remark 7.1.4 The proof above has historical significance as it is virtually
identical to the original proof in Guillemin and Kazhdan (1980a) of solenoidal
injectivity for closed surfaces of negative curvature. Guillemin and Kazhdan
were originally interested in the problem of infinitesimal spectral rigidity.

7.2 Stability for Functions

Let (M,g) be a compact simple surface, and let [p be the geodesic X-ray
transform. Recall from Theorem 4.6.4 that the X-ray transform enjoys the
stability estimate

I 2y = Clofll a1 o, s0)
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174 The X-ray Transform in Non-positive Curvature

forany f € C°°(M). We compare this with the stability estimate for the Radon
transform in R? from Theorem 1.1.8, which states that

1
||f||L2(]R2) =< E”Rf”H;/z(RxSl)

for f € C¥ (R?). Note that the estimate for Rf is stated in parallel-beam
geometry, whereas the estimate for Iy f is stated in fan-beam geometry.
There are two important differences between the above stability estimates:

/

the latter estimate involves an H /2 norm instead of H'!, and the H; 2 norm is

only taken with respect to the s-variable in Rf (s, w) in the sense that
IRF g1 gsty = 10+ )R (@0 2@xst)-

In this section we will improve the stability estimate for Iy f and replace the H'!
norm with a suitable H;/ ? norm. This will be done by using vertical Fourier
expansions and the Guillemin—Kazhdan identity. However, we will need the
additional assumption that (M, g) has non-positive curvature.

We introduced in Section 4.5 the vector field T that is tangent to dSM.
Define the H}(a SM) norm via

2 _ 2 2
”w”H%(BSM) - I|w||L2(3SM) + ”Tw”Lz(aSM)'

Note that this is different from the H'!(9SM) norm, which was given by

Thus the H} norm only involves the horizontal tangential derivatives along
oM, but not the vertical derivatives.

The space H;/ 2(3 SM) is defined as the complex interpolation space
between L2(dSM) and H}(aSM) (for interpolation spaces, see Bergh and
Lofstrom (1976)). The spaces H}(8+SM) and H}/2(8+SM) are defined in a

similar way. The following stability estimate is the main result in this section.
Theorem 7.2.1 Let (M,g) be a compact simple surface with non-positive

Gaussian curvature. Then

1
1 hizan = =0 f e, suy  f € C¥().

The first step in the proof is to rewrite the boundary term in the Guillemin—
Kazhdan identity in terms of the tangential vector field 7 from Definition 4.5.2.
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Proposition 7.2.2 Let (M, g) be a compact surface with smooth boundary. For
anyu € C*®°(SM) one has

i i
In—ull® = lInpull® — 5 (KVit,u) + 2 (Tu,wasu.

Proof From Lemma 6.5.1 we have
i
In—ul® = llnsull® — S (K V) = (o s + (4 piie)os-

Since 4 = (v,v) and Vu = —(v1,v), so that uy; = %(/,L FiVu), the
boundary terms become

1
> [gu, (= iViu) sy — (-u, (w4 iV mu)asum] -

Using that ny = %(X +iX ), the boundary terms further simplify to

1 i
3 [—(Xu,i(Vi)u)gsy + i (X Lu, pu)agspyl = 5((V/L)Xu +uX u,u)ysm.

By Lemma 4.5.4 the last expression is equal to %(Tu, U)asM- O

Next we consider a version of the Beurling contraction property with
boundary terms on surfaces with non-positive curvature.

Proposition 7.2.3 Let (M,g) be a compact surface with smooth boundary.
Suppose that K < —kq for some ko > 0, and let u € Q. If k > 0 then

Ko i
In—ull?® + Eknun2 < lIngull® + 5 T wasw,

whereas if k < 0 one has

KQ i
Il + Ikl < n-ull® = 2 (Tw,wasy.
Proof This follows directly from Proposition 7.2.2. O

Given f € C*(M), we wish to apply the Beurling contraction property to
the Fourier coefficients of u/. The function u/ is not, in general, in C*(SM),
so we will work in slightly smaller sets as in Section 4.5. Let p € C*°(M)
satisfy p(x) = d(x,dM) near 9M with p > 0in M™ and dM = p~1(0).
Define v(x) = Vp(x) for x € M, let u(x,v) := (v,v(x)) for (x,v) € SM,
and define

T:=(VwX+uX,.

Thus T extends the tangential vector field from dSM into SM. By Exercise
4.5.6 it satisfies [V,T] =0in SM. Define M, :={x € M ; p(x) > ¢&}.
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We start the proof of Theorem 7.2.1 with the following result, which
estimates f in terms of an inner product on dSM involving u/ |55y, the
tangential vector field 7', and the fibrewise Hilbert transform H (see Section
6.2). Recall that in (4.5) we proved the estimate

1F 132 espy) < =Tl .V asu.

The estimate below is better, since the right-hand side does not involve vertical
derivatives of u.

Lemma 7.2.4 Let (M,g) be a compact simple surface with non-positive
curvature. For any f € C*°(M), one has

1F 172500y < (Tu! Hu')

Proof Let f € C®(M) and let u = u’, so that Xu = — f and u is smooth
in SM; for ¢ > 0 small. Since the curvature is non-positive, for any k > 0
Proposition 7.2.3 gives that

ISM*

i
In-welSy, < WncuelSy, + 5 (Tue u0asw, (7.4)

Notice also that the equation Xu = — f gives nyuy + n_ug+2 = 0fork >0
(see Lemma 7.1.3). Combining this with the inequality above yields

i
In-welsy, < In-wallsn, + 5 (Tukudosm, (1.5)

We iterate (7.5) for k = 1,3,5, ... and use the fact that |[n_u;|| gy, — O as
| — oo (which follows since n_u € L?*(SM,)). This gives that

. o0
2 l
In—wrlsm, =5 Z(TM1+2A/,M1+2j)8SM8-
Jj=0

A similar argument for k < —1, using the second part of Proposition 7.2.3,

shows that
i [ee]
2
In+u—1lisy, = —3 Z(Tu—l—ZjJ/l—l—Zj)&SMg-
Jj=0
Combining the above estimates and using the equation Xu = — f again gives

2 2 2 2
”f”SMa = |ln_ui + ’7+u—1”SM8 = 2(”’7—"‘1”SMS + ||’7+u—1||5M£)

<i Y (T woasm,.
k odd
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where

. up, k>0,
wy :=iHuy = {_Mk k<0

We next use the fact that [T, V] = 0, which implies that T maps 2 to Q.
Hence the estimate for f may be rewritten as

£ 150, < (T, Hu)gs,-

Since u/ |y, sm = Iof and u'|y_ sy = 0, one has ulysy € L*(dSM). By
Corollary 4.5.8 one also has Tuf|35M € LZ(BSM). In particular, ulysy €
H}(3SM). One also has Hulysy € Hy(dSM), since

IHul5sp < > NuxllGsas = lul3sa (7.6)
VS osany = D (lekllGsns + 1T welisns) = Il ospy D)

The last identity used again that [V, T] = 0. Taking the limit as ¢ — 0 as in
Exercise 4.5.9 gives that

I f ISy < (Tu, Hu)asu. 0
Next we give an estimate for the right-hand side of the previous lemma.

Lemma 7.2.5 Let (M, g) be a compact surface with smooth boundary. For any
u,w e H%(&SM) one has

<
|(Tw, Hw)asm| = Nl 172 g5y 1wl 172 5 51

Proof Given s > 0, let HT_S(BSM) be the dual space of H}(BSM). We first
use the estimate

|(Tu, Hw)asm| < | Tull ,-12 [Hw 1/
T T

(aSM)| 2(9sM)”
Interpolating (7.6) and (7.7) shows that H satisfies
VW2 0y < 100372 s
It remains to estimate the norm of T u. First note that
ITull 2050y < 6l g2 o500y

Next we estimate the H ! norm using that T is skew-adjoint (see Lemma
4.5.4):

”TMHH;I(BSM) = Ssup (Tu,w)gsy = — sup (u, Tw)ysm
ol =1 ol =1

< llullz2@sm)-
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Interpolating the two estimates above gives

as required. [

Combining Lemma 7.2.4 and Lemma 7.2.5, we obtain a stability estimate
for f in terms of u/:

Lemma 7.2.6 Let (M,g) be a compact simple surface with non-positive
curvature. For any f € C*°(M), one has

I easmy < N1l g2 0
We can now prove the main stability result.

Proof of Theorem 7.2.1 Recall that uf|3+5M = Iof and u’|3_gp = 0. Thus
ul lasm = Eo(lo f) where Ej is the operator that extends a function by zero
from 04 SM to dSM. It follows from Lemma 7.2.6 that

172500y = IE0U0 N 12 501y (7.8)
We clearly have
IEohll 25 < 102, smy  h € L2043 SM).
Let Hy. ,(04.SM) be the closure of C2°((94SM)™) in Hy (34 SM). Then
IEo N pp osay = Wl o 5m)

first for h € C((31SM)™) and then for h € Hj ((34SM) by density.

Let HTI/ (2) (8. SM) be the complex interpolation space between L2(d,.SM) and

H} (31 SM). Interpolation gives that

IEoA] 172y 50p) = IIhIIH;(§(3+SM)-

Since Iy f € Hé (0+SM) by Proposition 4.1.3, it follows in particular that
Inf € Hy/§(3+SM). Thus

IE0Uo Ol 1125500y = M0 F 125, 501 (7.9)
Combining (7.8) and (7.9) gives the desired estimate

vV 27T||f||L2(M) = ||f||L2(SM) =< ”IOf”H}/Z((‘uSM)' O
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7.3 Stability for Tensors

We will now give a stability estimate for [, where m > 1. Recall that
solenoidal injectivity of I, means that the only symmetric m-tensors satisfying
Inf = 0 are of the foom f = djh where h € C®(S" 1 (T'*M)) and
hlam = 0. This means that from the knowledge of I, f one only expects to
recover the solenoidal part f* of f (see Theorem 6.4.7). The following result
gives a stability estimate for this problem. A very similar estimate was obtained
in Boman and Sharafutdinov (2018) for Euclidean domains, but phrased using
parallel-beam geometry.

Theorem 7.3.1 Let (M,g) be a compact simple surface with non-positive
Gaussian curvature. For any m > 1 one has

1 N2y = Clln f g gy F € C¥(S"(T™M)).

The proof will be similar to that of Theorem 7.2.1. As in Section 6.3, it will
be convenient to identify a symmetric m-tensor field f on M with a function
f € C*(SM) having degree m and to work with the transport equation
Xul = — f in SM. We begin with an analogue of Lemma 7.2.4 for m-tensors.

Lemma 7.3.2 Let (M,g) be a compact simple surface with non-positive
curvature. For any f € C*®°(SM) having degree m > 1, one has

If+X@—gn-1)+ -+ tm- 1)||L2(SM) (Tu Hu)ysm,
where u = u/.

Proof We work in a slightly smaller set M, as in the proof of Lemma 7.2.4,
so that u is smooth in SM,. Since Xu = —f and f has degree m, one has
Nyug + n—ug+r = 0 for k > m. Thus from (7.4) we obtain an analogue of
(7.5):

i
In-ulifu, < Wn-uc2ly, + 5 Tueudosm, k= m.
Iterating this for k = m,m + 2, ..., and using that n_u; — 0in LZ(SMS) as

k — oo, gives

n—ttm |5, < Z(Tumm,umﬂ,)ams
=0

Starting with k = m + 1 instead, and adding the resulting estimates, yields that

Z(Tum+]a Um+j)aSM, -
=0

2 2
||'77Mm||SM5 + In—umi1 “SME = 2
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A similar argument for k < —m, using the second part of Proposition 7.2.3,
shows that

. o0
i
”n+u—m”§M€ + ||77+M—m—1||?gM£ < 5 Z(Tu—m—jvu—m—j)aSMg~
j=0
The equation Xu = — f, where f has degree m, and the fact that both 7 and
H map € to 2, imply that
I+ X ety + -+ tm—D 3,
= In-tmlZps, + I0—tims1 50, + IntimmSps, + 0320115,

1
< E(Tu’ Hu)asm,-

Taking the limit as ¢ — 0 as in the end of proof of Lemma 7.2.4 proves the
result. O

Combining Lemma 7.3.2 and Lemma 7.2.5 gives the desired stability
estimate for f in terms of u/:

Lemma 7.3.3 Let (M,g) be a compact simple surface with non-positive
curvature. For any f € C*°(SM) having degree m > 1, one has

1
F XUty + - e < —|lu
I f (W—gm-1 m=-DL2sm) < I ”H}/z(aSM)

V2
where u = u’ .

Theorem 7.3.1 will now follow by rewriting the above estimate in a form
that involves the solenoidal part f.

Proof of Theorem 7.3.1 Given f € C*°(S§™(T*M)), we will use the isomor-
phism £, in Proposition 6.3.5 and write f := £, f, ii := u/ and

gi=— Z i, (7.10)
|k|<m—1
k is odd/even

where the sum is over odd & if m is even, and over even k if m is odd.
Using Lemma 7.3.3 and the parity of f and X§, we have

~ o ~ ~ 7 1 n
17 = Xal < |7+ X @y + ) [ = 500

Letg = Er;l_lcj, so that Xg = ¢,,ds;q by Lemma 6.3.2. Using (6.15), we obtain
that

1f = dsqli2uy < Cullf = Xadlizsan < Calliil ey, (1D
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Let f have solenoidal decomposition f = f* 4 d;p. Writing w := p — ¢,
we have

If —dsql® =I5 +dsw|? = [ £*1* + 2Re(f*, dsw) + || dswl|*.

Since f* is symmetric and solenoidal and p|jy = O, an integration by parts
gives that

(f* dsw) = (f*,Vw) = (v f*,q)om,
where iy, f*(v1, ..., Um—1) = f*(v1,...,Um—1,v). Thus

Lf = dsql® = 1517 = 21Gu £*, @)am).-

Combining this with (7.11) and using Young’s inequality with ¢ > 0, yield that

512 ~n2
”]“”LZ(M) = C||M||H1/2

1
s 82 2
sy TS Wg2ay + Z1ag2 @

By Lemma 7.3.4 we have [liy f*llg-12¢9p) < CIlf*llL2(pr)> and choosing
& > 0 small enough allows us to absorb this term to the left-hand side. In
addition, using Lemma 7.3.5 gives that

1 iz < Clitll g1 5ur-

It remains to note that it|ysy = Eo(I, f) where E( denotes extension by zero
from 04 SM to dSM. Using (7.9) with Iy f replaced by I, f concludes the
proof. O

Lemma 7.34 If (M,g) is compact with smooth boundary and
f € C®(S§™(T*M)) is solenoidal, then

liv fll =120y = CUF L2y

Proof The idea is that since f solves §;f =0 in M, the boundary value
ivflay can be interpreted weakly as an element of H~'/2(dM). Let
E: HY2(0M) — H'(M) be a bounded extension operator on tensors (such
a map can be constructed from a corresponding extension map for functions
by working in local coordinates and using a partition of unity). Then, since

8 f =0,
Niv =120y = sup (v fir)om
17 172 5 p1y=1
= sup —(f,VEr)y
Wl 172 o1y =1
= sup [ fll2lErligr = Cllfll2 O
170 17200021

https://doi.org/10.1017/9781009039901.010 Published online by Cambridge University Press


https://doi.org/10.1017/9781009039901.010

182 The X-ray Transform in Non-positive Curvature

Lemma 7.3.5 Ifq = E;l_lc} where q is defined by (7.10), then

Proof We prove the statement by interpolation. Since ¢ = £,,—1¢, (6.15) and
orthogonality imply that

19172500y = CNaNZ 20500 < T2 5500 (7.12)

Consider now the H'(dM) norm. In local coordinates we may write ¢ =
QjyoojydX7 ® - @ dx/n=1, and the H'(dM) norm involves the L?(d M)
norms of the components g,...;._, and drqj,...j,_,, where 0r is the tangential
derivative. Locally ¢ = g, .. v/l ... pJn-1 By Definition 4.5.2, we have

'./m—l
Té = (aTq./l"'j/71—1)vjl U vjmil + U
where - - - denotes terms whose L2 norms can be controlled by gl z2m)-
Thus, using (6.15) again,
”an'(BM) = C||q~||H%(3SM)-
Finally, by Lemma 4.5.4, the operators V and 7 commute on dSM. This
implies that (Twy, Twy)gsy = 0if wy € Q, w; € ©; and k # [. Thus

~12 _ ~ 2 ~12
ITd 20y = 2 Wikl 2y < 1Tal7250)
lk|<m—1
k is odd/even

Using the definition of the H% norm, this shows that

~ -2
1030 asaay =< 1801 s
Thus we have proved that
gl g1 omy < C||'1||HT1(35M)- (7.13)
Interpolating (7.12) and (7.13) proves the statement. O

7.4 Carleman Estimates

In Sections 7.1-7.3, we used the Guillemin—Kazhdan identity to prove unique-
ness and stability results for the X-ray transform on simple surfaces with non-
positive Gaussian curvature. Here we show that if the curvature is strictly
negative, one can apply weights to the Guillemin—Kazhdan identity and obtain
stronger Carleman estimates that are robust under certain perturbations. We
will use this to prove uniqueness for an attenuated X-ray transform.
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Let (M, g) be a simple surface, and let A € C*°(SM). In Section 5.3 we
introduced the attenuated X-ray transform of f € C*°(SM) as

Iaf =u’lg,sm.
where u/ is the solution of
Xu+Au=—fin SM, ulsg_sm = 0.

Clearly 14 is the standard geodesic X-ray transform when A = 0. We will
specialize to the case where f = f(x) € C°(M), so that I 4 is acting on
O-tensors, and

A=a_1+ap+a; € Q1D QL D L.

Thus the attenuation A is the sum of a scalar function ag(x) and a 1-form
ar +a—.

Theorem 7.4.1 Let (M,g) be a simple surface with negative Gaussian
curvature. If A = a_1 +ag+ay with ay € Q, then I 4 is injective on C*°(M).

This is a consequence of the following energy estimate:

Theorem 7.4.2 Let (M, g) be a simple surface with Gaussian curvature K <
—ko for some ky > 0. For any m > 0 and t > 1, one has

2
D P el = = 3 PTIXull,

[k|=m 0 |k|>m+1
whenever u € C°(SM) with ulysy = O.

The previous theorem involves a large parameter 7, and the constant on
the right is of the form C/t, which becomes very small when t is chosen
large. As discussed in Paternain and Salo (2018) this behaviour is typical of
Carleman estimates, and in fact the weights |k|>* can be written as ¢>7#®)
where ¢ (k) = log |k| corresponds to a logarithmic Carleman weight. Adjusting
the parameter T > 0 will allow us to deal with a possibly large attenuation and
prove injectivity of the attenuated X-ray transform. The estimate in Theorem
7.4.2 can also be understood as a version of the Pestov identity shifted to a
different vertical Sobolev scale.

This argument based on Carleman estimates is quite robust and it imme-
diately extends to complex matrix-valued attenuations (even some non-linear
ones) and tensor fields. However, it requires the additional assumption that the
Gaussian curvature is negative. We will remove this curvature assumption later
in Chapter 12 (in the scalar case) and Chapters 13—14 (in the matrix case).
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Proof of Theorem 7.4.1 Let f € C°(M) satisfy I 4 f = 0. By Theorem 5.3.6
one has u := u/ € C°°(SM), and u solves the equation

Xu+ Au=—fin SM, ulagsm = 0. (7.14)
Note that for |k| > 1, since f = f(x) one has
(Xl = (Al = llaiug—1 + aouk + a—rug+1|l
< Cllug—1ll + lurll + Mot 1D-
We now insert u in the estimate of Theorem 7.4.2, which yields that
C
D WPl = = 3 IR (et I o ol + i 1)
|k|=m |k|>=m+1

C
<= D (el + D e,

[k|=m
If we additionally assume that m > 2t, then for |k| > m one has
(k| + 1> = k7 (1 + 1/[k)*" < elk]*".
Thus, whenever m > 2t we have
21 2 G 27 2
D P el < = kP %
T
|k|>m |k|>m
where C; is independent of T and u#. Choosing t so that t > 2C7 implies that
up =0, k| = 4C;.

It follows that # must have finite degree.
Finally we need to show that u = 0. Suppose that u has degree / > 0. Then
uyr = 0 for k > [ + 1. Using the equation (7.14), u; satisfies

nyu; +aju; =0, uilagsm = 0.

Using the special coordinates (x,0) and Lemma 6.1.8, so that M = D, we
have u;(x,0) = i;(x)e'!? and a1 = a;(x)e'? where ii; € C®(D) solves the
equation

e(lfl))‘az(ﬁlefm) +aju; = 0in D, trlop = 0.

We choose an integrating factor 1 € C° (D)) (for instance by using the Cauchy
transform) that solves

a.h = ¢*a; in .
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Then

d.("ie™™) =0in D, irlap = 0.

The only solution of this equation is i; = 0. Thus we must have u; = 0. This
argument shows that u; = 0 for £k > 0, and similarly one obtains that uy = 0
fork <O. O

Proof of Theorem 7.4.2 Letu € C®°(SM) with u|ysy = 0. We begin with the
Guillemin—Kazhdan identity: for any k£ > 0, Proposition 6.5.2 gives that

2, ko 2 2
ln—ull” + Ek”’/ik” < lnurll”.
In order to get the term ||(Xu)41]|> on the right, we write

Insuel® = 1(Xu)kt1 — n—ugs2 |
= | (X1 11* — 2 Re((Xu)it1, n—ttx42) + —ug+2ll?

1
< (1 + 5) (X w1 12+ (1 + e)lln—upr2ll®,

where the parameter &, > 0 will be chosen soon. Inserting this estimate in the
previous inequality yields that

Ko 1
lIn—ugl® + Ek”’/ik”z < (1 + ;) I(X )1 12+ (1 + e lln—upr2ll*.

We multiply this inequality with a weight y; > 0, which will be fixed later,
and add up the resulting inequalities over k > m. This shows that

oo
> v (-l + Skl )

k=m

> 1
<> n <<1 + 5) (X w17 + (1 +sk>||n_uk+z||2) SNCAR)
k=m

In order to get an estimate with only |[(Xu)x+1 | terms on the right, we would
like to absorb the ||_u2]|> terms from the right to the left. This is possible
if the parameters are chosen so that

I+ vk < Vito-

In particular, we need to assume yx4+2 > Yk for this to work. To keep the
weights yx (1 + i) on the right as small as possible, we fix the choice

YVi+2 — Vk
g = —.
Yk
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With this choice, (7.15) takes the form

00 Ko 9] 1
LAY (1 + —) Vel (Xu)i1 117
Ek
k=m k=m
- Vi4-1Yk—1
= Y Xl (7.16)

f— Yi+1 — Vk—1

The estimate (7.16) is true for any weights y;x > 0 with yx412 > %, and
by taking limits also whenever y; > 0 and yx12 > yx. However, the weights
can grow at most polynomially if we want the left-hand side to be well defined
(recall that Xu € C®, so V¥ (Xu) € L? showing that Y |k|*N ||(Xu)i|? is
finite for N > 0). We let s > 0 and fix the choice

e =k'.

To estimate the coefficient %, we note the following elementary bounds
fort € (0,1):

log(1 +1) > tlog(2), log(1 — 1) < —t < —tlog(2).
Hence

(141 — (1 —1)° > 2sinh(st log(2)) > 21log(2)st > st.
This yields for £ > 1 the bound

Vet Vi-1  _ (k> = 1) I
Y+l — V-1 KA+ 1/k)* = A —=1/k)*) ~ s
Using the last estimate in (7.16) gives that

o0 o0

Ko , 1

> 3 e )? < - > Xl
k=m k=m+1

Analogously, using the second part of Proposition 6.5.2 gives the estimate

—m—1

—m
ko +1 2 _ 1 +1 2
7 2 I = = 3 kP,

k=—00 k=—00

Combining these two estimates and setting 27 = s+ 1, prove the theorem. [

7.5 The Higher Dimensional Case

The results in this chapter were proved by using vertical Fourier analysis and
the Beurling contraction property, which was a consequence of the Guillemin—
Kazhdan identity. Since these results have higher dimensional counterparts
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7.5 The Higher Dimensional Case 187

as described in Section 6.6, all the results in this chapter extend to higher
dimensional manifolds whose sectional curvatures are non-positive. We state
the results below and refer to Paternain and Salo (2021, 2018) for the proofs.

Let (M, g) be a compact simple manifold of dimension n > 2. The first
result gives the solenoidal injectivity of the X-ray transform 7, on symmetric
m-tensor fields.

Theorem 7.5.1 Let (M,g) be a simple manifold with non-positive sectional
curvature. Then I, is s-injective for any m > 0.

In order to state the stability results we need to discuss the H;/ 2 space in
higher dimensions. Given u € C*(SM), we first define the full horizontal
gradient

b h
Vu :=Vu+ (Xu)v.
h
Note that Vi is the horizontal part of Vgysu (the gradient of u with respect to

Sasaki metric) in %le splitting & = ({g,&y) for & € TSM given in (3.12). The

tangential part of Vu on dSM is defined by

h h h
Vg :=Vu — (Vu,v)v,

where v is the inner unit normal for 0 M. Next we define the H} norm on

3.SM by

h
2 2 =T
””"H;(aJrSM) = Nl Z2, spry T IV U200, 501y

The space H;/ 2(8+ SM) is defined as the complex interpolation space halfway
between L?(3;SM) and H} (34 SM).

The following result states the stability estimates for the X-ray transform on
tensor fields.

Theorem 7.5.2 Let (M,g) be a simple manifold with non-positive sectional
curvature. Then

£ 200 = ClIOf g, sy f € CZ0).
For any m > 1 one has
1 N2y < Clin flge gy F € COS"(T*M)).

The injectivity result for the attenuated X-ray transform takes the following
form. We consider attenuations A that are sums of scalar functions and
1-forms, which is written as A € ®g @ O in the notation of Section 6.6.
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188 The X-ray Transform in Non-positive Curvature

Theorem 7.5.3 Let (M, g) be a simple manifold whose sectional curvatures
are all negative. If A = ag+ a) with ay € Oy, then I 4 is injective on C*°(M).

The Carleman estimate required for proving the previous theorem is as

follows.

Theorem 7.5.4 Let (M, g) be a simple manifold whose sectional curvatures
satisfy K < —kq for some ky > 0. Forany m > 1 and t > 1, one has

[ee) 2
n+4)

SOl < ——= " PTI(Xuyl*,

I=m ot

whenever u € C°(SM) with u|ysy = 0.
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